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Introduction

' his book is intended for a variety of calculus students. Perhaps you want a supplement
to your current calculus class or you're looking to brush up on a course you took long
ago. Or maybe you’re teaching yourself and need a comprehensive book of extra practice

problems.

The 1,001 questions in this book cover calculus concepts that a high school student would
encounter in a calculus course in preparation for the AP exam. It also covers most of the
concepts that a calculus student could expect to see in the first two semesters of a three-
semester calculus course. The types of questions are questions that I regularly assigned
when teaching both as homework questions or are questions that a student could’ve
expected to see on a quiz or test.

Jump around the book as you like. You can find a robust algebra and trigonometry review at
the beginning of the book to make sure that you'’re prepared for calculus. The number-one
reason students have difficulty in calculus is not calculus itself but having a weak back-
ground in algebra and trigonometry. If you're rusty on the fundamentals, spend time on
those first two chapters before jumping into the rest of the text!

As with many things worth doing in life, there’s no shortcut to becoming proficient in
mathematics. However, by practicing the problems in this book, you’ll be on your way
to becoming a much stronger calculus student.

What Vou’ll Find

The 1,001 calculus practice problems in the book are divided into 15 chapters, with each
chapter providing practice of the mechanical side of calculus or of applications of calcu-
lus. Some of the questions have a diagram or graph that you need in order to answer the
question.

The end of the book provides thorough and detailed solutions to all the problems. If you
get an answer wrong, try again before reading the solution! Knowing what not to do is often
a great starting point in discovering the correct approach, so don’t worry if you don’t
immediately solve each question; some problems can be quite challenging.

Beyond the Book

This book provides a lot of calculus practice. If you’d also like to track your progress online,
you're in luck! Your book purchase comes with a free one-year subscription to all 1,001
practice questions online. You can access the content whenever you want. Create your own
question sets and view personalized reports that show what you need to study most.
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What you'll find online

The online practice that comes free with the book contains the same 1,001 questions and
answers that are available in the text. You can customize your online practice to focus on
specific areas, or you can select a broad variety of topics to work on — it’s up to you. The
online program keeps track of the questions you get right and wrong so you can easily
monitor your progress.

This product also comes with an online Cheat Sheet that helps you increase your odds

of performing well in calculus. Check out the free Cheat Sheet at www.dummies . com/
cheatsheet/1001calculus. (No PIN required. You can access this info before you even
register.)

How to register

To gain access to the online version of all 1,001 practice questions in this book, all you have
to do is register. Just follow these simple steps:

1. Find your PIN access code.

¢ Print book users: If you purchased a hard copy of this book, turn to the inside of
the front cover of this book to find your access code.

¢ E-book users: If you purchased this book as an e-book, you can get your access
code by registering your e-book at dummies.com/go/getaccess. Go to this web-
site, find your book and click it, and answer the security question to verify your
purchase. Then you'll receive an e-mail with your access code.

2. Go to learn.dummies.com and click Already have an Access Code?
3. Enter your access code and click Next.
4. Follow the instructions to create an account and establish your personal login

information.

That’s all there is to it! You can come back to the online program again and again — simply
log in with the username and password you chose during your initial login. No need to use
the access code a second time.

If you have trouble with the access code or can’t find it, please contact Wiley Product
Technical Support at 877-762-2974 or http://support.wiley.com.

Your registration is good for one year from the day you activate your access code. After that
time frame has passed, you can renew your registration for a fee. The website gives you all
the important details about how to do so.

Where to Go for Additional Help

Calculus is hard, so don’t become overwhelmed if a particular topic isn’t immediately easy
to you. This book has many practice problems of varying difficulty, so you can focus on
those problems that are most appropriate for you.
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In addition to getting help from your friends, teachers, or coworkers, you can find a variety
of great materials online. If you have internet access, a simple search often turns up a trea-
sure trove of information. You can also head to www.dummies.com to see the many articles
and books that can help you in your studies.

1,001 Calculus Practice Problems For Dummies gives you just that — 1,001 practice questions
and answers in order for you to practice your calculus skills. If you need more in-depth
study and direction for your calculus courses, you may want to try out the following For
Dummies products (or their companion workbooks):

v Calculus For Dummies: This book provides instruction parallel to the 1,001 calculus
practice problems found here.

v Calculus II For Dummies: This book provides content similar to what you may
encounter in a second-semester college calculus course.

v Pre-Calculus For Dummies: Use this book to brush up on the foundational skills and
concepts you need for calculus — solving polynomials, graphing functions, using trig
identities, and the like.

v Trigonometry For Dummies: Try this book if you need a refresher on trigonometry.
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Part|
The Questions

1,001

Questlons




In this part . . .

Fe only way to become proficient in math is through a lot of prac-
tice. Fortunately, you have now 1,001 practice opportunities right
in front of you. These questions cover a variety of calculus-related
concepts and range in difficulty from easy to hard. Master these
problems, and you'll be well on your way to a very solid calculus
foundation.

Here are the types of problems that you can expect to see:

v Algebra review (Chapter 1)

v Trigonometry review (Chapter 2)

v~ Limits and continuity (Chapter 3)

v Derivative fundamentals (Chapters 4 through 7)
v Applications of derivatives (Chapter 8)

v Antiderivative basics (Chapters 9 and 10)

v~ Applications of antiderivatives (Chapter 11)

v Antiderivatives of other common functions and L'Hopital's
rule (Chapter 12)

v+ More integration techniques (Chapters 13 and 14)

v Improper integrals, the trapezoid rule, and Simpson’s rule
(Chapter 15)




Chapter 1
Algebra Review

performing well in calculus is impossible without a solid algebra foundation. Many cal-
culus problems that you encounter involve a calculus concept but then require many,
many steps of algebraic simplification. Having a strong algebra background will allow you
to focus on the calculus concepts and not get lost in the mechanical manipulation that’s
required to solve the problem.

The Problems Vou'll Work On

In this chapter, you see a variety of algebra problems:

v Simplifying exponents and radicals

v Finding the inverse of a function

v Understanding and transforming graphs of common functions
v+ Finding the domain and range of a function using a graph

v Combining and simplifying polynomial expressions

What to Watch Out For

Don’t let common mistakes trip you up. Some of the following suggestions may be helpful:

v Be careful when using properties of exponents. For example, when multiplying
like bases, you add the exponents, and when dividing like bases, you subtract the
exponents.

v Factor thoroughly in order to simplify expressions.

v Check your solutions for equations and inequalities if you're unsure of your answer.
Some solutions may be extraneous!

v It’s easy to forget some algebra techniques, so don’t worry if you don’t remember
everything! Review, review, review.
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Simplifying Fractions 9. S

1-13 Simplify the given fractions by adding,
subtracting, multiplying, and/or dividing.

b 0.

2. Hedegg 1. (_‘l‘gxyyzz J

3 (3)ent) 12, X

y % 15 () (r) =
22 (xzz)3y—5

5. b Simplifying Radicals

14-18 Simplify the given radicals. Assume all
variables are positive.

6. ﬁ‘ili‘ 14. J50

7. [x*-1)( 15. 820

‘ xyz x+1 \/%\/1_2
x*=5x+6

8. : 63??'3 g 16. \20x'y°z" [5xy*z’
x?+3x-—

10x3y?
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17. Yxty* 25 3xTy 2" 22. Use the horizontal line test to determine
which of the following functions is a one-
to-one function and therefore has an

inverse.
@) y=x*-4
18 38x3y® gxyM B) y=x2-4,x20
- o
y (€ y=x?-4,-2<x<8

D) y=x*-4,-12<x<6
(E) y=x*-4,-53<x<0.1

wr’t’nq Exp 2 us’nq 23. Use the horizontal line test to determine
Rad"ca I Notation which of the following functions is a one-
to-one function and therefore has an
19-20 Convert between exponential and radical inverse.
notation. @A) y=x'+332-7
B y=4x|+3
19. Convert 42 x*8y4 2512 to radical notation. o
(Note: The final answer can have more than © y=cosx
one radical sign.) (D) y=sinx

(E) y=tanlx

20. Convert 34x*y}/z* to exponential notation.

Find Inverses Algebraically

24-29 Find the inverse of the one-to-one function
algebraically.

The Horizontal Line Test
2b. f(x)=4-5x

21-23 Use the horizontal line test to identify one-to-
one functions.

21. Use the horizontal line test to determine
which of the following functions is a one-
to-one function and therefore has an

25. F(x)=x2—4x,x>2

inverse.

A) y=x*+4x+6

B) y=[2x|-1

© y=2 26. f(x)=\8-5x
D y=3x+8

(E) y=+25-x7
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27. ) =35+17 . .
€ Linear Equations

33-37 Solve the given linear equation.

33. 3x+7-=13
_2-Jx
28. f(x)= e
340, 2(x+1)=3(0x+2)
29. fx)=22-]

35. A(x+1)-2x="Tx+3(x-8)

The Domain and Range of a

Function and Its Inverse

30-32 Solve the given question related to a function
and its inverse. 36. 2x+5=Lx+10

30. The set of points {(0, 1), (3, 4), (5, -6)} is on
the graph of f(x), which is a one-to-one
function. Which points belong to the graph
of F-1(x)?

37. Jf(x+3)=J§(x+J2_0)

31. f(x) is a one-to-one function with domain 5 "
[-2, 4) and range (-1, 2). What are the Quadl‘a tic Equa tions

domain and range of f-1(x)?
38-43 Solve the quadratic equation.

38. Solvex?-4x-21=0.

32. Suppose that f(x) is a one-to-one function.
What is an expression for the inverse of

g(x) =f(x+0)?
39. Solve x? + 8x—17 = 0 by completing the
square.
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0. Solve2x?+3x-4=0b leting th 7
b A S L Absolute Value Equations

48-51 Solve the given absolute value equation.

48. |5x-7|=2

41. Solve6x?+5x-4=0.

49. |4x-5|+18=13

42, Solve3x?+4x-2=0.

50. |x2 —6x| =27

43. Solve x19+7x°+10 = 0.

51. |15x-5|=|35-5x|

Solving Polynomial Equations

by Factoring
4447 Solve the polynomial equation by factoring. So [v"n q R a tl‘o na , E q u atio nus
b4, 3x4+2x3-5x2=0 52-55 Solve the given rational equation.
52. X+i-0

45. x¥+12x4+35-0

53. L+l=1
X

456. x*+3x2-4-0

54. x+5_ x-4

47. x-81-0

55, L _ 2 _ -1
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Polynomial and Rational Graphing Common Functions

’ ne q ua , i ti es 63-77 Solve the given question related to graphing
common functions.

56-59 Solve the given polynomial or rational
inequality.

63. What is the slope of the line that goes
through the points (1, 2) and (5, 9)?
56. x2-4x-32<0

64. What is the equation of the line that has a

57. 2x'+2x3>12x2 slope of 4 and goes through the point (0, 5)?
x+1)(x-2
58. % <0 65. What is the equation of the line that goes

through the points (-2, 3) and (4, 8)?

59.

N[V

S U

x-1 x+1

66. Find the equation of the line that goes
through the point (1, 5) and is parallel to

the liney=%x+8.

Absolute Value Inequalities

60-62 Solve the absolute value inequality.

67. Find the equation of the line that goes
60. |2x-1]<4 through the point (3, -4) and is perpendicu-
lar to the line that goes through the points
(3,-4) and (-6, 2).

61. [5x-7>2

68. What is the equation of the graph of y = J/x
after you stretch it vertically by a factor of
2, shift the graph 3 units to the right, and
then shift it 4 units upward?
62. |-3x+1|<5
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69.

70.

71.

72,

73.

74.

Find the vertex form of the parabola that
passes through the point (0, 2) and has a
vertex at (-2, -4).

Find the vertex form of the parabola that
passes through the point (1, 2) and has a
vertex at (-1, 6).

A parabola has the vertex form y = 3(x + 1)?
+ 4. What is the vertex form of this parabola
if it’s shifted 6 units to the right and 2 units
down?

What is the equation of the graph of y = e*
after you compress the graph horizontally
by a factor of 2, reflect it across the y-axis,
and shift it down 5 units?

What is the equation of the graph of y =|x|

after you stretch the graph horizontally by

a factor of 5, reflect it across the x-axis, and
shift it up 3 units?

Find the equation of the third-degree poly-
nomial that goes through the points (-4, 0),
(=2, 0), (0, 3), and (1, 0).

75.

76.

77.

Find the equation of the fourth-degree
polynomial that goes through the point
(1, 4) and has the roots -1, 2, and 3,
where 3 is a repeated root.

A parabola crosses the x-axis at the points
(-4, 0) and (6, 0). If the point (0, 8) is on the
parabola, what is the equation of the
parabola?

A parabola crosses the x-axis at the points
(=8, 0) and (-2, 0), and the point (-4, -12) is
on the parabola. What is the equation of
the parabola?

Domain and Range from

78-80 Find the domain and range of the function
with the given graph.

78.

y y=f(x)

5 |
4 -

T T T T T T
54-3-2-1] 1
2
-3 4
—4
-5

N -
w —
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79. v ' :
Adding Polynomials
Z ] 83-87 Add the given polynomials.
3 : y=f(x)
2- 83. (5x+6)+(=2x+6)
14
—75—'4—'3—'2—'1\ 1I ' alt é X
2
:2: 84. @x?=x+T7)+(-2x*+4x-9)
-5 -
80. y 85. (A -5x%+6) + (4x% + 2x + 8)
5 |
———————————— A vy

3
y=flx) 2+ / 86. Bx+x*+2) + (-3x* + 6)

-------------- y=-3 87. (*-6x2+3)+ (x> +3x2-3)

Subtracting Polynomials

88-92 Subtract the given polynomials.

End Behavior of Polynomials [T eows

81-82 Find the end behavior of the given polynomial.
That is, find lerE0 f(x) and )1(1_1)1; f(x).

81. f(x)=3x5-40x° + 33
89. (x-3x+1)-(-5x%+2x-4)

82, f(x)=-7x"+33x8-51x"+ 19x* - 1
90. (833 +5x2-3x +2) - (4x3 + 5x - 12)
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91. (x+3)-(2+3x-4) - (-3x2-5x+6 PP 5
(=G Dm0 0 Long Division of Polynomials

98-102 Use polynomial long division to divide.

98. x> +4x+6
92. (10" =63 + x2 + 6) — (o + 1042 + 8x — 4) x -2

2x%2—3x+8

99.
Multiplying Polynomials xd

93-97 Multiply the given polynomials.

93. 5x%(x-3) 100. *’-2x+6
) x-3
94. (x+4H(3x-5) 107, 3% +4x' x4
) x*+5
95. (c-y+ &) 102, 3x° 2% —x* 15 42
x*+2x% +4

96. (2x-D(2-x+4)

97. X+ 32+ 2)(x + 3)
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Chapter 2
Trigonometry Review

’ n addition to having a strong algebra background, you need a strong trigonometry skill
set for calculus. You want to know the graphs of the trigonometric functions and to be
able to evaluate trigonometric functions quickly. Many calculus problems require one or
more trigonometric identities, so make sure you have more than a few of them memorized
or at least can derive them quickly.

The Problems Vou'll Work On

In this chapter, you solve a variety of fundamental trigonometric problems that cover topics
such as the following:

v Understanding the trigonometric functions in relation to right triangles

v Finding degree and radian measure

v Finding angles on the unit circle

v Proving identities

v Finding the amplitude, period, and phase shift of a periodic function

v Working with inverse trigonometric functions

v Solving trigonometric equations with and without using inverses

What to Watch Out For

Remember the following when working on the trigonometry review questions:

v Being able to evaluate the trigonometric functions at common angles is very important
since they appear often in problems. Having them memorized will be extremely useful!

1 Watch out when solving equations using inverse trigonometric functions. Calculators
give only a single solution to the equation, but the equation may have many more
(sometimes infinitely many solutions), depending on the given interval. Thinking about
solutions on the unit circle is often a good way to visualize the other solutions.

v Although you may be most familiar with using degrees to measure angles, radians are
used almost exclusively in calculus, so learn to love radian measure.

v Memorizing many trigonometric identities is a good idea because they appear often in
calculus problems.
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7 3 i __8 .
Basic Trigonometry 107. Given tan0 = —, where sin¢ > 0 and

cos <0, find sin(26).

103-104 Evaluate sin0, cos0, and tan@ for the
given right triangle. Remember to rationalize
denominators that contain radicals.

103.
108. Given cot6 = _79, where sinf <0, find
cos(20).
V65 7
0
) Converting Degree Measure
to Radian Measure
10 109-112 Convert the given degree measure to
4. radian measure.
8 109. 135°
217
0
2
110. -280°
105-108 Evaluate the trig function. Remember to
rationalize denominators that contain radicals.
111. 36°
105. Given sinf = % where % <6 <, find coth.
112. -315°

106. Given cos6 = %, where ?’T” <0 <2r,findcsch.
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Converting Radian Measure | Finding Angles in the

to Degree Measure Coordinate Plane
113-116 Convert the given radian measure to 117-119 Choose the angle that most closely
degree measure. resembles the angle in the given diagram.
113. %T rad 117. Using the diagram, find the angle measure
that most closely resembles the angle 9.
y
11z
7 74. ﬁ rad
e\
X
115. = rad
116. % rad
T
®w
3n
® G
© =
® &
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118. Using the diagram, find the angle measure 119. Using the diagram, find the angle measure
that most closely resembles the angle 6. that most closely resembles the angle 9.

! y

0
® -z o 5
® 5 ® =
© 3 ©
3r
o o ¥
6 ® &
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'26. SeC X —COos x

Finding Common Trigonomet-

. @ 1
tic Values E sinx
120-124 Find sin6, cos0, and tan®é for the (C) tanx
given angle measure. Remember to rationalize
(D) cosxcotx

denominators that contain radicals.
(E) sinxtanx

120. o= g
127. (sinx + cos x)?
121. 9=‘%” (A) 2+ sin2x
B) 2+cos2x
(C©) 1+sec2x
(D) 1+sin2x
122. 9=_277T (E) 1+ cos2x
123. 9=-135° 128. sin(n-x)
(A) cosx
(B) sinx
(C) cscx
124. 6=180° (D) secx
(E) tanx
Simplifying Trigonometric
Expressions 129. sinx sin 2x + cos x cos 2x
125-132 Determine which expression is equivalent (A) cosx
to the given one. B) sinx
(C) cscx
125. sinfcotd
(D) secx
(A) coso
(E) tanx
(B) sind
(C) seco
(D) cscH

(E) tané
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130. 1—(:1059 * 1+close
(A) 2sin’@
(B) 2tan’6
(C) 2sec’®
(D) 2csc’6
(E) 2cot’@
137, sinx
(A) cscx+cotx
(B) secx+cotx
(©) cscx-cotx
(D) secx-tanx
(E) cscx-tanx

132. cos(30)

GV
®
©
)
(E)

Solving Trigonometric

5 cos® 9 -3 cos 6
2cos?0-3cos 0
4 cos®* -3 cosd
4 cos®0+3cosb

2cos36+5cosé

Equations

133-144 Solve the given trigonometric equations.
Find all solutions in the interval [0, 2r].

133. 2sinx-1=0

134.

135.

136.

137.

138.

139.

140.

141.

sin x = tan x

2cos?x+cosx—-1=0

[tanx|=1

2sin2x-5sinx-3=0

Cos X = cot x

[um—y

sin(2x) =5

N

sin 2x = cos x

2cosx+sin2x=0
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1462. 2+ cos2x--3 ; jodi
cos 2x = =3 cos X Equations of Periodic
Functions

149-154 Choose the equation that describes the
given periodic function.

143. tan(3x) =-1
149.

144. cos(2x) = cot(2x) .

Amplitude, Period, Phase Shift, ;w5 w ot
and Midline /1

145-148 Determine the amplitude, the period, the 3
phase shift, and the midline of the function.

S
Na

145. r(x)= %sin(x+%)
(A f(x)=2sin(2x)

B) f(x)=-2sin(2x)
(©) f(x)=2sin(x)

146. f(x)= —%COS(EX—‘I) D) F) =2 sin(mx)
® £(x)= ZSin(%x)

147. f(x)=2-3cos(nx-6)

148. f(x)= %—sin(%x+%)
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150. 151.
y y
3+ 3
2 , 2 :

/\ 1 :\ ﬁ 1 : /\
_‘[It I_3 I_i T A T | T 2 i a T _ZITt I_ﬁ I_Tt I_é T ] T & i T zln
2\ 2 Ja_,] a1\ 2 [a 2 2 4,0 2 2
2] >
3] 3]

A) fx)=2cos(x) A) f(x)=2cos(2x)+1
B) f(x)=2cos(2x) B) f(x)=-2cos(2x) +2
© f(x) =2 cos(mx) ©) f(x)=2cos(2x)

(D) fx) =-2cos(2x) D) f(x)=-2 COS(%X
E f(x)= ZCOS(EX) ®) 1) =2 cos(m)

2




152.

153.
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T 1
-n 3
4

A
®
©
)
©)

A

f(x) = -2 cos(2x)
f(x) =-2 cos(2x) + 2
f(x)=2cos(2x) + 1
f(x)=2cos(nmx) + 1

f(x)=2cos(%x)+1

Y
g
N[
|
&
|
]
/
1 1
IS
a
g
N
N
1§+
5]

®
®)
©
®
®

3
z
2

~_— —

X —

~——

s
|

ENE
DS BN

~——
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154.

DNo|—

157. Find the value of cos(sin‘1 (

)

158. Find the value of t:«m(cos1 [gn

159. Find the value of csc (arccos%).

(A) f(x)= 2cos(lx—

I
N
|
—_

160. Find the value of sin(tan™'(2)+tan™'(3)).

2
(B) f(x)=-2cos (%x %)
© f(x)——2cos(x %)
1
D) f(x)——2cos(§x %) S Iv- = ”
® f(x)——2cos(4x %) olving Irigonometric

Equations Using Inverses

161-166 Solve the given trigonometric equation
using inverses. Find all solutions in the interval

. . [0, 2r].
Inverse Trigonometric
Function Basics 161. sinx-04

155-160 Evaluate the inverse trigonometric function
for the given value.

155. Find the value of sin! (%) 162. cosx=-0.78

156. Find the value of arctan(-1).
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163. 5sin(2x)+1=4 165. 2sin’x+8sinx+5=0

164. 7cos(3x)-1=3 166. 3sec’x+4tanx=2
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Chapter 3
Limits and Rates of Change

Limits are the foundation of calculus. Being able to work with limits and to understand
them conceptually is crucial, because key ideas and definitions in calculus make use
of limits. This chapter examines a variety of limit problems and makes the intuitive idea
of continuity formal by using limits. Many later problems also involve the use of limits, so
although limits may go away for a while during your calculus studies, they’ll return!

The Problems Vou'll Work On

In this chapter, you encounter a variety of problems involving limits:

v Using graphs to find limits

v Finding left-hand and right-hand limits

v Determining infinite limits and limits at infinity

v Practicing many algebraic techniques to evaluate limits of the form 0/0

v Determining where a function is continuous

What to Watch Out For

You can use a variety of techniques to evaluate limits, and you want to be familiar with them
all! Remember the following tips:

v When substituting in the limiting value, a value of zero in the denominator of a fraction
doesn’t automatically mean that the limit does not exist! For example, if the function
has a removable discontinuity, the limit still exists!

v Be careful with signs, as you may have to include a negative when evaluating limits at
infinity involving radicals (especially when the variable approaches negative infinity).
It’s easy to make a limit positive when it should have been negative!

+* Know and understand the definition of continuity, which says the following: A function
f(x) is continuous at a if ngré f(x)="f(a).
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Finding Limits from Graphs |t y

167-172 Use the graph to find the indicated

limit.

167.
y
5
4 |

5 -
4 -

1 4

I T T T T T
6 -5 -4 -3 -2 1]

—_
N -
w -
-
o1 -
o -
~
oo

lirg{ f(x)

168.
y

5
4 -

14

T T T T 1
-6 -5 -4-3-2-1-
-2
-3
-4
-5 |

lir131+ f(x)

—_
N
w —
S
o1 —
o —
~
oo —

-6 -5 -4 -3-2-1-
2
-3
4
-5
lm, )
170.
' |
5 z
5 z
2 s
" |
T T T T T [ T T T T [ T 11
4543214 123456738
-2 :
-3
—4
-5
lirrlgf(x)

_
N
w -
S
o1 -
o
~
oo



lim f(x)
x—1"

172.

Jim, )
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Evaluating Limits

173-192 Fvaluate the given limit.

. ox2-2x-3
173. LIE}—X—?)

176. lim X +3x-10
x=2 x% _8x +12

175. lim xz;Sx

x5 x2_25

176. 1lim 4-x

177. nm[L_ 1 )
178. lim|x-4|
179. limx—J"1

180. limY4th=-2
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181.

182.

183.

184.

185.

186.

187.

188.

189.

4
lim x"-81

=5 3x* ~16x+5

lim‘/x+3_\/2_x

x—3 .XZ —3x

3
oy 2108

h—0

190.

191.

192.

lim —%_’ i %C

x>-5  x+5

lim 1 _1
0 xJl+x X

-1 -1
i (4 +h) ' -4
h—0 h

Applying the Squeeze Theorem

193-198 Use the squeeze theorem to evaluate
the given limit.

193.

194.

195.

196.

If 5 < f(x) <x? + 3x -5 for all x, find lim £(2x).

Ifx?+4<f(x)<4+sinxfor-2<x<5,
find lirr(l) f(x).

f2x<f(xX)<x®+1for0<x<2,
evaluate lxlg} f(x).

2

Find the limit: lim x' cos (l ]
X x
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197. Find the limit: lim x? sin| 2= | 205. lim _3121(x —2)
x-0" VX =2 x°+x-6

. s g Cein2 (X L i _sinx

198. Find the limit: ll_l’)gl 3x (3 sin ( e ) ] 206 L‘E& X +tanx

Evaluating Trigonometric Infinite Limits

Li m i ts 207-211 Find the indicated limit using the given
graph.
199-206 Evaluate the given trigonometric limit.
Recall that lim 310X =1 and that lim €X=1 -9 547
x—0 X x—0 X «
199, lim SN 4
* x—0 X

5 -
4 |
3 -
2 -

200. lim 2cosx—2 14

x=0  sinx

ERRRRENL 3//:
9 | 5

4

201]. lim—C0s2x 5
Xk sinx —cosx

lim f(x)
x—3"

202. lim sin(5x)

x>0 sin(9x)

203. lim tan(7x)

x>0 sin(3x)

. sin®(2
204, 1im S (20

x—0 X
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208.

5 |
4
3
2 |
14

T I I I T
-5 —4 -3 -2 -1

209.

3 -
2 -
14

T T T T 1
-6 -5 -4 -3 -2 -1 1
-2
3
-4 -
_5_

lin{} f(x)

210.

3

2
1 -

T T T T 1
-6 -5 -4-3-2-1-
-2
_3_
4
_5_

liI‘I;f(x)
211.

y

3 -
2 -
1

1T T T T 1
-6 -5 -4 -3 -2 -1 -
_2_
-3 -
-4
_5_

lin% f(x)
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212-231 Find the indicated limit. 22]. limSIX_
x—5 (5 _ X)
212, lim—3-
=1t X —1

222, lim—X*>

x—0 x4(x_6)

213. lim—3—

=1 x—1

223, lim—3X
x-1 eX —e
214. lim (tanx)

0" x%(x +2)

215. 1lim x?
nx

x—or- Si

225. 1im ln»;(__l
216. lim X*3 e
x—5" X —5
226. lim ln;cX—Z
217. lim lx—x
x=0" " —

227. limX*+2

2,8. lll’};{ cotx x—2 x2 -4
5+4/x
219. lim_2e 228. lm- 55
x—2 |2—X|
220. tim X+l _ 229. limX 4
‘ 1+ xcos(mx) =0 x%(x-1)

x>y
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230. lim x-1

x—0" xz(x+2)

Limits from Graphs — |[RE

232-235 Find the indicated limit using the

given graph.

232.

233.
y
-------------------------------------------------- y: %
y="flx)
X
------------------------- y=-3
lim £(x)
2 236
y

lim 7(x)

X—>—0



235.

Limits at Infinity

236-247 Find the indicated limit.

236.
237.
238.

239.

lim )

im—1
53

lim [ x*(x +1)(3-x) |

. 3x+4
!(1210 x-7

lim cos x
X—>o0

240.

241.

242.

243.

244.

245.

246.

247.

Chapter 3: Limits and Rates of Change

. 5x*+5
1) (2 +3)

lim(\/x4 +3x% - x? )

X—>o0

}i_)qi(x+\/m)

37
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Horizontal Asymptotes Classifying Discontinuities

248-251 Find any horizontal asymptotes 252-255 Use the graph to find all discontinuities
of the given function. and classify each one as a jump discontinuity, a
removable discontinuity, or an infinite discontinuity.

248. - 1+3x*

x+5x* 252.
y
2 5
249. y=>2=x
49. v 5+x° 4
\_/i\
14
7 T T T T T T T T T T T T T T
250. y=YX X 6-5-4-3-2-14 123456738
3x? -2
-3
4
-5
251, y=—+=
x2+2
253.
y
5 -
3 -
2 -
14
T T T T T T T T T T i T T T T T
6-5-4-3-2-14 12345678
-2 4 :
-3
4
5 -
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254.

7 -
6
<~——0 54

/z/:

1

LU
-6 -5 -4 -3-2-1-
—2
-3
4 |
5

255.

N —

w -

~ -

o1

{=r)
/oi
o

Continuity and Discontinuities

256-261 Determine whether the function is
continuous at the given value of a. If it’s continuous,
state the value at f(a). If it isn’t continuous, classify
the discontinuity as a jump, removable, or infinite
discontinuity.

1
256. f(xy-ix-2 **?
3 x=2

where a = 2

257. f(x):{41\/;x_2 ii

wherea =1

2_x-6
258. f(x)= g X3
5 x=3

where a = 3

where a = 16
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X+6 6
260. fix)=)|x+6 7
) |_1| X=—6 264, f(x)=4x*-4 2<x<3

where a = -6
wherea=2anda =3

261 F(x) = 3l x#-1 CcoS X x<0
2 x=-1 265. f(x)= % 0<x<4

2
x+4 4<x

where a = -1
wherea=0and a =4

262-265 Determine whether the function is
continuous at the given values of a. If it isn’t o o A
continuous, classify each discontinuity as a jump, Mak’ nq /4 F unction Con tinuou
removable, or infinite discontinuity.
266-267 Determine the value of c that makes the
24 x2 x<0 given function continuous everywhere.

262. f(x)={ 2cosx O<x<nr
sinx-2 m<x

266. f(x):{cx—Z x<2

ex?+1 2<x

wherea=0anda=n 2, 2 <
267. f(x)z{x +c® x<4

cx+12 4<x

x+2 x<I1
263. f(x)={2x* 1<x<3

x° 3<x

wherea=1anda=3
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270. By checking only the endpoints of each
interval, determine which interval
contains a solution to the equation

Th eorem 2(3°) + x2 - 4 = 32 according to the

intermediate value theorem:

The Intermediate Value

268-271 Determine which of the given intervals is

guaranteed to contain a root of the function by the @A) [0,1]
intermediate value theorem. ® [1,2]
268. By checking only the endpoints of each © (23]
interval, determine which interval cong D [3,4]
tains a root of the function f(x) = x* =) ® [4.5]
by the intermediate value theorem: ’
A) [-5,-4]
B) [4,-3]
© [0,1]
M) [1,2] 271. By checking only the endpoints of each

interval, determine which interval con-
(E) [5,12] tains a solution to the equation

4|2x - 3|+5 = 22 according to the
intermediate value theorem:

A [0,1]
B [1,2]
269. By checking only the endpoints of each © 23]
interval, determine which interval ’
contains\/&l root of the function D) [3,4]
f(x) =3vx —4x+5 by the intermediate
value theorem: € [45]
A [0,1]
B) [1,4]
© [49]
D) [9,16]

(E) [16,25]
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Chapter 4
Derivative Basics

Fe derivative is one of the great ideas in calculus. In this chapter, you see the formal
definition of a derivative. Understanding the formal definition is crucial, because it tells
you what a derivative actually is. Unfortunately, computing the derivative using the defini-
tion can be quite cumbersome and is often very difficult. After finding derivatives using the
definition, you see problems that use the power rule, which is the start of some techniques
that make finding the derivative much easier — although still challenging in many cases.

The Problems Vou'll Work On

In this chapter, you see the definition of a derivative and one of the first shortcut formulas,
the power rule. Here’s what the problems cover:

v Using a variety of algebraic techniques to find the derivative using the definition of a
derivative

v Evaluating the derivative at a point using a graph and slopes of tangent lines

v Encountering a variety of derivative questions that you can solve using the power rule

What to Watch Out For

Using the definition of a derivative to evaluate derivatives can involve quite a bit of algebra,
so be prepared. Having all the shortcut techniques is very nice, but you’ll be asked to find
derivatives for complicated functions, so the problems will still be challenging! Keep some
of the following points in mind:

v Remember your algebra techniques: factoring, multiplying by conjugates, working with
fractions, and more. Many students get tripped up on one part and then can’t finish the
problem, so know that many problems require multiple steps.

v When interpreting the value of a derivative from a graph, think about the slope of the
tangent line on the graph at a given point; you'll be well on your way to finding the
correct solution.

v Simplifying functions using algebra and trigonometric identities before finding the
derivative makes many problems much easier. Simplifying is one of the very first things
you should consider when encountering a “find the derivative” question of any type.



Part I: The Questions
274.

bh
Determining Differentiability

from a Graph

272-276 Use the graph to determine for which
values of x the function is not differentiable.

y

272.
3
2 -
1 -
I r\l X

273.

|
N -
w -
7
>

A

276.
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Finding the Derivative by 285 109= g

Using the Definition

277-290 Find the derivative by using the definition
f(x+h)—Ff(x)
h

f'(x)= LIL%

286. f(x)=x3+3x
277. f(x)=2x-1

287. f(x)= ﬁ

278. () =x

288. f(x)=2xtl

x+4

279. f()=2+x

289. f(x)=2x*1

x+3

280. f(x)= %

290. f(x)=32x+1
281. ) =x3-x2
282. F(x)=3x%+4x

283. f(x)=x

284. f(x)=+2-5x



456

Part I: The Questions

e 293.
Finding the Value of the
Derivative Using a Graph
291-296 Use the graph to determine the solution.
291. y
3 ]
2 -
1
- T 1 | { é é LI \I }
Estimate the value of '(3) using the graph.
294.

292. y

4\)(

Estimate the value of f'(~1) using the graph.

4

2 -

T I
/4 -3-2

N —
w —

|
14 1
-2

}‘\x

—4

Estimate the value of f'(-3) using the graph.

/ y=3x+4
4

Based on the graph of y = 3x + 4, what does

f'(=22n%) equal?



295. y

4
3
2

T I I T I
L4 -3 -2 -1
2
-3
—4

\

Based on the graph, arrange the following
from smallest to largest: f'(-3), f'(=2),

and £'(1).

296. y

—_

N —

w —

> Y

< T L
AP
-2
-3
4

Based on the graph, arrange the following
from smallest to largest: f'(1), f'(2), f'(5),

and 0.1.
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Using the Power Rule to Find

Derivatives

297-309 Use the power rule to find the derivative
of the given function.

297. f(x)=5x+4

298. f(x)=x>+3x+6

299. () =(x+4H2x-1)

300. fo)=m

301. f(x)=Bx

302. f(x):?’le'—f_‘l

303. r(x)=x(x*+1)

304. r(x)= g +2x M
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305. f(x)=4x"+8x++5
306. f(x):(%—%)(x2+x)
307. f(x) =3+ )2 -5%)
308. F(x)=4x*-x®+8x+m2

309. f(x)=vx —%

Finding All Points on a Graph

Where Tangent Lines Have a
Given Value

310-311 Find all points on the given function where
the slope of the tangent line equals the indicated
value.

3170. Find all x values where the function
f(x) = x® - x% - x + 1 has a horizontal
tangent line.

3171. Find all x values where the function
f(x) = 6x° + 5x — 2 has a tangent line
with a slope equal to 6.



Chapter 5
The Product, Quotient, and Chain Rules

Fis chapter focuses on some of the major techniques needed to find the derivative: the
product rule, the quotient rule, and the chain rule. By using these rules along with the
power rule and some basic formulas (see Chapter 4), you can find the derivatives of most of
the single-variable functions you encounter in calculus. However, after using the derivative
rules, you often need many algebra steps to simplify the function so that it’s in a nice final
form, especially on problems involving the product rule or quotient rule.

The Problems Vou'll Work On

Here you practice using most of the techniques needed to find derivatives (besides the
power rule):

v The product rule

v The quotient rule

v The chain rule

v Derivatives involving trigonometric functions

What to Watch Out For

Many of these problems require one calculus step and then many steps of algebraic sim-
plification to get to the final answer. Remember the following tips as you work through the
problems:

v Considering simplifying a function before taking the derivative. Simplifying before
taking the derivative is almost always easier than finding the derivative and then
simplifying.

+* Some problems have functions without specified formulas in the questions; don’t be
thrown off! Simply proceed as you normally would on a similar example.

v Many people make the mistake of using the product rule when they should be using the
chain rule. Stop and examine the function before jumping in and taking the derivative.
Make sure you recognize whether the question involves a product or a composition
(in which case you must use the chain rule).

1 Rewriting the function by adding parentheses or brackets may be helpful, especially
on problems that involve using the chain rule multiple times.
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Using the Product Rule

to Find Derivatives

312-331 Use the product rule to find the derivative

of the given function.

312.

313.

314.

315.

31e.

317.

318.

) =23+ D -x)

f(x) = x?sinx

f(x) = sec x tan x

f(X) - COxS X

f(x)=4xcscx

Find (f9)'(4) if f(4) = 3, F'(4) = 2, g(4) = -6,
and g'(4) = 8.

f(x)= %)g)

319.

320.

321.

322.

323.

324.

325.

326.

f(x) = (sec x)(x + tan x)

f(x) =(x2 +x)cscx

f(x) =4 sec x

f(x) = cotx
() =<9

Assuming that g is a differentiable function,
find an expression for the derivative of

f(0) = xX*g(%).

Assuming that g is a differentiable function,
find an expression for the derivative of

F(x) = l+xig(x)‘

Find (f2)'(3) if f(3) = -2, f'(3) = 4, g(3) = -8,
andg'(3) ="1.

f(x) = x* cos x sin x
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327. Assuming that g is a differentiable function, 334. f(x)= sinx -1

find an expression for the derivative of cosx+1
2+ xg(x)
f =2
(€] ”
()= —X
335. f(x) o
1 2
328. r(x)= (—2 £ j(tan x)

336. Assuming that fand g are differentiable

functions, find the value of [ j 4) if

_ x=2x¥x
329. roo=F=S 0 F(4) =5, F'(4) =T, g(4) - 8, and g'(4) - 4.

330. Assuming that g is a differentiable function, 337 FOx) = X +2
find an expression for the derivative of ‘ T 3x+5
4 x
8 )=
33 ()= 2x +1

331. Assuming that g and h are differentiable
functions, find an expression for the
derivative of f(x) =[g(x)h(x)]sinx. )
339. reo=5%

Using the Quotient Rule

. . 340. f(x)==DCx*2)
to Find Derivatives (x=3)(x+D

332-351 Use the quotient rule to find the derivative.

332. £(x) = 2x+1
341, fx) =732

333. f(x)= 52"
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3 42. F(x) = 4x? 350. Assuming that g is a differentiable function,
sinx +cosx find an expression for the derivative of

F(x) = %.

343. Assuming that fand g are differentiable
functions, find the value of (LJ (5) if

& 351. Assuming that g is a differentiable function,
f(5)=-4,f(5)=2,805)=-7and g'(5) = -6. find an expression for the derivative of
F(x) = COSX.
=40

366. f(x)=-—%
b Using the Chain Rule

to Find Derivatives

352-370 Use the chain rule to find the derivative.

345. f(x)=—_SInX__

~ cosx+sinx

352. f(x)=(x*+3x)"

346. fx)=—=

353. f(x) =sin(4x)

367 F(x)=X*2

354. f(x)=3+secx

348‘ f(x)= tanx—1
355. f(x)= +

(x*-x)

349. fx)=—*%
T 356. f(x)=csc(l2]




357.

358.

359.

360.

361.

362.

363.

364.

365.

f(x) =(x+cos’ x)5

sin(zx)

F(x) =

cos(zx)+sin(zx)

f(x) = cos(x sin x)

f(x)=xsini/x

f(x)=—=%
) 3-2x

f(x) = sec’x + tan®x
fx)=—2—
1+x

fO) = (x*+1)¥x’ +5

f(x)= (x4 —1)3(x5 +1)6
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366.

367.

368.

369.

370.

-13
f(x): ()Z ) -
(x*+x)
_ |x+1
f(x)= —x_l,wherex>l

f(x) =sin(sin(sin(x2)))

f(x)=3Yx+-/x

F() = (1452 (24 x-x?)'

More Challenging Chain Rule

Problems
371-376 Solve the problem related to the chain rule.

371.

372.

Find all x values in the interval [0, 2r]
where the function f(x) = 2 cos x + sin®x
has a horizontal tangent line.

Suppose that H is a function such that
H'(x)= < for x > 0. Find an expression for
the derivative of F(x) =[H(x)]".
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373.

374.

Let F(x)=f(g(x)), 82 = -2, g'2) = 4,
f'(2) =5, and f'(-2) = 7. Find the value of
F'(2).

Let F(x) =f(f(x)), f(2) =-2,f'(2) = -5,
and f'(=2) = 8. Find the value of F'(2).

375.

376.

Suppose that H is a function such that
H'(x)= % for x > 0. Find an expression for
the derivative of f(x) = H(x®).

Let F(x) = £(g(x)), g4) = 6,8'(4) = 8,
f'(4) = 2, and f'(6) = 10. Find the value of
F'(4).



Chapter 6

Exponential and Logarithmic
Functions and Tangent Lines

A fter becoming familiar with the derivative techniques of the power, product, quotient,
and chain rules, you simply need to know basic formulas for different functions. In this
chapter, you see the derivative formulas for exponential and logarithmic functions. Knowing
the derivative formulas for logarithmic functions also makes it possible to use logarithmic
differentiation to find derivatives.

In many examples and applications, finding either the tangent line or the normal line to a
function at a point is desirable. This chapter arms you with all the derivative techniques, so
you’ll be in a position to find tangent lines and normal lines for many functions.

The Problems You'll Work On

In this chapter, you do the following types of problems:

v Finding derivatives of exponential and logarithmic functions with a variety of bases
v Using logarithmic differentiation to find a derivative

v Finding the tangent line or normal line at a point

What to Watch Out For

Although you’re practicing basic formulas for exponential and logarithmic functions, you
still use the product rule, quotient rule, and chain rule as before. Here are some tips for
solving these problems:

v Using logarithmic differentiation requires being familiar with the properties of
logarithms, so make sure you can expand expressions containing logarithms.

v If you see an exponent involving something other than just the variable x, you likely
need to use the chain rule to find the derivative.

v The tangent line and normal line are perpendicular to each other, so the slopes of
these lines are opposite reciprocals.
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Derivatives Involving 386, 1) =Y iin(x+ (7 +1)
Logarithmic Functions

377-385 Find the derivative of the given function.

tog: ()

(x+1)3

377. f() =In (x)? 385. f(x)

378. ()= (0 Logarithmic Differentiation

to Find the Derivative

386-389 Use logarithmic differentiation to find the
derivative.

379. f(x)=InyJx*+5
386. f(x) — xtanx

380. f(x)=log10(x+\/6+x2) 387, 100 =(Inx)™
. f(x)=(Inx

381. f(x)=1log,

—1+23inx‘ 2
4+3sinx f(x) = /x -
388. 1) x*+4

382. f(x)=log;(log, x*) Dsi
389. f(x)= (x-1)sinx
Jx+2(x+4)%?

383. f(x)=In|secx+tanx
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398. f(x)= 6" +x

x2+1

Finding Derivatives of

Functions Involving
Exponential Functions
390—401 Find the derivative of the given function. 399. f(x)=

-X

e*+e

390. f(x)=e>

8x2+1

400. f(x)=

COos X

39 ’. f(x) — esinx+x4

401. r(x)=x6"
392, r(x)=(x’+1)2

Finding Equations of

393. f(x)=log;5*"** Tanqent Lines

402-404 Find the equation of the tangent line at the
given value.

$02. f(x)=3cosx+nxatx=0
394, f(x)= e~ (sinx +cosx)

403. ) =x*-x+2at(l,2)
395. f(x)=5"sinx

XZ

604, f(x)=%—atx=2

X

396. r(x)=(47+4")

397. ) -1nf 1<

1-e
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Finding Equations of Normal
Lines

405—407 Find the equation of the normal line at the
indicated point.

405. f(x)=3x%+x-2at (3, 28)

506. f(x)=sin’xatx= %

407. f(x)=4Inx+2atx-=e?



Chapter 7
Implicit Differentiation

men you know the techniques of implicit differentiation (this chapter) and
logarithmic differentiation (covered in Chapter 6), you're in a position to find the

derivative of just about any function you encounter in a single-variable calculus course.
Of course, you'll still use the power, product, quotient, and chain rules (Chapters 4 and 5)
when finding derivatives.

The Problems Vou'll Work On

In this chapter, you use implicit differentiation to

v Find the first derivative and second derivative of an implicit function
v Find slopes of tangent lines at given points

v Find equations of tangent lines at given points

What to Watch Out For

Lots of numbers and variables are floating around in these examples, so don’t lose
your way:

v Don'’t forget to multiply by dy/dx at the appropriate moment! If you aren’t getting the
correct solution, look for this mistake.

v~ After finding the second derivative of an implicitly defined function, substitute in the
first derivative in order to write the second derivative in terms of x and y.

1+ When you substitute the first derivative into the second derivative, be prepared to
further simplify.
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Using Implicit Differentiation | Using Implicit Differentiation
to Find a Derivative to Find a Second Derivative

408-413 Use implicit differentiation to find % 414-417 Use implicit differentiation to find ZTZ};
608, x+y2=9 616, 82 ey -8

609. 5 +x2P=2+x2y 415. ¥+y=1

410. x3y+xcos(y)=7 416. x®+y3=5

411. Jx+y=cos(y*) 417. Jx+Jy =1

412. cot(%jz xX+y

413. sec(xy)= Y

1+ x2
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4520. x2+2xy+y*=1at(0,1)

Finding Equations of Tangent

Lines Using lmplicit
Differentiation

418—422 Find the equation of the tangent line at the
indicated point.

421. cos(xy) +x2=sinyat (1, %)

418. x2+xy+y?=3at(l,1)
422, y2(y*-1)=x*tanyat (0, 1)

419. 3(x2 +y2)2 =25(x2 —yz) at(2, 1)
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Chapter 8
Applications of Derivatives

th good are derivatives if you can’t do anything useful with them? Well, don’t worry!
There are tons and tons of useful applications involving derivatives. This chapter
illustrates how calculus can help solve a variety of practical problems, including finding
maximum and minimum values of functions, approximating roots of equations, and finding
the velocity and acceleration of an object, just to name a few. Without calculus, many of
these problems would be very difficult indeed!

The Problems Vou'll Work On

This chapter has a variety of applications of derivatives, including

v Approximating values of a function using linearization

v Approximating roots of equations using Newton’s method

v Finding the optimal solution to a problem by finding a maximum or minimum value
v Determining how quantities vary in relation to each other

v Locating absolute and local maxima and minima

v Finding the instantaneous velocity and acceleration of an object

v Using Rolle’s theorem and the mean value theorem

What to Watch Out For

This chapter presents a variety of applications and word problems, and you may have
to be a bit creative when setting up some of the problems. Here are some tips:

v Think about what your variables represent in the optimization and related-rates
problems; if you can’t explain what they represent, start over!

v You'll have to produce equations in the related-rates and optimization problems.
Getting started is often the most difficult part, so just dive in and try different things.

v Remember that linearization is just a fancy way of saying “tangent line.”

v Although things should be set up nicely in most of the problems, note that Newton’s
method doesn’t always work; its success depends on your starting value.
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Finding and Evaluating

Differentials

423-425 Find the differential dy and then evaluate
dy for the given values of x and dx.

423. y=x2—4x,x=3,dx=%

1
424. y-= — pX=Ldx=-01

425, y=cos’x, x= %, dx =0.02

Using Linearizations to

Estimate Values

429-431 Estimate the value of the given number
using a linearization.

429. Estimate 7.9623 to the thousandths place.

430. Estimate 102 to the tenths place.

431. Estimate tan 46° to the thousandths place.

Finding Linearizations Understanding Related Rates

426-428 Find the linearization L(x) of the function
at the given value of a.

4$26. f(x)=3x%a=1

T

427. f(x)=cosx +sinx, a=5

428, f(x)=3Yx*+x,a=2

432-445 Solve the related-rates problem. Give an
exact answer unless otherwise stated.

432. If Vis the volume of a sphere of radius r and
the sphere expands as time passes, find %

in terms of d_'t'

433. A pebble is thrown into a pond, and the
ripples spread in a circular pattern. If the
radius of the circle increases at a constant
rate of 1 meter per second, how fast is the
area of the circle increasing when the radius
is 4 meters?



434.

435.

436.

437.

438.

Ify:x4+3x2+xandd—x:4, findﬂwhen
‘i3 dt d

3 x2 oy dx _ 4 _ 9y fing 4z
If z° = x y’dt 3,anddt 2’fmddt

whenx=4andy=1.

440.

Two sides of a triangle are 6 meters and

8 meters in length, and the angle between
them is increasing at a rate of 0.12 radians
per second. Find the rate at which the area
of the triangle is increasing when the angle
between the sides is % Round your answer

to the nearest hundredth.

441.

Aladder 8 feet long rests against a vertical
wall. If the bottom of the ladder slides away
from the wall at a rate of 3 feet per second,
how fast is the angle between the top of the
ladder and the wall changing when the

angle is % radians?

442.

The base of a triangle is increasing at a rate
of 2 centimeters per minute, and the height
is increasing at a rate of 4 centimeters per
minute. At what rate is the area changing
when b = 20 centimeters and h = 32
centimeters?

439.

Chapter 8: Applications of Derivatives

At noon, Ship A is 150 kilometers east of
Ship B. Ship A is sailing west at 20 kilome-
ters per hour, and Ship B is sailing north at
35 kilometers per hour. How quickly is the
distance between them changing at 3 p.m.?
Round your answer to the nearest
hundredth.

A particle moves along the curve y = ¥/x +1.
As the particle passes through the point

(8, 3), the x coordinate is increasing at a rate
of 5 centimeters per second. How quickly is
the distance from the particle to the origin
changing at this point? Round your answer
to the nearest hundredth.

Two people start walking from the same
point. One person walks west at 2 miles per
hour, and the other walks southwest (at an
angle 45° south of west) at 4 miles per hour.
How quickly is the distance between them
changing after 40 minutes? Round your
answer to the nearest hundredth.

A trough is 20 feet long, and its ends are
isosceles triangles that are 5 feet across the
top and have a height of 2 feet. If the trough
is being filled with water at a rate of 8 cubic
feet per minute, how quickly is the water
level rising when the water is 1 foot deep?

65



66 Part I: The Questions

443.

444.

445.

An experimental jet is flying with a con-
stant speed of 700 kilometers per hour. It
passes over a radar station at an altitude
of 2 kilometers and climbs at an angle of
45°. At what rate is the distance from

the plane to the radar station increasing
2 minutes later? Round your answer to
the hundredths place.

A lighthouse is located on an island

5 kilometers away from the nearest point P
on a straight shoreline, and the light makes
6 revolutions per minute. How fast is the
beam of light moving along the shore when
it’s 2 kilometers from P?

Gravel is being dumped into a pile that
forms the shape of a cone whose base
diameter is twice the height. If the gravel is
being dumped at a rate of 20 cubic feet per
minute, how fast is the height of the pile
increasing when the pile is 12 feet high?

Finding Maxima and Minima

from Graphs

446-450 Use the graph to find the absolute
maximum, absolute minimum, local maxima, and
local minima, if any. Note that endpoints will not be
considered local maxima or local minima.

446. y
-4
43
42
41
I | I I I I I I
-4 -3-2-1- 2 34 X
2
_3_
—4
7.
44 y
4
3
2 -
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448.

449.

450.

Point A corresponds to which of the
following?

L
IL.
1L
IV.

local maximum
local minimum
absolute maximum

absolute minimum

Using the Closed Interval

Method

451-455 Find the absolute maximum and absolute
minimum of the given function using the closed
interval method.

451. f(x)=3x2-12x+50n]0,3]

4652. f(x)=x"-2x>+4o0n[-2,3]

453. f(x)=—*—on][0,3]

x2+1

454, f(t)=tJ4—t? on[-1,2]

455, f(x)=x-2cosxon [-n, 7]
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indi 62. f(x)=x-
Finding Intervals of Increase |[RSEKSRARAS
and Decrease

456-460 Find the intervals of increase and
decrease, if any, for the given function. 463, F(o) - 6225 —x

456. F(x)=2x>-24x+1

464. f(x) = 2 sin x — sin 2x on [0, 2n]
457. f(x)=xJx+3,x2-3

465. f(x)=x+2cosxon[-2n, 2n]

458. f(x) = cos?x—sin x on [0, 2]

Determining Concavity

459. f(x)=2cosx-cos2xon0<x<2n 466-470 Find the intervals where the given function
is concave up and concave down, if any.

4566. f(x)=x3-3x2+4

460. f(x)=41Inx-2x

b667. f(x)=9x2P-x

Using the First Derivative Test

to Find Local Maxima and
Minima 668. ()= x(x+ 1)

461-465 Use the first derivative to find any local
maxima and any local minima.

461. F(x)=2x3-3x2-12x 469. () =(2-4)°
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470. f(x) =2 cosx-sin(2x) on [0, 2] L77. ) =x'-4x2+1

ldentifying Inflection Points EICEGEREEES

471-475 Find the inflection points of the given
function, if any.

671, f(x)=——=(x*-9)" __x
——=(x"-9) 479. 1=~
472. F(x)=2x3+x2 480. f(x)=2sinx-xon [0, 2n]

) = sinx on - P
B73. ()= 73RX_on [0, 21] Applying Rolle’s Theorem

481-483 Verify that the function satisfies the
hypotheses of Rolle’s theorem. Then find all values
c in the given interval that satisfy the conclusion of

474. f(x)=3sinx-sin3xon [0, 2] b BRSO,

481. F(x)=x>-6x+1,][0, 6]

475, f(x)=x53 5523
482. f(x)=xJx+8,[-8,0]

Using the Second Derivative

Test to Find Local Maxima 683. f(x) = cos(2m0), [1, 1]
and Minima

476-480 Use the second derivative test to find
the local maxima and local minima of the given
function.

476. f(x)= 1[(xz +1)2
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Part I: The Questions

489. Apply the mean value theorem to the
function 7(x) = x1® on the interval [8, 9]
to find bounds for the value of 39.

Using the Mean Value

Theorem

484-486 Verify that the given function satisfies the
hypotheses of the mean value theorem. Then find
all numbers c that satisfy the conclusion of the mean

value theorem. Re [atl‘ ng (/e Ioci ty and POSi tion

484. r(0)=x+3x-1,10,2] 490-492 Use the position function s(t) to find the
velocity and acceleration at the given value of t.
Recall that velocity is the change in position with
respect to time and acceleration is the change in
velocity with respect to time.

485. r(x)=2¥x,10,1] 490. s@)-£-8t+4att=5
486. () =2 [1.4] 491. s@®=2sint-costatr=%

Applying the Mean Value 492, s(B- -2 ati-1

t2+1

Theorem to Solve Problems

487-489 Solve the problem related to the mean
value theorem.

487. 1ff(1)=12and f'(x)23for1<x<5 whatis Fmqu UeIOCIty and Speed

:lrllets;na![l.e?.t pc;;sil;le Vil;lle (,)f f%St); Assume 493-497 Solve the given question related to speed
at/satisties the hypothesis ol the mean or velocity. Recall that velocity is the change in

value theorem. position with respect to time.

493. A mass on a spring vibrates horizontally
with an equation of motion given by x(¥) =
8 sin(2f), where x is measured in feet and ¢ is
488. Suppose that 2 < £'(x) < 6 for all values of x. measured in seconds. Is tl71Te spring stretch-
What are the strictest bounds you can put ing or compressing at { = 3?7 What is the
on the value of f(8) - f(4)? Assume that f is speed of the spring at that time?
differentiable for all x.



494.

495.

496.

4917.

A stone is thrown straight up with the
height given by the function s = 40¢ - 16,
where s is measured in feet and ¢ is mea-
sured in seconds. What is the maximum
height of the stone? What is the velocity
of the stone when it’s 20 feet above the
ground on its way up? And what is its
velocity at that height on the way down?
Give exact answers.

A stone is thrown vertically upward with
the height given by s = 20f — 162, where s is
measured in feet and ¢ is measured in sec-
onds. What is the maximum height of the
stone? What is the velocity of the stone
when it hits the ground?

A particle moves on a vertical line so that
its coordinate at time ¢ is given by y = £# — 4t
+ 5 for t 2 0. When is the particle moving
upward, and when is it moving downward?
Give an exact answer in interval notation.

A particle moves on a vertical line so that
its coordinate at time ¢ is given by y =

4¢% - 6t - 2 for t > 0. When is the particle
moving upward, and when it is it moving
downward? Give your answer in interval
notation.

Chapter 8: Applications of Derivatives

498-512 Solve the given optimization problem.
Recall that a maximum or minimum value occurs
where the derivative is equal to zero, where the
derivative is undefined, or at an endpoint (if the
function is defined on a closed interval). Give an
exact answer, unless otherwise stated.

498.

499.

500.

501.

502.

Find two numbers whose difference is 50
and whose product is a minimum.

Find two positive numbers whose product
is 400 and whose sum is a minimum.

Find the dimensions of a rectangle that has
a perimeter of 60 meters and whose area is
as large as possible.

Suppose a farmer with 1,500 feet of fencing
encloses a rectangular area and divides it
into four pens with fencing parallel to one
side. What is the largest possible total area
of the four pens?

A box with an open top is formed from a
square piece of cardboard that is 6 feet
wide. Find the largest volume of the box
that can be made from the cardboard.
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503.

504.

505.

500.

507.

508.

Part I: The Questions

A box with an open top and a square base
must have a volume of 16,000 cubic centi-
meters. Find the dimensions of the box that
minimize the amount of material used.

Find the point(s) on the ellipse 8x* + y* = 8
farthest from (1, 0).

Find the point on the line y = 4x + 6 that is
closest to the origin.

A rectangular poster is to have an area of
90 square inches with 1-inch margins at the
bottom and sides and a 3-inch margin at the
top. What dimensions give you the largest
printed area?

At which x values on the curve f(x) = 2 +
20x3 - 4x° does the tangent line have the
largest slope?

A rectangular storage container with an
open top is to have a volume of 20 cubic
meters. The length of the base is twice
the width. The material for the base costs
$20 per square meter. The material for the
sides costs $12 per square meter. Find the
cost of the materials for the cheapest
such container. Round your answer

to the nearest cent.

509.

510.

511.

512

A piece of wire that is 20 meters long is cut
into two pieces. One is shaped into a
square, and the other is shaped into an
equilateral triangle. How much wire should
you use for the square so that the total area
is at a maximum?

A piece of wire that is 20 meters long is cut
into two pieces. One is bent into a square,
and the other is bent into an equilateral tri-
angle. How much wire should you use for
the square so that the total area is at a
minimum?

The illumination of a light source is directly
proportional to the strength of the light
source and inversely proportional to the
square of the distance from the source. Two
light sources, one five times as strong as the
other, are placed 20 feet apart, and an
object is placed on the line between them.
How far from the bright light source should
the object be placed so that the object
receives the least illumination?

Find the area of the largest rectangle that

2 2
.X'_+y_=1.

can be inscribed in the ellipse 79
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Doing Approximations Using Approximating Roots Using

Newton’s Method Newton’s Method

513-515 Find the fifth approximation of the root of 516-518 Find the root using Newton’s method.
the equation using the given first approximation.

516. Use Newton’s method to find the root of
513. x®+4x-4=0using X, = 1. Round the solution cos x = x correct to five decimal places.
to the fifth decimal place.

517. Use Newton’s method to find the root
514. x*-18=0using x, = 2. Round the solution to of x3 — x* - 2 in the interval [1, 2] correct
the seventh decimal place. to five decimal places.

515. x°+3=0using x, ==1. Round the answer to 518. Use Newton’s method to find the positive
the seventh decimal place. root of Jx +1 = x? correct to five decimal
places.
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Chapter 9
Areas and Riemann Sums

Fis chapter provides some of the groundwork and motivation for antiderivatives.
Finding the area underneath a curve has real-world applications; however, for

many curves, finding the area is difficult if not impossible to do using simple geometry.
Here, you approximate the area under a curve by using rectangles and then turn to
Riemann sums. The problems involving Riemann sums can be quite long and involved,
especially because shortcuts to finding the solution do exist; however, the approach used
in Riemann sums is the same approach you use when tackling definite integrals. It’'s worth
understanding the idea behind Riemann sums so you can apply that approach to other
problems!

The Problems You'll Work On

This chapter presents the following types of problems:
v Using left endpoints, right endpoints, and midpoints to estimate the area underneath
acurve
v Finding an expression for the definite integral using Riemann sums
v Expressing a given Riemann sum as a definite integral

v Evaluating definite integrals using Riemann sums

What to Watch Out For

Here are some things to keep in mind as you do the problems in this chapter:

v Estimating the area under a curve typically involves quite a bit of arithmetic but
shouldn’t be too difficult conceptually. The process should be straightforward after
you do a few problems.

v The problems on expressing a given Riemann sum as a definite integral don’t always
have unique solutions.

v To evaluate the problems involving Riemann sums, you need to know a few summation
formulas. You can find them in any standard calculus text if you don’t remember them —
or you can derive them!
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Part I: The Questions

Calculating Riemann Sums

Using Left Endpoints

519-522 Find the Riemann sum for the given
function with the specified number of intervals
using left endpoints.

519. r)=2+x20<x<2,n=4

520. f(x)=3%x+x,1<x<4,n=5. Round your
answer to two decimal places.

521. f(x)=4Inx+2x,1 <x<4,n="7. Round your
answer to two decimal places.

522. f(x)=e>*+4,1<x<9,n=8.Give your
answer in scientific notation, rounded to
three decimal places.

Calculating Riemann Sums
Using Right Endpoints

523-526 Find the Riemann sum for the given
function with the specified number of intervals
using right endpoints.

523. f(x)=1+2x,0sx<4,n=4

524. f(x) =xsinx, 2<x<6,n=>5. Round your
answer to two decimal places.

525. f(x)=+x-1,0<x<5,n=6.Round your
answer to two decimal places.

526. f(x)= ﬁ, 1<x <3, n=_8.Round your

answer to two decimal places.
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Calculating Riemann Sums

Using Midpoints

527-530 Find the Riemann sum for the given
function with the specified number of intervals
using midpoints.

527. f(x)=2cosx 0<x<3,n-=4.Round your
answer to two decimal places.

528. f(x)= % 1<x <5, n=>5.Round your
answer to two decimal places.

529. r(x)=3e*+2,1<x<4,n=6.Round your
answer to two decimal places.

530. f(x)=+x+x,1<x<5,n=8.Round your
answer to two decimal places.

Using Limits and Riemann

Sums to Find Expressions
for Definite Integrals

531-535 Find an expression for the definite integral
using the definition. Do not evaluate.

531. ['Jxdx

532. J: sin? x dx

533. _[ls(x2 +x)dx

534. _[0”/4(tanx +secx)dx

535. Jj(3x3 +x? —x+5)dx



78 Part I: The Questions

Finding a Definite Integral Using Limits and Riemann
from the Limit and Riemann | Sums to Evaluate Definite
Sum Form Integrals

536-540 Express the limit as a definite integral. 541-545 Use the limit form of the definition of the
Note that the solution is not necessarily unique. integral to evaluate the integral.

536. mg%(u%)s 541, ['(1+2x)dx

537. }Il_rgoz_sec( ) 542. _[:(1+3x3)dx

538, m> L6+ 563. ['(4-x)ax

539. !Il_l’)?oz (cos( )+sm(é’fl)) 544. _[OB(ZxZ—x—4)dx

540. L@ZS St 125’ 545. Jlg(x2+x—5)dx



Chapter 10

The Fundamental Theorem of Calculus
and the Net Change Theorem

u sing Riemann sums to evaluate definite integrals (see Chapter 9) can be a cumber-
some process. Fortunately, the fundamental theorem of calculus gives you a much
easier way to evaluate definite integrals. In addition to evaluating definite integrals in this
chapter, you start finding antiderivatives, or indefinite integrals. The net change theorem
problems at the end of this chapter offer some insight into the use of definite integrals.

Although the antiderivative problems you encounter in this chapter aren’t too complex, finding
antiderivatives is in general a much more difficult process than finding derivatives, so consider
yourself warned! You encounter many challenging antiderivative problems in later chapters.

The Problems Vou'll Work On

In this chapter, you see a variety of antiderivative problems:

v Finding derivatives of integrals
v Evaluating definite integrals
v Computing indefinite integrals

v Using the net change theorem to interpret definite integrals and to find the distance
and displacement of a particle

What to Watch Out For

Although many of the problems in the chapter are easier antiderivative problems, you still
need to be careful. Here are some tips:

v Simplify before computing the antiderivative. Don’t forget to use trigonometric identi-
ties when simplifying the integrand.

»* You don’t often see problems that ask you to find derivatives of integrals, but make
sure you practice them. They usually aren’t that difficult, so they make for easier
points on a quiz or test.

v Note the difference between distance and displacement; distance is always greater than
or equal to zero, whereas displacement may be positive, negative, or zero! Finding the
distance traveled typically involves more work than simply finding the displacement.
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Using the Fundamental 753 =], st

Theorem of Calculus to
Find Derivatives

546-557 Find the derivative of the given function. 554. r(x)= jl"

1
dt
t+t*

546. r(x)= [ NT+4t ar

555. o= J:)%dt

567. roo=["(2+1%) ar

556. f(x)=["L=1g

20 1141

548, r(x0)= jo"ﬁ cos(t)dt

557. rco=]" s

549. o= J':e’zdt

Working with Basic Examples

550. 1G] (1-¢)ar of Definite Integrals

558-570 Evaluate the definite integral using basic
antiderivative rules.

558. [’5dx
551. fx0)= J.:l(xzﬂ)e’dt

559. ‘[;M cos x dx
552. r(x)=]._(t*+sint)dt
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560. I:Msecztdt 568. J.Ol(\/)?+x)dx

56 l. J'Oﬂ/s sec xtanxdx 569. J.j;/z f(.X')dX, where

X, -3<x<0
f(x)=
e cos X, 0<x§%

562. J124xdx

570. f3|x—2|dx

563. I;(x—sinx)dx

Understanding Basic
566. ['(x+x)as Indefinite Integrals

571-610 Find the indicated antiderivative.

571. Jx?’/“dx

565. jf 23/xdx

572. J%dx

566. r/z(cscz x— l)dx

/4

573. J(x"’ +3x? —1)dx
567. ['(1+2y-4y°)dy
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574.

575.

576.

5717.

578.

579.

580.

581.

I(Bcosx—4sinx)a’x

I(4coszx+4sin2x)dx

ftan2 xdx

f(3x2+2x+1)dx

I(%x“/s +5x4)dx

5+ x +tan® x ) dx
I( )

j 6~/x ¥/xdx

f\/S_xdx

582

583.

584.

585.

586.

5817.

588.

589.

jf\i/%dx

J‘l sin® X dx
3cos?x

sz(x2+3x)dx

2
_[X +ff+1dx

j(l+x2)2dx

J(2—cot2x)dx

j—\/; ;4x2 dx

[(3x+1)"ax



590.

591.

592.

593.

594.

595.

596.

5917.

Chapter 10: The Fundamental Theorem of Calculus and the Net Change Theorem

f&[l+%]dx

J'COSX dx
sin~ x

6
fx+§x dx
T3

fsecx(secx—cosx)dx

'[x —5x+6dx

598.

599.

600.

601.

602.

603.

604.

605.

J‘%dx
J'(4x1.6 _szs)dx
J'5+xdx

J.(x”2 —x? +—xb5 )dx

J‘ sin2x dx
4cosx

jsinzx(1+cot2x)dx
J‘[4x3-;§x—2)dx

I(Bsin2x+3coszx+4)dx

83
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Part I: The Questions

600.

607.

608.

609.

610.

J‘x3—25xdx
X+5

2
J’te'm2 X dx
sin® x

J’ cos2x
cosx +sinx

cos2x
f—_ S dx
sin® x

J‘cosx+cosxtan2x d
> be
sec’x

Understanding the Net

Change Theorem

611-619 Use the net change theorem to interpret the
given definite integral.

o11.

612.

If w'(¢) is the rate of a baby’s growth in

pounds per week, what does Jj w'(H)dt
represent?

If () represents the rate at which oil leaks
from a tanker in gallons per minute, what

180
does JO r(t)dt represent?

613.

614.

015.

616.

0117.

018.

A new bird population that is introduced
into a refuge starts with 100 birds and
increases at a rate of p'(¢) birds per month.

What does 100 + Lf p'(t)dt represent?

If v(¢) is the velocity of a particle in meters
10
per second, what does jo u(t)dt represent?

If a(f) is the acceleration of a car in meters

5
per second squared, what does L a(t)dt
represent?

If P'(f) represents the rate of production of
solar panels, where t is measured in weeks,

what does j: P'(t)dt represent?

The current in a wire I(¢) is defined as the
derivative of the charge, Q'(f) = I(f). What

does fz I(t)dt represent if ¢ is measured
in hours?

I'(t) represents the rate of change in your
income in dollars from a new job, where t is

0
measured in years. What does Jol I'(t)dt
represent?
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619. Water is flowing into a pool at a rate of w'(f), o o o
where t is measured in minutes and w'(f) is F’nd’nq the DlStance Tm(/e/ed
measured in gallons per minute. What does g o
Tyt represent? lb/y(a {f'tartlcle Given the
elocity

625-629 A particle moves according to the given
velocity function over the given interval. Find the
total distance traveled by the particle. Remember:
Velocity is the rate of change in position with respect
to time.

Finding the Displacement of a

Particle Given the Velocity

620-624 A particle moves according to the given
velocity function over the given interval. Find

the displacement of the particle. Remember:
Displacement is the change in position, and velocity
is the rate of change in position with respect to time.

625. v()=2t-4,0<t<5

626. =P-t-6,2<t<4
620. v(H)=2t-4,0<t<5 v =-1-6,2<t<

627. =2 0<t<
62]. v(H=£-t-62<t<4 v =2cost,0<stsn

628. v()=sint-cost % <t<

B

622. v(H)=2cost0<t<n

629. = _4’1_ <25
623. U(t)=sint—cost,%sts o(t) =t <t<

e

624, v(H)=+t-41<t<25
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Finding the Displacement of

a Particle Given Acceleration

630-632 A particle moves according to the given
acceleration function over the given interval. First,
find the velocity function. Then find the displacement
of the particle. Remember: Displacement is the
change in position, velocity is the rate of change

in position with respect to time, and acceleration is
the rate of change in velocity with respect to time.

630. a()=t+2,v(0)=-6,0<t<8

631. a(®=2t+1,v(0)=-12,0<t<5

632. a(f)=sint+cost, u(%) =0,

Finding the Distance Traveled

by a Particle Given
Acceleration

633-635 A particle moves according to the given
acceleration function over the given interval.

Find the total distance traveled by the particle.
Remember: Displacement is the change in position,
velocity is the rate of change in position with respect
to time, and acceleration is the rate of change in
velocity with respect to time.

633. a®=t+2,0(0)=-6,0<r<8

634. a(®)=2t+1,v(0)=-12,0<¢<5

ol
IA
~
IA
3

635. a(f)=sint+cost, v(%) =0,



Chapter 11
Applications of Integration

Flis chapter presents questions related to applications of integrals: finding the area between
curves, finding the volumes of a solid, and calculating the work done by a varying force. The
work problems contain a variety of questions, all of which apply to a number of real-life situa-
tions and relate to questions that you may encounter in a physics class. At the end of the chap-
ter, you answer questions related to finding the average value of a function on an interval.

The Problems You'll Work On

In this chapter, you see a variety of applications of the definite integral:

v Finding areas between curves

v Using the disk/washer method to find volumes of revolution

v Using the shell method to find volumes of revolution

v Finding volumes of solids using cross-sectional slices

v Finding the amount of work done when applying a force to an object

v Finding the average value of a continuous function on an interval

What to Watch Out For

Here are a few things to consider for the problems in this chapter:

v Make graphs for the area and volume problems to help you visualize as much as possible.

v Don'’t get the formulas and procedures for the disk/washer method mixed up with the
shell method; it’s easy to do! For example, when rotating regions about a horizontal
line using disks/washers, your curve should be of the form y = f(x), but if you're using
shells, your curve should be of the form x = g(y). When rotating a region about a
vertical line and using disks/washers, your curve should be of the form x = g(y), but if
you’re using shells, your curve should be of the form y = f(x).

+* Some of the volume of revolution problems can be solved using either the disk/washer
method or the shell method; other problems can be solved easily only by using one
method. Pay attention to which problems seem to be doable using either method and
which ones do not.

v The work problems often give people a bit of a challenge, so don’t worry if your first
attempt isn’t correct. Keep trying!
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Areas between Curves 644. y-2xy=-8-x

636-661 Find the area of the region bounded by the
given curves. (Tip: It’s often useful to make a rough
sketch of the region.)

645, x=2-y2 x=y"-2
636. y=x%y=x' ¥ m

646. y-14-x2y=x2-4
637. y=x y=Jx

047. x=y 4x+y*=-3
638. y=cosx+1l,y=xx=0,x=1

648. x=1+\/y,x=3+—y
639. x-=y"-y x=3y-)> 3

649. y=x—%,y=cosx,x=0,x=7r
640. x+1=-=y2x=y,y=0,y=1

650. y=-x3-xy=2x
641, x=1+y2y=x-7

651. x+y=0,x=)2+4y
042. x=y,x=3y-2

0652. x-= y+3,x=y—+3
643. x=22x+y=1



653.

654.

655.

656.

657.

658.

659.

660.

661.

y=sinx,y=cosx,x=—%,x=

x=y,x=y,y=0,y=2

x=y'-y x=4y

y=x-1,2=2x+6

y=xx+2y=0,2x+y=3

y=«/x+4,y:xT+4
y=|2x[,y=x*-3
y=cosx,y=sin2x, x=0,x=

y=2e"y=3-5¢%x=0

(TR

TR
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Finding Volumes Using Disks

and Washers

662-681 Find the volume of the solid obtained by
revolving the indicated region about the given line.
(Tip: Making a rough sketch of the region that’s
being rotated is often useful.)

062.

663.

664.

665.

0660.

The region is bounded by the curves y = x4,
x =1, and y = 0 and is rotated about the
Xx-axis.

The region is bounded by the curves
x=.siny,x=0,y=0,and y = mand is
rotated about the y-axis.

The region is bounded by the curves y = %,

x =3,x=>5,and y = 0 and is rotated about
the x-axis.

The region is bounded by the curves
y:L,x= 1,x=3,and y = 0 and is rotated

Jx

about the x-axis.

The region is bounded by the curves
y=cscx,x=%,x=%,andy=0andis

rotated about the x-axis.

89
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Part I: The Questions

667. The region is bounded by the curves
x+4y=4,x=0,and y = 0 and is rotated
about the x-axis.

668. The region is bounded by the curves
x =y*—y*and x = 0 and is rotated about
the y-axis.

669. The region is bounded by the curves

y=+x-1,y=0,and x = 5 and is rotated
about the x-axis.

670. The region is bounded by the curves

2
y=4 _XT and y = 2 and is rotated about
the x-axis.

671. The region is bounded by the curves
x=y*3 x=0,and y = 8 and is rotated
about the y-axis.

672. The region is bounded by the curves

y =+r’—x?* and y = 0 and is rotated about
the x-axis.

673.

6754.

675.

676.

6717.

678.

The region is bounded by the curves y = sin x,
y=cosx,x=0,and x = % and is rotated
about the x-axis.

The region is bounded by the curves
1 .
=—— vy=0,x=0,and x=1and is
Y e
rotated about the x-axis.

The region is bounded by the curves
y=3+2x-x%and x + y = 3 and is rotated
about the x-axis.

The region is bounded by the curves y = x*
and x = y? and is rotated about the y-axis.

The region is bounded by the curves y = x??,
y=1,and x = 0 and is rotated about the line

y=2.

The region is bounded by the curves y = x??,
y=1,and x = 0 and is rotated about the line
x=-1.



679. The region is bounded by y = sec x, y = 0,
and 0< x < % and is rotated about the
liney = 4.

680.

The region is bounded by the curves x = y?
and x = 4 and is rotated about the line x = 5.

681.

The region is bounded by the curves y = e,
y=0,x=0,and x = 1 and is rotated about
the liney = -1.

Finding Volume Using

Cross-Sectional Slices

682-687 Find the volume of the indicated region
using the method of cross-sectional slices.

682. The base of a solid Cis a circular disk that
has a radius of 4 and is centered at the
origin. Cross-sectional slices perpendicular
to the x-axis are squares. Find the volume
of the solid.

683.

The base of a solid Cis a circular disk that
has a radius of 4 and is centered at the
origin. Cross-sectional slices perpendicular
to the x-axis are equilateral triangles. Find
the volume of the solid.

684.

685.

686.

06817.
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The base of a solid S is an elliptical region
with the boundary curve 4x? + 9y? = 36.
Cross-sectional slices perpendicular to the
y-axis are squares. Find the volume of the
solid.

The base of a solid S is triangular with
vertices at (0, 0), (2, 0), and (0, 4). Cross-
sectional slices perpendicular to the y-axis
are isosceles triangles with height equal to
the base. Find the volume of the solid.

The base of a solid S is an elliptical region
with the boundary curve 4x? + 9y = 36.
Cross-sectional slices perpendicular to the
x-axis are isosceles right triangles with the
hypotenuse as the base. Find the volume
of the solid.

The base of a solid S is triangular with
vertices at (0, 0), (2, 0), and (0, 4).
Cross-sectional slices perpendicular to the
y-axis are semicircles. Find the volume of
the solid.
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Finding Volumes Using

Cylindrical Shells

688-711 Find the volume of the region bounded by
the given functions using cylindrical shells. Give an
exact answer. (Tip: Making a rough sketch of the
region that'’s being rotated is often useful.)

688.

689.

690.

691.

692.

The region is bounded by the curves y = %,

y=0,x=1, and x = 3 and is rotated about
the y-axis.

The region is bounded by the curves y = x?,
y =0, and x = 2 and is rotated about the
y-axis.

The region is bounded by the curves x = 2/}7,
x =0, and y = 1 and is rotated about the
x-axis.

The region is bounded by the curves y = x?,
y =0, and x = 2 and is rotated about the line
x=-1.

The region is bounded by the curves y = 2x
and y = x? - 4x and is rotated about the
y-axis.

693.

694.

695.

696.

697.

698.

The region is bounded by the curves y = x4,
y =16, and x = 0 and is rotated about the
Xx-axis.

The region is bounded by the curves
x =5)y?-y*and x = 0 and is rotated about
the x-axis.

The region is bounded by the curves y = x?
and y = 4x — x? and is rotated about the line
x=4.

The region is bounded by the curves
y=1+x+x%x=0,x=1,and y=0and is
rotated about the y-axis.

The region is bounded by the curves
y=4x-x? x=0,and y = 4 and is rotated
about the y-axis.

The region is bounded by the curves
y=+49-x,x=0,and y = 0 and is rotated
about the x-axis.



699. The region is bounded by the curves
y=1-x?and y = 0 and is rotated about
the line x = 2.

700.

The region is bounded by the curves
y=5+3x-x%and 2x + y = 5 and is rotated
about the y-axis.

701.

The region is bounded by the curves
x+y=5,y=Xx and y =0 and is rotated
about the line x = -1.

702. The region is bounded by the curves
y =sin(x?), x =0, x =+/m,and y = 0 and

is rotated about the y-axis.

703. The region is bounded by the curves x = e?,
x=0,y=0,and y = 2 and is rotated about

the x-axis.

704.

The region is bounded by the curves
y= e"‘z, y=0,x=0, and x = 3 and is rotated
about the y-axis.

705. The region is bounded by the curves
x =y3and y = x* and is rotated about

the line x = -1.

706.

707.

708.

709.

710.

711.

93
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The region is bounded by the curves y = 1

y=0,x=1, and x = 3 and is rotated about
the line x = 4.

The region is bounded by the curves
y =+/x and y = x* and is rotated about the
liney = 1.

The region is bounded by the curves
y=+x+2,y=x and y = 0 and is rotated
about the x-axis.

The region is bounded by the curves

1
Y=pr

rotated about the y-axis.

e—x2/2,y=0,x=0,andx=landis

The region is bounded by the curves y = /x,
y=Inx, x=1, and x = 2 and is rotated about
the y-axis.

The region is bounded by the curves
x=cosy,y=0,and y = % and is rotated
about the x-axis.
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712-735 Find the work required in each situation.
Note that if the force applied is constant, work equals
force times displacement (W = Fd); if the force is

variable, you use the integral W = _[: f(x)dx, where

f(x) is the force on the object at x and the object
moves from x = ato x = b.

712

713.

714.

715.

716.

In joules, how much work do you need

to lift a 50-kilogram weight 3 meters from
the floor? (Note: The acceleration due to
gravity is 9.8 meters per second squared.)

In joules, how much work is done pushing
a wagon a distance of 12 meters while
exerting a constant force of 800 newtons
in the direction of motion?

A heavy rope that is 30 feet long and weighs 0.75
pounds per foot hangs over the edge of a cliff.
In foot-pounds, how much work is required to
pull all the rope to the top of the cliff?

A heavy rope that is 30 feet long and weighs
0.75 pounds per foot hangs over the edge
of a cliff. In foot-pounds, how much work

is required to pull only half of the rope to
the top of the cliff?

A heavy industrial cable weighing 4 pounds
per foot is used to lift a 1,500-pound piece
of metal up to the top of a building. In foot-
pounds, how much work is required if the
building is 300 feet tall?

717.

718.

719.

720.

A 300-pound uniform cable that’s 150 feet
long hangs vertically from the top of a tall
building. How much work is required to lift
the cable to the top of the building?

A container measuring 4 meters long,

2 meters wide, and 1 meter deep is full

of water. In joules, how much work is
required to pump the water out of the
container? (Note: The density of water

is 1,000 kilograms per cubic meter, and the
acceleration due to gravity is 9.8 meters per
second squared.)

If the work required to stretch a spring

2 feet beyond its natural length is

14 foot-pounds, how much work is
required to stretch the spring 18 inches
beyond its natural length? (Note: For a
spring, force equals the spring constant &
multiplied by the spring’s displacement
from its natural length: F(x) = kx.)

A force of 8 newtons stretches a spring

9 centimeters beyond its natural length.

In joules, how much work is required to
stretch the spring from 12 centimeters
beyond its natural length to 22 centimeters
beyond its natural length? Round the
answer to the hundredths place. (Note: For
a spring, force equals the spring constant k&
multiplied by the spring’s displacement
from its natural length: F(x) = kx. Also note
that 1 newton-meter = 1 joule.)



721.

722,

723.

724.

A particle is located at a distance x meters

from the origin, and a force of 2sin(ﬂ)

6
newtons acts on it. In joules, how much

work is done moving the particle from
x =1to x =2? The force is directed
along the x-axis. Find an exact answer.
(Note: 1 newton-meter = 1 joule.)

726.

Five joules of work is required to stretch a
spring from its natural length of 15 centime-
ters to a length of 25 centimeters. In joules,
how much work is required to stretch the
spring from a length of 30 centimeters to a
length of 42 centimeters? (Note: For a
spring, force equals the spring constant k
multiplied by the spring’s displacement
from its natural length: F(x) = kx. Also note
that 1 newton-meter = 1 joule.)

It takes a force of 15 pounds to stretch a
spring 6 inches beyond its natural length. In
foot-pounds, how much work is required to
stretch the spring 8 inches beyond its natu-
ral length? (Note: For a spring, force equals
the spring constant &k multiplied by the
spring’s displacement from its natural
length: F(x) = kx.)

Suppose a spring has a natural length of

10 centimeters. If a force of 30 newtons is
required to stretch the spring to a length of
15 centimeters, how much work (in joules)
is required to stretch the spring from 15
centimeters to 20 centimeters? (Note: For a
spring, force equals the spring constant &
multiplied by the spring’s displacement
from its natural length: F(x) = kx. Also note
that 1 newton-meter = 1 joule.)
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725.

727.
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Suppose a 20-foot hanging chain weighs

4 pounds per foot. In foot-pounds, how
much work is done in lifting the end of the
chain to the top so that the chain is folded
in half?

A 20-meter chain lying on the ground has a
mass of 100 kilograms. In joules, how much
work is required to raise one end of the
chain to a height of 5 meters? Assume that
the chain is L-shaped after being lifted
with a remaining 15 meters of chain on

the ground and that the chain slides
without friction as its end is lifted. Also
assume that the weight density of the
chain is constant and is equal to

(% kg/m)(9.8 m/s’ ) =49 N/m. Round to

the nearest joule. (Note: 1 newton-meter =
1 joule.)

A trough has a triangular face, and the
width and height of the triangle each equal
4 meters. The trough is 10 meters long and
has a 3-meter spout attached to the top of
the tank. If the tank is full of water, how
much work is required to empty it? Round
to the nearest joule. (Note: The acceleration
due to gravity is 9.8 meters per second
squared, and the density of water is

1,000 kilograms per cubic meter.)

‘/4m’/"
'f

m

(
]
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728.

729.

730.

Part I: The Questions

A cylindrical storage container has a diame-
ter of 12 feet and a height of 8 feet. The con-
tainer is filled with water to a height of

4 feet. How much work is required to pump
all the water out over the side of the tank?
Round to the nearest foot-pound. (Note:
Water weighs 62.5 pounds per cubic foot.)

12 ft
S

—5—

A thirsty farmer is using a rope of negligible
weight to pull up a bucket that weighs

5 pounds from a well that is 100 feet deep.
The bucket is filled with 50 pounds of water,
but as the unlucky farmer pulls up the
bucket at a rate of 2 feet per second, water
leaks out at a constant rate and finishes
draining just as the bucket reaches the top
of the well. In foot-pounds, how much work
has the thirsty farmer done?

Ten joules of work is needed to stretch a
spring from 8 centimeters to 10 centimeters.
If 14 joules of work is required to stretch the
spring from 10 centimeters to 12 centimeters,
what is the natural length of the spring in
centimeters? (Note: For a spring, force
equals the spring constant £ multiplied

by the spring’s displacement from its
natural length: F(x) = kx. Also note that

1 newton-meter =1 joule.)

731.

732,

733.

A cylindrical storage container has a diame-
ter of 12 feet and a height of 8 feet. The
container is filled with water to a distance
of 4 feet from the top of the tank. Water is
being pumped out, but the pump breaks
after 13,500n foot-pounds of work has been
completed. In feet, how far is the remaining
water from the top of the tank? Round your
answer to the hundredths place.

Twenty-five joules of work is needed to
stretch a spring from 40 centimeters to

60 centimeters. If 40 joules of work is required
to stretch the spring from 60 centimeters to
80 centimeters, what is the natural length of
the spring in centimeters? Round the
answer to two decimal places. (Vote: For a
spring, force equals the spring constant &
multiplied by the spring’s displacement
from its natural length: F(x) = kx. Also note
that 1 newton-meter = 1 joule.)

A cylindrical storage tank with a radius of

1 meter and a length of 5 meters is lying on its
side and is full of water. If the top of the tank
is 3 meters below ground, how much work in
joules will it take to pump all the water to
ground level? (Note: The acceleration due to
gravity is 9.8 meters per second squared, and
the density of water is 1,000 kilograms per

cubic meter.)

3m

Ground level




Chapter 11: Applications of Integration

734. A tank that has the shape of a hemisphere
with a radius of 4 feet is full of water. If the
opening to the tank is 1 foot above the top
of the tank, how much work in foot-pounds
is required to empty the tank?

4t
11t}

735. An open tank full of water has the shape of a
right circular cone. The tank is 10 feet across
the top and 6 feet high. In foot-pounds, how
much work is done in emptying the tank by
pumping the water over the top edge? Round
to the nearest foot-pound. (/Note: Water

weighs 62.5 pounds per cubic foot.)

736-741 Find the average value of the function
on the given interval by using the formula

b
Frg = b—}a [} #ayax.

736. () =x[-1,2]

737. f(x)=sinx, [O, 3777::'

738. (%) = (sin®x)(cos x), [0, %]

739. g(x)=x*V1+x%,10,2]

740. y =sinh x cosh x, [0, In 3]

741.

5
f(r)= ,[1,4
) (1+r)2 1.4]

742-747 Solve the problem using the average value
formula.

742. The linear density of a metal rod measuring
14
Nx+2
per meter, where x is measured in meters
from one end of the rod. Find the average

density of the rod.

8 meters in length is f(x) =

kilograms

743. Find all numbers d such that the average
value of f(x) = 2 + 4x - 3x% on [0, d] is

equal to 3.

97
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744.

745.

746.

747.

Find all numbers d such that the average
value of f(x) = 3 + 6x —9x% on [0, d] is equal
to -33.

748-749 Use the average value formula.

748. For the function f(x) = x sin x on the

interval [0, %} find the average value.

Find all values of c in the given interval
such that £ = f(c) for the function

4(x*+1 : _ :
F(x) = ( — ) on [1, 3]. 749. For the function y = +/x on the interval

[O, %], find the average value.

Find all values of c in the given interval
such that £ = f(c) for the function

£(x) :%on [4,9].

Find all values of c in the given interval
such that favg = f(c¢) for the function

f(x) =5-3x%on [-2, 2].



Chapter 12

Inverse Trigonometric Functions,
Hyperholic Functions, and
L'Hopital's Rule

Fis chapter looks at the very important inverse trigonometric functions and the
hyperbolic functions. For these functions, you see lots of examples related to finding
derivatives and integration as well. Although you don’t spend much time on the hyperbolic
functions in most calculus courses, the inverse trigonometric functions come up again

and again; the inverse tangent function is especially important when you tackle the partial
fraction problems of Chapter 14. At the end of this chapter, you experience a blast from the
past: limit problems!

The Problems Vou'll Work On

This chapter has a variety of limit, derivative, and integration problems. Here’s what you
work on:

v Finding derivatives and antiderivatives using inverse trigonometric functions

v Finding derivatives and antiderivatives using hyperbolic functions

v Using L'Hopital’s rule to evaluate limits

What to Watch Out For

Here are a few things to consider for the problems in this chapter:
v The derivative questions just involve new formulas; the power, product, quotient, and
chain rules still apply.

+* Know the definitions of the hyperbolic functions so that if you forget any formulas, you
can easily derive them. They’re simply defined in terms of the exponential function, e*.

v Although L'Hopital’s rule is great for many limit problems, make sure you have an
indeterminate form before you use it, or you can get some very incorrect solutions.
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a a a e a 756- = -1 g2x

Finding Derivatives Involving ymeee

Inverse Trigonometric

Functions

750-762 Find the derivative of the given function. 757. y=ev=
Note: The derivative formula for sec™! x varies,

750. y=2sin (x- 1) depending on the definition used. For this problem,
use the formula % sec!x = #\/2__1

751. y=3cos™ (x4 +x)
758. y= 4arccos§

752. y=\tan'x
759. y=xsin" x+1-x2

753. y=J1-x%sin'x

760. y=cot'x+cot' L

x
754. y=tan™(cosx)
761. y=tan x+ %
1+x
755. y=e>
Note: The derivative formula for sec™! ¢ varies, 762. y=tan™ (x —J1+x? )

depending on the definition used. For this problem,

use the formula %-sec™ t = .
dt N
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Finding Antiderivatives by 0. ] e

Using Inverse Trigonometric
Functions

1
763-774 Find the indefinite integral or evaluate the 771. .[ (x—1)Jx? —2x e
definite integral.
12
dx
763- JO x2 +1
e3x
772. | 5w
B2 5
766. L.
x+4
773. |25
dx
765. ] 0
3 _2x-3
776. |, Jix—x° dx
V2 sin”! x
766. |, A_x? dx

Evaluating Hyperbolic

/ Functions Using
/2 cosx a 6 a,c
767. |, [ ioa—dx Their Definitions

775-779 Use the definition of the hyperbolic
functions to find the values.

768. [ dx 775. sinh 0

769. J. & 776. cosh (In 2)
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777. coth (In6) 785. et
778. tanh1 786. y=sech®(10x)
779. Sech% 787. y=tanh(J+(")

Finding Derivatives of 788. y=x"sinh(Inx)
Hyperbolic Functions

780-789 Find the derivative of the given function.

780. y-cosh2x 789. y=ln(tanh(%)]

781. y=sinh(x?) Finding Antiderivatives of
Hyperbolic Functions

790-799 Find the antiderivative.

782. y=csch(2x) 790. [sinh(1-3x)dx
783. y=tanh(e”) 791. [cosh® (x—3)sinh (x - 3)dx

784. y - tanh(sinh x)
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792. J cothxdx

793. J‘sech2 (3x-2)dx
hZ

794. ZSf fan}icx dx

795. chosh(Gx)dx

796. Jx csch? (XTZ ]dx

798.

n2  coshx
—dx
799. IO \J9-sinh? x

Evaluating Indeterminate

Forms Using L'Hopital’s Rule

800-831 If the limit is an indeterminate form,
evaluate the limit using L’Hopital’s rule. Otherwise,
find the limit using any other method.

800. lim X *1

x>-1 x +1

801. lim X“}

802. lim—*=2

803. x_)([g) 1-sinx

804. lim 1-cosx

805. lm~ 5

806. cos(%x)

103
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807.

808.

809.

810.

811.

812.

813.

814.

815.

lim tan~! x
x—0 X

' 8 __x_
llgl*(xz—4 x—2]

sin(4x)
x—0 2x

lim xInx

x—0*

Inx*

Xoeo  ye

lim sin”' x
x—0 X

tan'x-Z%
lim
X—>0 X — 1

tan”! x — %
lim
X—o0 1
1+x3
lim (secx —tanx)
x—-T

2

g1e.

817.

818.

819.

820.

821.

822.

823.

824.

limxsin(l)
X

X—oo

lim x3e”

X——o0

iml=x+Inx
x>1 14+ cosmx

1/x

lim (1-5x)

lim x "/~

X0

lim (cos x)**

x—0

X—o0

: (33(—1))(_1
3x+4
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825, lim(2x)" 829. lim (e*+x)""
526. I (1an3x)’ 830. Im( Xy |
827. llrgtanxlnx 831. l@(ﬁ_ﬁ)

828. lim(1+%)x

X—o0
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Chapter 13

U-Substitution and Integration
by Parts

’ n this chapter, you encounter some of the more advanced integration techniques:
u-substitution and integration by parts. You use u-substitution very, very often in integra-
tion problems. For many integration problems, consider starting with a u-substitution if you
don’t immediately know the antiderivative. Another common technique is integration by
parts, which comes from the product rule for derivatives. One of the difficult things about
these problems is that even when you know which procedure to use, you still have some
freedom in how to proceed; what to do isn’t always clear, so dive in and try different things.

The Problems Vou'll Work On

This chapter is the start of more challenging integration problems. You work on the
following skills:
v Using u-substitution to find definite and indefinite integrals

v Using integration by parts to find definite and indefinite integrals

What to Watch Out For

Here are a few things to keep in mind while working on the problems in this chapter:

v Even if you know you should use a substitution, there may be different substitutions
to try. As a rule, start simple and make your substitution more complex if your first
choice doesn’t work.

v When using a u-substitution, don’t forget to calculate du, the differential.

» You can algebraically manipulate both du and the original u-substitution, so play
with both!

v For the integration by parts problems, if your pick of z and dv don’t seem to be
working, try switching them.
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Using u-Substitutions 839. |03,

832-857 Use substitution to evaluate the integral.

832. J'sin(Sx)dx

d.
840. (L2

833. J'(x + 4)100dx
841. [tan’x gy

1+x?

834. J3x2\/x3+1dx
842. Jtanxdx

sec?/x
835- JTdX y |
843. IO e“*“sinxdx

6
836. J‘(4+5x)8

844. _[(:\/fcos(l+x3/2)dx

837. fsin76c039d9
845. J(/talszeczxdx

838. | tan’6do

846. jsm(; )

X
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g 4+12x 855. 1 533
847 J—m dx Jox Ix’ +1dx
848. J.Q/cotx csc? x dx 856. Jﬁ/xxTB dx
849. [""xsin(x*)dx 857. [x'Jx"+ldx

850. [3+Xqr Using Integration by Parts

858-883 Use integration by parts to evaluate
the integral.

851. J'ezd_x 858. [xcos(4x)dx
¢ X

nx

852. ftan@ln(cos@)de 859. _[xe"dx

853. J'x2efxzdx 860. J'xsinh(2x)dx

856. [ xxiTax 861. ], xodx
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862. [xsecxtanxdx 870. [’eax
863. |[xsin(5x)dx 871. [ x*Inxdx
866. [xescxax 872. [cos xdx
865. [xsinxdx 873. [sin™(5x)dx
866. |[xcscxcotxdx 876. [ ax
867. [in(3x+1)dx 875. [ (x*+1)edx
868. [tan xdx 876. |[x’cos(x*)dx

869. J?l;—fdx 877. J.xzsin(mx)dx,wheremio
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878. flng(lnx)de 881. jcos\/;dx

879. [e*cos(2x)dx 882. '|.x4(lnx)2dx

880. Isinxln(cosx)dx 883. J.xtan'lxdx
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Chapter 14

Trigonometric Integrals, Trigonometric
Substitution, and Partial Fractions

Fis chapter covers trigonometric integrals, trigonometric substitutions, and partial
fractions — the remaining integration techniques you encounter in a second-semester
calculus course (in addition to u-substitution and integration by parts; see Chapter 13).In a
sense, these techniques are nothing fancy. For the trigonometric integrals, you typically use
a u-substitution followed by a trigonometric identity, possibly throwing in a bit of algebra to
solve the problem. For the trigonometric substitutions, you're often integrating a function
involving a radical; by picking a clever substitution, you can often remove the radical and
make the problem into a trigonometric integral and proceed from there. Last, the partial
fractions technique simply decomposes a rational function into a bunch of simple fractions
that are easier to integrate.

With that said, many of these problems have many steps and require you to know identities,

polynomial long division, derivative formulas, and more. Many of these problems test your
algebra and trigonometry skills as much as your calculus skKills.

The Problems Vou'll Work On

This chapter finishes off the integration techniques that you see in a calculus class:

v Solving definite and indefinite integrals involving powers of trigonometric functions
v Solving definite and indefinite integrals using trigonometric substitutions

v Solving definite and indefinite integrals using partial fraction decompositions
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What to Watch Out For

You can get tripped up in a lot of little places on these problems, but hopefully these
tips will help:

v Not all of the trigonometric integrals fit into a nice mold. Try identities,
u-substitutions, and simplifying the integral if you get stuck.

v You may have to use trigonometry and right triangles in the trigonometric
substitution problems to recover the original variable.

v If you've forgotten how to do polynomial long division, you can find some
examples in Chapter 1’s algebra review.

v The trigonometric substitution problems turn into trigonometric integral
problems, so make sure you can solve a variety of the latter problems!

888. jsin(?)x)sin(2x)dx

884-913 Find the antiderivative or evaluate the
definite integral.

884. f{fﬂ/zsin2 (20)do 889. jcos(Sx)cos(Zx)dx
885. L:HCOSZ 0de 890. Jsin“ X cos x dx
&886. Itanzxdx 891. Jtanz xsec? xdx

887. [sec'tdt 892. [sin(5x)cos(4x)dx



893.

894.

895.

896.

897.

898.

899.

900.

Chapter 14: Trigonometric Integrals, Trigonometric Substitution, and Partial Fractions

fsec xtanxdx

f\/CSCS X cscx cot x dx

fcos3 xsin® x dx

/3
fo tan® x sec? xdx

3
ICf)t4 X dx
sin” x

/2
L} cos® xdx

fl—posx dx
sinx

'f(1+sin9)2 do

901.

902.

903.

904.

905.

906.

907.

908.

cosx—sinxd
j sin(2x) o

J'tanz X gy

COs™ x

_[xsin2 x dx

Isin3 xcos® x dx

J.tanB xsecxdx

J.cot3 xcscxdx

_[cosS x+/sin x dx

jcotz xcsct xdx
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- i 9 in® 9 d9 ’ «

909 |sm Sin (COS ) 9 7 ' ; 1 - dx

9 70- in® C 4 d. ’8. | —1
fsm XCOSs xax 9 R EEETS dx

919. J\/9—x2 dx

911. J‘sec3 xdx

d.
912 J‘sinjcc—l 920. J\/1—25x2dx
913. [tan® (4x)sec® (4x)dx 921. | \/;jx—z
X7 -x

Trigonometric Substitutions 922. [J1-5x7 dx

914-939 Evaluate the integral using a trigonometric
substitution.

dx
914. IM 923, .[x :)_sz
V2/2 2
915. J'O \/l’dex 924 j\/)?dx
216. J. ki 925. '[xxll—x“dx

x? -1



926.

927.

928.

929.

930.

931.

932.

933.

934.

Chapter 14: Trigonometric Integrals, Trigonometric Substitution, and Partial Fractions

Jﬂ/z sint

J1+cos?

J‘\/XZ ~1 4

jij\/xz +9dx

J.xlel —x%dx

5 e

936. |,

X +4x+2

937. j03/2 x3\J9—4x? dx

938. _[\/7 +6x —x%dx

939. Jx3\/16 —-x%dx

Finding Partial Fraction

Decompositions (without
Coefficients)

940-944 Find the partial fraction decomposition
without finding the coefficients.

4x+1

940. x3 (x+l)2

941. _2x
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952. (xf’l‘f(j{;)s Integrals Involving Partial
Fractions

950-958 Evaluate the integral using partial fractions.

4x° +19
943. x?(x=1)*(x?+17) 950. [ Xdx
3x*+4
948 (x7=9)(x"rax+1) 951, [X ax
Finding Partial Fraction 952. [ x=3 g4
a a . (x+4)(x-5)
Decompositions (Including
Coefficients)
945-949 Find the partial fraction decomposition, 5
including the coefficients. 953. J +ldx
4 X< -
1

945. (x+2)(x-1)

954, [_3x+5

x24+2x+1
946. x+2
x* +x
955. j’; —_6; +65 dx
Sx+1

947. = 6ers

956. |8 —dx

o x*+x

968. “iaxiis

x°+1

949.
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6x% +1 2
957. jmdx 961. I&_de
958. | x31+1dx 962. Jﬁdx

Rationalizing Substitutions [P

959-963 Use a rationalizing substitution and partial
fractions to evaluate the integral

959. | L ax

xAx+1

960. J'f % dx
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Chapter 15

Improper Integrals and More
Approximating Techniques

Fe problems in this chapter involve improper integrals and two techniques to approxi-
mate definite integrals: Simpson’s rule and the trapezoid rule. Improper integrals are
definite integrals with limits thrown in, so those problems require you to make use of many
different calculus techniques; they can be quite challenging. The last few problems of the
chapter involve using Simpson’s rule and the trapezoid rule to approximate definite inte-
grals. When you know the formulas for these approximating techniques, the problems are
more of an arithmetic chore than anything else.

The Problems Vou'll Work On

This chapter involves the following tasks:

v Solving improper integrals using definite integrals and limits
v Using comparison to show whether an improper integral converges or diverges

v Approximating definite integrals using Simpson’s rule and the trapezoid rule

What to Watch Out For

Here are a few pointers to help you finish the problems in this chapter:
v Improper integrals involve it all: limits, 'Hopital’s rule, and any of the integration
techniques.

v The formulas for Simpson’s rule and the trapezoid rule are similar, so don’t mix
them up!

v~ If you're careful with the arithmetic on Simpson’s rule and the trapezoid rule,
you should be in good shape.
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Convergent and Divergent 971. [ (3-x")dx
lmproper Integrals

964-987 Determine whether the integral is
convergent or divergent. If the integral is convergent,

give the value. 972. Ee”‘/3 dx
< 1
904. J‘ (x+l)2dx
973. | —1 _ax
¢ x(Inx)
51

974 J: x* dx

1+ x°®

960. J.OZ % dx

975. j: xe Zdx
9617. J'_lm e dx

976. J: x'e ™ dx

968. J.ln(x - 1)_1/4 dx

9717. :133;4 dx
969. J'__:ﬁdx
978. _[;lz_fdx

970. [ (x*-5)dx



979.

980.

981.

982.

983.

984.

985.

986.

9817.

X

b+

/2
JO/ tan® x dx

JO sin? x dx

J'_: e Max

5

x-3

dx

Chapter 15: Improper Integrals and More Approximating Techniques

The Comparison Test for

Integrals

988-993 Determine whether the improper integral
converges or diverges using the comparison theorem
for integrals.

= sin® x
988. Lmdx

989. [ _dx

990. | X2 4y

991. [7tan x g

992. [ X _ax

993. [ 5te” o

123
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The Trapezoid Rule Simpson’s Rule

994-997 Use the trapezoid rule with the specified
value of n to approximate the integral. Round to
the nearest thousandth.

994. jj i+ x>dx withn = 6

2 ] X
995. L IE;CZ dxwithn=4

996. [ <OSX gy withn -8

9917. J'O]/zsin\/a?dx with n = 4

998-1,001 Use Simpson’s rule with the specified
value of n to approximate the integral. Round to
the nearest thousandth.

998. j(f€/1+x3dx withn =6

2] X
999. _[1 1:3;(2 dx withn=4

1,000. f%dx withn =8

1,001. ["sinJx dx with n - 4
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Go to www . dummies.com/cheatsheet/1001calculus
to access the Cheat Sheet created specifically for 1,007 Calculus
Practice Problems For Dummies.



In this part . . .

ere you get answers and explanations for all 1,001 prob-

lems. As you read the solutions, you may realize that you
need a little more help. Lucky for you, the For Dummies series
(published by Wiley) offers several excellent resources. | recom-
mend checking out the following titles, depending on your needs:

v* Calculus For Dummies, Calculus Workbook For Dummies,
and Calculus Essentials For Dummies, all by Mark Ryan

v Pre-Calculus For Dummies, by Yang Kuang and Elleyne
Kase, and Pre-Calculus Workbook For Dummies, by
Yang Kuang and Michelle Rose Gilman

v Trigonometry For Dummies and Trigonometry Workbook
For Dummies, by Mary Jane Sterling

When you're ready to step up to more advanced calculus courses,
you'll find the help you need in Calculus Il For Dummies, by Mark
Zegarelli.

Visit www . dummies . com for more information.




Chapter 16
Answers and Explanations

Here are the answer explanations for all 1,001 practice problems.

5
’I E

Get a common denominator of 12 and then perform the arithmetic in the numerator:

1,3 5
Y46

_16) . 363 52
2(6) 4(3) 6(2)
-6.,9 10
127127 12
_6+9-10

12

_1120)  3(12)  17(3)
3(20) 5(12)  20(3)
220 , 36 , 51

~760 60 ' 60

_220+36+51

60

_ 307

20

Answers
1-100
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1-100

3.

11
Write each factor as a fraction and then multiply across the numerator and denomina-
tor (cancel common factors as well!):
2 11
(3)enlis)
(28
3/)\1J\14
_@Ehdan
GHMADH
_@eran
[£31€V]6%9]
_11
=7 = 11
11
9
Recall that to divide by a fraction, you multiply by its reciprocal:
a
ﬁ = (2) (i) = ad  After rewriting the fraction, cancel common factors before
(/ b/\c] bc
d
multiplying:
5
(21341134
15 6/\15 3/\3 9
>22
5x +7y +10x>

x%y
To add the fractions, you need a common denominator. The least common multiple of
the denominators is x%y, so multiply each fraction accordingly to get this denominator
for each term. Then write the answer as a single fraction:
5,7, 10x
yx x y
10x xz)
500, 1), 10x(
yX(X) xz(y) y(xz)
3
_5x Ty 10x

Cxly xly  xly

_ 5x+7y+10x°
x%y



7.

You need a common denominator so you can subtract the fractions. The least
common multiple of the denominators is (x — 1)(x + 1) = x? - 1, so multiply each
fraction accordingly to get this denominator. Then perform the arithmetic in
the numerator:

x _x-4
x-1 x+1
o x(x+1) _(x—4)(x—1)
_(x—l)(x+1) (x+D(x-1)
_x’+x _x*-5x+4
xi-1 xi-1
x2+x—(x2—5x+4)
B xi-1
_xX’+x-x*+5x-4

xi-1

(x-Dy
X

Begin by factoring the expressions completely. Cancel any common factors and then
simplify to get the answer:

=)

[ &x+D(x-D y?
B xy? x+1

:@(xj

X 1

_(x-Dy
X

Answers and Explanations ’ 29

Answers
1-100
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Answers
1-100

8.

10.

11.

5x%(x-3)
3(x+5)y

Recall that to divide by a fraction, you multiply by its reciprocal:

a
ﬁ = (2)(1) _ad  After rewriting the fraction, factor and cancel the common factors:
C/ b/\c] bc
d
x*-5x+6
_ 6y’
x2+3x-10
10x3y?

_[x*-5x+6 10x°y*

6xy? x2+3x-10
[ (x=2)(x-3) 10x3y?
B 6xy° (x+5)(x-2)
_[x=3)( 5x*
[5°)(#5)

_5x%(x-3)
© 3(x+5)y

Write each factor using positive exponents and then simplify. To start, notice that z™*
in the denominator becomes z® when it moves to the numerator:

x3y425 x3y42528
y22—8 - y2
B x3y2zl3
h 1
_X3y2213
(x+3)
xz(y+5)3

To simplify, cancel the common factors:
(x+3)"x*(y+5)"
xs(x+3)(y+5)17

(x+3)
x? (y+5)3

Because the entire expression is being raised to the power of zero, the answer is 1:
42yl 53 0
18x5yiz® | !

There’s no point in simplifying the expression inside the parentheses.



12. z(x*y?+2°)

Begin by factoring the numerator and then cancel the common factors:

x4y322 + x2yz4
xyz

) x2yz? (xzyz +Z2)

xyz

=z(x*y*+32%)

z
For this problem, you need to know the properties of exponents. The important properties
to recall here are (x”’ )" =x™ (x)" =1, x"x" = x™", % =x"" xT" = ln, and lfn =x".

X X X
Write all factors using positive exponents and then use the properties of exponents to
simplify the expression:
() () =
(x=) ¥
x8y 12 (l)y5
T X202
x5y17
==

14. 5V2
Factor the number underneath the radical and then rewrite the radical using
Jab = a+/b to simplify:

V50 = [(25)(2)
=252
=52

15 215

: 15

Start by rewriting the expression so it has only one square root sign. Then reduce the
fraction and use properties of radicals to simplify:

Answers and Explanations ’3 ’

Answers
1-100
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J8J20 _ [8(20)
J5012 ~ \50012)

(

Answers
1-100

[\

N/

w1
~
w
g

b i S
e

Do
3
($2}

—
931

16. 10x2y*z7x

Begin by writing the expression using a single square root sign. Then combine like
bases and simplify:

J20xtyS 2! xy?zT
= \/(20x4y6z“ )(5xy%27)
e

=10x2Jxy*z?

’ 7¢ X3y425§/)€7

Begin by writing the expression using a single cube root sign. Combine the factors with
like bases and then simplify:

%/x‘lyszs 3 x7y4zl()
:x3§/)7y4zs

18. 2xy23[y*

Simplify each root individually and then use properties of exponents to
simplify further:

stmym
(2xy2)(x2y2§/)7)

x2y2

= 2xy2§fy*




Answers and Explanations

19.

20.

21.

Recall that x™" = ¥x™ . The expression becomes
43 y3/81/4 ;512

x> yiiz

43 x2/3y1/3z4/5

Recall that ¥x™ = x™". Therefore, the expression becomes

axy Yz
=(4x2y)1/3 z'
=41/3 2/3.,1/3 _4/5

xCyPz

y=3x+8

Recall that a function is one-to-one if it satisfies the requirement that if x, # x,, then
f(x)) # f(x,); that is, no two x coordinates have the same y value. If you consider the
graph of such a function, no horizontal line would cross the graph in more than one
place.

133

Answers
1-100

Of the given functions, only the linear function y = 3x + 8 passes the horizontal line test.

This function is therefore one-to-one and has an inverse.

y y=3x+8

N -
o -
~
o1 -
o -
-
o —
© -
=]

>

1
-2-14 1
9 4

T I I I T
~10-9 -8 -7 6 -5 4




22. y=x’-4,x20

When determining whether a function has an inverse, consider the domain of the given
function. Some functions don’t pass the horizontal line test — and therefore don’t have
an inverse — unless the domain is restricted. The function y = x2 — 4 doesn’t pass the
horizontal line test; however, if you restrict the domain to x > 0, then y = x> — 4 does
pass the horizontal line test (and therefore has an inverse), because you're getting
only the right half of the parabola.

y
_y2

5 y=x-—4,x20
4
3_
2_
‘|_

N

w —
& -
o1 —
x

T T T T
5-4-3-2-1] 1
-2

—4
5

23. y=tanlx

Of the given functions, only the function y = tan-! x passes the horizontal line test.
Therefore, this function is one-to-one and has an inverse.

y




24.

25.

f—l(x): 43){

First replace f(x) with y:
f(x)=4-5x
y=4-5x

Then replace y with x and each x with y. After making the replacements, solve for y to
find the inverse:

x=4-5y
5y=4-x
y:4gx

Therefore, the inverse of f(x) = 4 - 5x is

f*l(x) — 4gx

Fix)=2+Jx+4

First replace f(x) with y:
f(x)=x"—4x

y=x%-4x

Then replace y with x and each x with y. After making the replacements, solve for y to
find the inverse. You need to complete the square so you can isolate y. (To complete
the square, consider the quadratic expression on the right side of the equal sign; take
one-half of the coefficient of the term involving y, square it, and add that value to both
sides of the equation.) Then factor the right side and use square roots to solve for y:

x=y*-4y
x+4=y*-4y+4
x+4=(y—2)2
tx+4d=y-2
2+x+4=y

Notice that for the domain of the inverse to match the range of f(x), you have to keep
the positive root. Therefore, the inverse of f(x) = x> — 4x, where x > 2, is

Fli(x)=2+Jx+4

Answers and Explanations ’35
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27.

28.

2
Fix)=8=X" x>0

5
First replace f(x) with y:
f(x)=+8-5x
y=48-5x

Then replace y with x and each x with y. After making the replacements, solve for y to
find the inverse:

x=,/8-5y

x?=8-5y
5y =8—x’

_ a2
y=8 5x

Therefore, the inverse of f(x) =+/8—-5x is

2
f'l(x)=8_5x , wherex >0

The domain of the inverse is x > 0 because the range of f(x) is y > 0 and the domain of
f(x) is equal to the range of £(x).

o5
First replace f(x) with y:
f(x)=3x>+7
y=3x5+7

Then replace y with x and each x with y. After making the replacements, solve for y to
find the inverse:

x=3y"+7
x=T=3y°
X:;?:ys
SX:;? =y

Therefore, the inverse of f(x) = 3x° + T s

f*l(x): 5 x;?

2
f'l(x)=(2x_+2ic) —1<x<l

First replace f(x) with y:
2-x
f(x)=""-H"-"=
(=57 X
y=2=x
2+/x




Then replace y with x and each x with y. After making the replacements, solve for y to
find the inverse:

_2-\y
2+.fy

x(2+y)=2-y

2x+x\ly =2-y

xJy +4y =2-2x

Jy(x+1D)=2-2x
2-2

W5t

_(2-2x)°
y—( x+1 )

Note that the range of f(x) = 2-x is (-1, 1], so the domain of the inverse function

is (-1, 1]. Therefore, the inverse of f(x) = zlﬁ is
x

Fi(x)= (2 2?), where —-1<x <1

29. £ =221

First replace f(x) with y:
Fx)= X + 4
_2x-1
x+4

Then replace y with x and each x with y. After making the replacements, solve for y to
find the inverse:
_2y-1
y+4
x(y+4)=2y-1
xy+4x=2y-1

xy—-2y=—-4x-1
y(x-2)=-4x-1

—4x -1
x-2

y:

Therefore, the inverse of f(x) = 2x—1g
x+4
—4x-1

=523

30. (1, 0), 4,3), (-6, 5))

If the point (a, b) is on the graph of a one-to-one function, the point (b, a) is on the
graph of the inverse function. Therefore, just switch the x and y coordinates to get that
the set of points {(1, 0), (4, 3), (-6, 5)} belongs to the graph of f-1(x).

Answers and Explanations ’3 7

Answers
1-100
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Answers
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31

32.

33.

34.

35.

domain: (-1, 2); range: [-2, 4)

For a one-to-one function (which by definition has an inverse), the domain of f(x)
becomes the range of f-1(x), and the range of f(x) becomes the domain of f-1(x).
Therefore, f-1(x) has domain (-1, 2) and range [-2, 4).

gl =f1-c
Replacing x with (x + ¢) shifts the graph c units to the left, assuming that ¢ > 0. If the point
(a, b) belongs to the graph of f(x), then the point (a - ¢, b) belongs to the graph of f(x + ¢).

Now consider the inverse. The point (b, a) belongs to the graph of £-1(x), so the point
(b, a-¢) belongs to the graph of g -!(x). Therefore, g-'(x) is the graph of f-!(x) shifted
down c units so that g-'(x) = f1(x) - c.

The same argument applies if ¢ < 0.

x=2
Put all terms involving x on one side of the equation and all constants on the other
side, combining all like terms. Finally, divide by the coefficient of x to get the solution:
3x+7=13
3x=6
x=2
x=-4
Distribute to remove the parentheses. Then put all terms involving x on one side of the
equation and all constants on the other side, combining all like terms. Finally, divide
by the coefficient of x to get the solution:
2(x+1)=3(x+2)
2x+2=3x+6
-x=4
x=-4
=5
YTy

Distribute to remove the parentheses. Then put all terms involving x on one side of the
equation and all constants on the other side, combining all like terms. Finally, divide
by the coefficient of x to get the solution:

—4(x+1)-2x=Tx+3(x-8)
—A4x—-4-2x=Tx+3x-24

—-6x-4=10x-24
20=16x
20 _
16~



36. -5

Put all terms involving x on one side of the equation and all constants on the other
side, combining all like terms. Finally, divide by the coefficient of x (that is, multiply
both sides by the reciprocal of the coefficient) to get the solution:

%x+5=%x+w
%x—%x:m—S
%x:S
x=3(5)

_10-32
7A=Y

Distribute to remove the parentheses. Then put all terms involving x on one side of the

equation and all constants on the other side, combining all like terms. Finally, divide
by the coefficient of x to get the solution:

V2(x+3) =5 (x++20)
V2 + 342 =B5x +100
Px-Bx=10-32
x(V2-5)=10-32

_10-32
2-5

X

38. x=-3,7

This quadratic factors without too much trouble using trial and error:
x*—4x-21=0
(x-D(x+3)=0

Setting each factor equal to zero gives you x — 7 = 0 so that x = 7 is a solution and
x + 3 =0 so that x = -3 is a solution.

Answers and Explanations ’39
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39.

40.

41.

x=-4+.33

Complete the square to solve the quadratic equation. (To complete the square, con-
sider the quadratic expression on the left side of the equal sign; take one-half of the
coefficient of the term involving x, square it, and add that value to both sides of the
equation.) Then factor the left side and use square roots to solve for x:

x2+8x-17=0
x2+8x =17
x*+8x+16=17+16
(x+4)" =33
x+4=%+33
x=-4+33
I /5]
4
Complete the square to solve the quadratic equation. Begin by moving the constant to
the right side of the equal sign and then dividing both sides of the equation by 2:
2x*+3x-4=0
2x*+3x=4
2,3 _
XTH5x 2
Next, consider the quadratic expression on the left side of the equal sign; take one-half
of the coefficient of the term involving x, square it, and add that value to both sides of
the equation. Then factor the left side and use square roots to solve for x:
2,349 9,9
XT+5Xx+7p —2+16
3) _41
(x T ) 16
3_4 4l
XTaTH1e
X = __3 + ﬂ
4~ 16
_—3+41
X =
4
41
YT730 2

Factoring by trial and error gives you
6x%+5x-4=0
2x-D(Bx+4)=0

Setting each factor equal to zero gives you 2x - 1 = 0 so that x = % is a solution and
3x +4=0sothat x = %4 is a solution.
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42. x= 22410
3

Answers
1-100

The equation 3x? + 4x — 2 = 0 doesn’t factor nicely, so use the quadratic equation to
solve for x. Here,a =3, b =4, and c = -2:

Y -b++b? —4ac
2a
4+ [17-4(3)(-2)

2(3)
—4+/16+24
6

—4 + /40
6

-4+2J10
6

-2, J10
37 3

DN
5
(e}

—2+4J10
3

43. x=472, ¥5
The equation x!° + 7x° + 10 = 0 isn’t quadratic, but by using a substitution, you can
produce a quadratic equation:
x0+7x°+10=0

(x°) +7(x*)+10=0

Now use the substitution y = x° to form a quadratic equation that you can easily factor:
Y +7y+10=0
(y+2)(y+5)=0
From y + 2 = 0, you have the solution y = -2, and from y + 5 = 0, you have the solution
y=-5.

Now replace y using the original substitution and solve for x to get the final answer:
x° = =2 gives you x = ¥~2, and x°= -5 gives you x = 3/-5.

44. x:O,—%, 1

Begin by factoring out the greatest common factor, x%. Then factor the remaining
quadratic expression:

3xt+2x3-5x2=0
xz(Bx2 +2x—5>=0
x2(3x+5)(x-1)=0

Next, set each factor equal to zero and solve for x: x? = 0 has the solution x = 0,

3x + 5 =0 has the solution x = —% and x -1 = 0 has the solution x = 1.
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45.

46.

47.

48.

no real solutions

Factoring this polynomial by trial and error gives you the following:
x®+12x* +35=0
(x4 +5)(x4 +7) =0
Setting the first factor equal to zero gives you x* + 5 = 0 so that x* = -5, which has no real

solutions. Setting the second factor equal to zero gives you x* + 7 = 0 so that x* = -7,
which also has no real solutions.

x=-1,1

Factor the polynomial repeatedly to get the following:
x*+3x*-4=0
(x2 —1)(x2 +4) =0
(x-D(x+D(x*+4)=0
Now set each factor equal to zero and solve for x. Setting the first factor equal to zero

gives you x — 1 = 0 so that x = 1. The second factor gives you x + 1 = 0 so that x = -1.
And the last factor gives you x? + 4 = 0 so that x? = -4, which has no real solutions.

x=-3,3

Factor the polynomial repeatedly to get the following:
x*-81=0
(x*-9)(x*+9)=0
(x=3)(x+3)(x*+9)=0
Now set each factor equal to zero and solve for x. Setting the first factor equal to zero

gives you x — 3 = 0 so that x = 3. Setting the second factor equal to zero gives youx + 3 =0
so that x = =3. The last factor gives you x? + 9 = 0, or x* = -9, which has no real solutions.

To solve an absolute value equation of the form |a| = b, where b > 0, you must solve the two
equations a = b and a = -b. So for the equation |5x - 7| =2, you have to solve 5x -7 = 2:

5x-7=2
5x=9
x=2
You also have to solve 5x — 7 = -2:
5x-7=-2
5x=5
x=1

Therefore, the solutions are x = 9 and x = 1.

5



4 9. no real solutions

To solve an absolute value equation of the form |a| = b, where b > 0, you must solve the
two equations a = b and a = -b. However, in this case, you have |4x - 5| +18 =13, which
gives you ]4x - 5| =-5. Because the absolute value of a number can’t be negative, this
equation has no solutions.

50. x=-3,9

To solve an absolute value equation of the form ]a| = b, where b > 0, you must solve the
two equations a = b and a = -b. So for the equation ‘xz - 6x‘ =27, you must solve x? - 6x
= 27 and x? — 6x = -27.

To solve x? — 6x = 27, set the equation equal to zero and factor using trial and error:
x2—6x-27=0
(x=-9D(x+3)=0

Setting each factor equal to zero gives you x — 9 = 0, which has the solution x = 9, and
x + 3 =0, which has the solution x = -3.

Then set x% — 6x = =27 equal to zero, giving you x> — 6x + 27 = 0. This equation doesn’t
factor nicely, so use the quadratic equation, witha =1, b=-6, and ¢ = 27:

o —b+b%—4ac

2a
_—(-6)%,(-6)"—4(D(27)
- 2(D
_6+V-72
2

The number beneath the radical is negative, so this part of the absolute value has no
real solutions.

Therefore, the only real solutions to ‘xQ - 6x| =27arex=-3and x=9.

5’. x=-3,2

To solve an absolute value equation of the form |a = b|, you must solve the two
equations a = b and a = -b. So for the equation [15x - 5| =|35 — 5x|, you have to
solve 15x -5 =35 -5x and 15x -5 = —(35 - 5x).

For the first equation, you have

15x-5=35-5x
20x =40
x=2

And for the second equation, you have
15x-5=—35-5x)
15x-5=-35+5x

10x =-30
x=-3

Therefore, the solutions are x = -3 and x = 2.
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52. x=-1

Answers
1-100

To solve a rational equation of the form px) =0, you need to solve the equation
p(x) = 0. Therefore, to solve X +1_ 0, yoﬁ(s);r)nply set the numerator equal to zero and
solve for x: x-4
x+1=0
x=-1

53- X=—\/§,\/§

54. -

To solve the equation g i 5 +% =1, first remove all fractions by multiplying both
sides of the equation by the least common multiple of the denominators:
1 1_
x+2 x 1

1 1
(0] 115+ )= (e Do)
X+ (x+2)=x>+2x

In this case, multiplying leaves you with a quadratic equation to solve:

x+(x+2)=x*+2x

2x+2=x>+2x
2=x’
+2 =x

Check the solutions to see whether they’re extraneous (incorrect) answers. In this
case, you can verify that both —/2 and +/2 satisfy the original equation by substituting

1 .1

these values into L
xX+2 x

1 and checking that you get 1 on the left side of the equation.

To solve an equation of the form % = %, cross-multiply to produce the equation ad = bc:

X+5_ x-4
x+2 x-10
(x+5)(x-10)=(x-4)(x+2)

x?-5x-50=x2-2x-8

After cross-multiplying, you're left with a quadratic equation, which then reduces to a
linear equation:

x*-5x-50=x"-2x-8
—-42=3x
-14=x
You can verify that —14 is a solution of the original rational equation by substituting
xX+5_ x-4

x+2 x-10
same value on both sides of the equation.

x =-14 into the equation and checking that you get the



55. no real solutions

Begin by factoring all denominators. Then multiply each side of the equation by the
least common multiple of the denominators to remove all fractions:

12 -1
x-2 x-3 (x-2)(x-3)

[(x—2)(x—3)](ﬁ—%) = [(x—2)(x—3)](—(x_2§(1x_3)J
x-3-2(x-2)=-1

Then simplify:
x-3-2(x-2)=-1
-x+1=-1
-x=-2
x=2

Because x = 2 makes the original equation undefined, there are no real solutions.

56. (-4, 8)

To solve the inequality x% — 4x — 32 < 0, begin by solving the corresponding equation
X% —4x - 32 = 0. Then pick a point from each interval (determined by the solutions) to
test in the original inequality.

Factoring x? — 4x — 32 = 0 gives you (x + 4)(x - 8) = 0. Setting the first factor equal to
zero gives you x + 4 = 0, which has the solution x = -4, and setting the second factor
equal to zero gives you x — 8 = 0, which has the solution x = 8.

Therefore, you need to pick a point from each of the intervals, (-, -4), (4, 8), and
(8, =), to test in the original inequality. Substitute each test number into the expression
X2 — 4x — 32 to see whether the answer is less than or greater than zero.

Using x = -10 to check the interval (-, —4) gives you
(-10)* - 4(-10)-32=108
which is not less than zero and so doesn’t satisfy the inequality.
Using x = 0 to check the interval (-4, 8) gives you
0% -4(0)-32=-32
which is less than zero and does satisfy the inequality.
Using x = 10 to check the interval (8, «) gives you
(10)° —4(10)-32 =28
which is not less than zero and so doesn’t satisfy the inequality.

Therefore, the solution set is the interval (-4, 8).
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57.

(e, =3]u{0}L[2, )

To solve the inequality 2x* + 2x® > 12x%, begin by setting one side equal to zero. Solve
the corresponding equation and then pick a point from each interval (determined by
the solutions) to test in the inequality.

So from 2x* + 2x® > 12x2, you have 2x* + 2x® — 12x? > 0. Factoring the corresponding
equation so you can solve for x gives you

2x* +2x* -12x* =0
2)(2(x2 +x—6)=0
2x*(x+3)(x-2)=0
Set each factor equal to zero and solve for X, giving you the solutions x = 0,
x =-3, and x = 2. These values are also solutions to the inequality.

Next, pick a test point from each of the intervals, (-, -3), (=3, 0), (0, 2), and (2, ),
to see whether the answer is positive or negative. Using x = —10 to check the interval
(=o0, =3) gives you
2(-10)* +2(-10)* -12(-10)*
=20,000-2,000-1,200
=16,800
which is greater than zero.
Using x = -1 to check the interval (-3, 0) gives you
2(-D* +2(-1)% -12(-1)*
=2-2-12
=-12
which is less than zero.
Using x = 1 to check the interval (0, 2) gives you
2(D)* +2(1)° -12(1)
=2+2-12
=-8
which is less than zero.
Finally, using x = 10 to check the interval (2, «) gives you
2(10)* +2(10)* —12(10)*
=20,000+2,000-1,200
= 20,800
which is greater than zero.
Therefore, the solution set is (—eo,—3]U{0} U[2, ).

Note that you could’ve divided the original inequality by 2 to simplify the initial
inequality.



58.

(—»,-3)u (-12)

To solve the rational inequality % < 0, first determine which values
X

will make the numerator equal to zero and which values will make the denominator
equal to zero. This helps you identify zeros (where the graph crosses the x-axis) and
points where the function is not continuous.

From the numerator, you have x + 1 = 0, which has the solution x = —-1. You also have

X — 2 =0, which has the solution x = 2. From the denominator, you have x + 3 = 0, which
has the solution x = -3. Take a point from each interval determined by these solutions
and test it in the original inequality.

You need to test a point from each of the intervals, (-, -3), (-3, -1), (-1, 2), and (2, «).

Pick a point from each interval and substitute into the expression w to see
whether you get a value less than or greater than zero. (x+3)

Using x = —10 to test the interval (-, -3) gives you
(-10+1)(-10-2)
(-10+3)
_ (D12
G
_108
7

which is less than zero and so satisfies the inequality.

Using x = -2 to test the interval (-3, -1) gives you
(-2+1D)(-2-2)
(-2+3)
_EDED
1

=4
which is greater than zero and doesn’t satisfy the inequality.
Using x = 0 to test the interval (-1, 2) gives you
(0+1)(0-2)
0+3)
O]
3

2

3

which is less than zero and so satisfies the inequality.
Using x = 3 to test the interval (2, «) gives you
B+D(3-2)
3+3)
_ @A
6

2

3

which is greater than zero and so doesn’t satisfy the inequality.
Therefore, the solution set is the interval (-, -3) and (-1, 2).
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59.

-1
[ -4)oas
Begin by putting the rational inequality into the form E g > () by putting all
terms on one side of the inequality and then getting common denominators:
1 1 3
x—1 x+1 4
1 L _ §
x-1 x+1 >0
4(x+1) A(x-1)  3(x-D(x+ 1) 50

4(x - 1)(x+1) 4(x+D(x-1D 4(x-D(x+D
4x +4+4x—4-3x* +3>O
(x-D(x+D
3x*+8x+3

(x-D(x+D

Next, set the numerator equal to zero and solve for x. Setting the numerator equal to
zero gives you a quadratic equation that you can factor by trial and error:

—3x2+8x+3=0
3x2-8x-3=0
Bx+1)(x-3)=0

The solutions are x = —% and x = 3.

Also set each factor from the denominator equal to zero and solve for x. This gives you
both (x - 1) = 0, which has the solution x = 1, and (x + 1) = 0, which has the solution x = -1.

Next, take a point from each of the intervals, (=, -1), ( 1—%) ( é 1) (1, 3),

and (3, «), and test it in the expression =3x’+8x+3 to see whether the answer

(x-D(x+1)
~Bx+1)(x-3)

is positive or negative; or equivalently, you can use the expression “x=D(x<D) -

Using x = —10 to test the interval (-, 1) gives you

~(3(-10)+1)(~10-3)
(-10-D(-10+ D
_ —(=29)(-13)
— IDE9)
_ =377
99

which is less than zero and so doesn’t satisfy the inequality.

Using x = —% to test the interval ( 1,- §) gives you
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which is greater than zero and so satisfies the inequality.

Using x = 0 to test the interval (—%, 1) gives you

~(3(0)+1)(0-3)
0-DO0+D

_ I3

GHIO)

=-3

which is less than zero and so doesn’t satisfy the inequality.

Using x = 2 to test the interval (1, 3) gives you

-(3@+1)(2-3)
2-D2+D
_-(M(D
O®)]
7

e}

which is greater than zero and so satisfies the inequality.

And using x = 10 to test the interval (3, «) gives you

~(3(10)+1)(10-3)
A0-DA0+1D)
_—BDH(™)
Aan
_-217
99

which is less than zero and so doesn’t satisfy the inequality.

Therefore, the solution set is the intervals (_1,_%) and (1, 3).

A\~
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60. (3

nNojon

)

To solve an absolute inequality of the form |a| < b, where b > 0, solve the compound
inequality -b < a < b. So for the inequality |2x - 1| <4, you have

—4<2x-1<4
-3<2x<5

2 2

’

The solution set is (—

61. o[l

To solve an absolute value inequality of the form |a| > b, where b > 0, you have to solve
the corresponding inequalities a > b and a < -b. Therefore, for the inequality |5x - 7| >2,
you have to solve 5x — 7 > 2 and 5x — 7 < =2. For the first inequality, you have
5x-7>2
5x>9

X>2

5

N
N

)

And for the second inequality, you have
S5x-7T<-2
5x <5

x<l1

Therefore, the solution set is the intervals (-, 1) and (%, oo).
02. [—%, 2}
To solve an absolute inequality of the form |a| < b, where b > 0, solve the compound
inequality -b < a < b. For the inequality |-3x +1| < 5, you have
-5<-3x+1<5
-6<-3x<4

4
> >_*
2>2x2 3

Therefore, the solution is the interval [—%, 2}.

63.

ENEN]

The slope of a line that goes through the points (x,, y,) and (x,, ,) is given by m = %
Therefore, the slope of the line that passes through (1, 2) and (5, 9) is 2



64.

65.

066.

y=4x+5

The graph of y = mx + b is a line with slope of m and a y-intercept at (0, b). Therefore,
using m = 4 and b = 5 gives you the equation y = 4x + 5.

The equation of a line that goes through the point (x;, y;) and has a slope of m is given
by the point-slope formula: y -y, = m(x - x,).

The slope of the line that goes through (-2, 3) and (4, 8) is

Yo=¥ __8-3 _5
X,—x; 4-(-2) 6

m=

Now use the slope and the point (4, 8) in the point-slope formula:

y=yi1=m(x-x;)

y-8=2(x-4)
_g-5,_20
y 8—6x 6
_5,..10.8
Y=6X"3 771
_5,..10, 24
Y=6*¥"3*3
_5..14
y—6x+3
_3,.17
y 4X+4

The equation of a line that goes through the point (x;, y;) and has a slope of m is given
by the point-slope formula: y -y, = m(x - x,).

The two lines are parallel, so the slopes are the same. Therefore, the slope of the line
you're trying to find is m = %
Using the slope and the point (1, 5) in the point-slope formula gives you

y=yir=m(x-x,)

y=5=3(x-1)
y—5=Zx—%
r-del]
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07.

068.

The equation of a line that goes through the point (x,, y,) and has a slope of m is given
by the point-slope formula: y -y, = m(x - x,).

The slope of the line that goes through the points (-6, 2) and (3, -4) is
_ Yo=Y _ -4-2 _-6_ 2

M= ,—x, 3-(6) 9 3

The slopes of perpendicular lines are opposite reciprocals of each other, so the slope
of the line you want to find is m = % (you flip the fraction and change the sign).
Using the slope and the point (3, —4) in the point-slope formula gives you
y=yi=m(x—x,)
y-(4)=3(x-3)

y+a=3(x-3)
_3,.9 4
Y=9X"3977
_3,.9_8
Y=9X797 2
_3,_ 17
Y=9X775

Here’s what the perpendicular lines look like:

(3,-4)

y=2Jx-3+4

Stretching the graph of y = J/x vertically by a factor of 2 produces the equation y = 2./x.
To shift the graph of y = 2{/x to the right 3 units, replace x with (x - 3) to get

y = 2Jx - 3. Last, to move the graph of y = 2./x — 3 up 4 units, add 4 to the right side to
get y =2Jx -3 +4.



09. y:%(x+2)2—4

The vertex form of a parabola is given by y = a(x — h)? + k, with the vertex at the point
(h, k). Using the vertex (-2, —4) gives you the following equation:

y=a(x-(-2))" -4

=a(x+2)* -4
Now use the point (0, 2) to solve for a:
2=a(0+2)*-4
2=4a-4
6 =4a
3_
5=a

Therefore, the equation of the parabola is

y=3(x+2)"-4

70. y==(x+1)>+6

The vertex form of a parabola is given by y = a(x — h)? + k, with the vertex at the point
(h, k). Using the vertex (-1, 6), you have the following equation:

y= a(x—(—l))2 +6
=a(x+1)*+6
Now use the point (1, 2) to solve for a:

2=a(1+1)*+6

2=4a+6
-4 =4a
-1=a

Therefore, the vertex form of the parabola is

y=—(x+1)*+6
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Here’s the graph of y = —(x + 1)? + 6:
y

(=1,8) <

71. y=3(x=5)2+2

To translate the parabola 6 units to the right, you replace x with the quantity
(x-6). And to translate the parabola 2 units down, you subtract 2 from the original
expression for y:

y=3((x-6)+1)" +4-2
=3(x-5)2+2

Another option is simply to count and determine that the new vertex is at (5, 2); then
use the vertex form y = a(x — h)? + k, where the vertex is at the point (h, k).

72. y=e>-5

To compress the graph of y = e* horizontally by a factor of 2, replace x with 2x to get

y = ¥ To reflect the graph of y = e>* across the y-axis, replace x with —x to get y = €%,
or y = e*, Last, to shift the graph of y = e>* down 5 units, subtract 5 from the right side
of the equation to get y = e2* - 5.

Here’s the graph of y = e - 5:




73. y=—%X‘+3

To stretch the graph of y = |x| horizontally by a factor of 5, replace x with 1y to get

5

y= %x‘ Next, to reflect the graph of y = ‘%x‘ across the x-axis, multiply the right side

of the equation y = %x‘ by -1to get y = —%x‘. Last, to shift the graph of y = —%x

units, add 3 to the right side of the equation to get

y =—%x‘+3

74. f(x)z—%x3—%x2—%x+3

The polynomial has x intercepts at x = -4, x = -2, and x = 1, so you know that the
polynomial has the factors (x + 4), (x + 2), and (x — 1). Therefore, you can write

f()=a(x+)(x+2)(x-1)
Use the point (0, 3) to solve for a:
3=a(0+4)(0+2)(0-1)
3=-8a
3

_§:a

Now you can enter the value of a in the equation of the polynomial and simplify:
F) == 2 (x+ D)0 +2)(x-1)

= —%(x2 +6x+8)(x—l)

=—%(x3—x2+6x2—6x+8x—8)
=—%(x3+5x2+2x—8)
-_3,3_15,2_ 3
=-gX —gX 4x+3
Here’sthegraphoff(x):—%xe’—%xz—%x+3:
YA
2_
1_
| | | | |
A-3f214 1234 X
-9
-3
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76.

f(xX)=—ax"+Lx* -2 x

1.4, 7.5 132 3
2% *3 5 X ~X+9

The polynomial is fourth-degree and has the x-intercepts at x = -1, 2, and 3, where 3 is
a repeated root. Therefore, the polynomial has the factors (x + 1), (x - 2), and (x - 3)?,
SO you can write

f()=a(x+D(x-2)(x-3)*
Use the point (1, 4) to solve for a:
4=a(l+1)(1-2)(1-3)?
4=a(2)(-D@

Now you can enter the value of a in the equation of the polynomial and simplify:
F(x) = =5 (e +D(x-2)(x -3)*
__1(.2 2
= —g(x —x—Z)(x —6x+9)
= —%(x4 —6x° +9x% —x® +6x% —9x —2x? +12x—18)

= %(x4—7x3+13x2+3x—18)
_ 1 4,7 35 13 2 3
=-5X +2x 5 X 2x+9
__1,2.2
= 3x +3x+8

The parabola has x-intercepts at x = -4 and x = 6, so you know that (x + 4) and
(x - 6) are factors of the parabola. Therefore, you can write

y=a(x+4)(x-6)

Use the point (0, 8) to solve for a:
8=a(0+4)(0-6)
8 =-24a

1
3

=a

Now you can enter the value of a in the equation of the parabola and simplify:
y=—F(x+H)(x-6)
1.2
=—g(x*~2x-24)
1 2

__1 2 2
= 3x +3x+8
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The parabola has x-intercepts at x = -8 and x = -2, so you know that (x + 8) and (x + 2)
are factors of the parabola. Therefore, you can write

f(x)=a(x+8)(x+2)

Use the point (-4, -12) to solve for a:
-12=a(-4+8)(-4+2)

~12 = a(4)(-2)
-12=-8a

3 _

E =a

Now you can enter the value of a in the equation of the parabola and simplify:
F(x) = 3 (x+8)(x+2)

:%(x2+10x+16)
:%x2+15x+24

78. domain: [-2, ); range: [1, )

The function is continuous on its domain.

The lowest x coordinate occurs at the point (-2, 3), and then the graph extends indefi-
nitely to the right; therefore, the domain is [-2, «). The lowest y coordinate occurs at
the point (-1, 1), and then the graph extends indefinitely upward; therefore, the range
is [1, o).

Note that the brackets in the interval notation indicate that the value -2 is included in
the domain and that 1 is included in the range.

79. domain: [-5, 3]; range: [-2, 2]

Notice that the function is continuous on its domain.

The smallest x coordinate occurs at the point (=5, 0), and the largest x coordinate
occurs at the point (3, 0); therefore, the domain is [-5, 3]. The smallest y coordinate
occurs at the point (1, -2), and the largest y coordinate occurs at the point (-3, 2);
therefore, the range is [-2, 2].

Note that the brackets in the interval notation indicate that the values -5 and 3 are
included in the domain and that the values -2 and 2 are included in the range.
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80.

81.

82.

domain: (—ee,—1) U[2, ); range: (-3,-1)U[2, 4)

Notice that the function is continuous on its domain.

For the portion of the graph that’s to the left of the y-axis, there’s no largest x value
due to the hole at (-1, -1); instead, the x values get arbitrarily close to —1. The graph
then extends indefinitely to the left so that the domain for the left side of the graph is
(=o0, =1). There’s also no largest y value due to the hole at (-1, -1); the y values get
arbitrarily close to -1. The graph then decreases as it approaches the horizontal
asymptote at y = -3, so the range for this portion of the graph is (-3, -1).

For the portion of the graph that’s to the right of the y-axis, the smallest x value is at
the point (2, 2). The graph then extends indefinitely to the right, so the domain for the
right side of the graph is [2, «). The smallest y value also occurs at the point (2, 2), and
then the graph increases as it approaches the horizontal asymptote at y = 4; therefore,
the range of this portion of the graph is [2, 4).

Putting the two parts together, the domain of the function is (—oo,—l) U [2, oo), and the
range is (-3,-1)U[2, 4).

(3x° —40x° +33) = oo, lim (3x° —40x° +33) = o0

To determine the end behavior of a polynomial, you just have to determine the end
behavior of the highest-powered term.

As x approaches -, you have

lim (3x°® —40x° +33) = lim (3x°)

X—>—o0

= oo

Note that even though the limit is approaching negative infinity, the limit is still posi-
tive due to the even exponent.

As x approaches «, you have
lim (3x°® - 40x® +33) = lim (3x°)

= o0

lim (~7x° +33x® ~51x” +19x* ~1) = oo, lim (~7x° +33x® ~51x7 +19x" ~1) = —

To determine the end behavior of a polynomial, determine the end behavior of the
highest-powered term.

As x approaches —=, you have
XlLrgg(—?xQ +33x® -51x" +19x* —1) = }L@c(—7x9)

Note that the limit is positive because a negative number raised to an odd power is
negative, but after multiplying by -7, the answer becomes positive.



83.

4.

85.

86.

87.

As x approaches o, you have

}(iirl(—?xg +33x% -51x7 +19x* —1) = Liﬁ(—?Xg)

= —oo
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Likewise, the limit here is negative because a positive number raised to an odd power
(or any power for that matter!) is positive, but after multiplying by -7, the answer

becomes negative.

3x+12

Remove the parentheses and combine like terms:

(5x+6)+(—2x+6)
=5x+6-2x+6
=3x+12

3x-2

Remove the parentheses and combine like terms:

(2x2—x+7)+(—2x2 +4x—9)

=2x2—x+7-2x%*+4x-9
=3x-2

X3-x?+2x+ 14

Remove the parentheses and combine like terms:

(x3—5x2+6)+(4x2+2x+8)
=x*-5x?+6+4x2+2x+8

=x}-x?+2x+14

-2x*+3x+8

Remove the parentheses and combine like terms:

(3x+x"+2)+(-3x" +6)
=3x+x*+2-3x*+6
=-2x"+3x+8

x4+ 553 — 3x?

Remove the parentheses and combine like terms:

(x4 —6x? +3)+(5x3 +3x? —3)
=x*—6x2+3+5x3+3x%-3

=x* +5x3 - 3x?
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88.

89.

90.

91.

92.

3x-7
Begin by removing the parentheses, being careful to distribute the -1 to the second
term. Then collect like terms to simplify:
Bx-3)-(2x+4)
=5x-3-2x-4
=3x-7
6x%-5x +5

Begin by removing the parentheses, being careful to distribute the -1 to the second
term. Then collect like terms to simplify:

(x2—3x+1)—(—5x2+2x—4)
=x>-3x+1+5x*-2x+4
=6x>-5x+5

4x3 + 5x2—8x + 14

Begin by removing the parentheses, being careful to distribute the -1 to the second
term. Then collect like terms to simplify:

(8x® +5x* —3x+2)—(4x° +5x-12)
=8x%+5x?-3x+2—-4x3-5x+12
=4x® +5x% -8x+14

2x% + 3x + 1

Begin by removing the parentheses, being careful to distribute the -1 to the second
and third terms. Then collect like terms to simplify:

(x+3)—(x*+3x-4)—(-3x*-5x+6)

=x+3-x2-3x+4+3x*+5x-6
=2x+3x+1

10x* = 733 - 9x% - 8x + 10

Begin by removing the parentheses, being careful to distribute the -1 to the second
term. Then collect like terms to simplify:

(10x4 —6x% +x? +6)—(x3 +10x2 +8x—4)
=10x* —6x° +x2+6—x>—10x2-8x+4
=10x" =7x3 -9x? - 8x +10



93.

94.

95.

90.

97.

5x% — 15x?
Distribute to get

5x*(x-3)

=5x" —15x>

3x% + Tx-20

Distribute each term in the first factor to each term in the second factor. Then collect
like terms:
(x+4)(3x-5)
=3x%-5x+12x-20
=3x%+7x-20

X%y = xy? + 6xy

Multiply each term in the first factor by xy:

(x-y+6)(»)
= x%y —xy® +6xy
2x3 = 3x% + 9x -4

Distribute each term in the first factor to each term in the second factor and then
collect like terms:

(2x-1)(x*-x+4)

=2x%—2x?+8x-x*+x-4
=2x*-3x2+9x -4

—x% =3x° =3x" -9x® - 2x* —6x
Begin by distributing —x to each term in the second factor:
—x(x*+3x%+2)(x +3)
=(-x"-3x%—2x)(x +3)
Next, multiply each term in the first factor by each term in the second factor:

(—x*=3x° —2x)(x+3)

=—x%-3x%-3x"-9x®-2x* -6x

Answers and Explanations ’6 ’
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98.

99.

100.

x+6+-18_

x-2
Using polynomial long division gives you

X+6
(x—2)|x2+4x+6
—(x?2-2x)
6x+6
—(6x—12)
18 (Remainder)

Remember to put the remainder over the divisor when writing the answer:

Using polynomial long division gives you

2x—11
(x+4))2x2-3x+8
—(2x2 + 8x)
-11x+8
—(~11x-44)
52 (Remainder)

When writing the answer, put the remainder over the divisor:

2
2x"=3x+8 _ 9, 11492
x+4 x+4

x?+3x+T+—21_

x-3
First add a placeholder for the missing x? term in the numerator. Rewriting

X3 = 2x + 6 as x* + 0x? — 2x + 6 will make all the like terms line up when you
do the long division, making the subtraction a bit easier to follow.

Then use polynomial long division:

x2+3x+17
(x-3)|x3+0x2—2x +6
—(x3-3x2)

3x2—2x
—(3x%2-9x)

7x +6

—(7x-21)
27 (Remainder)

When you write the answer, put the remainder over the divisor:

3
X —2x+6:x2+3x+7+ 27

x-3 x-3
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101. 3x% +4x% —15x — 21+ 12X +106
x“+5

Begin by filling in all the missing terms so that everything will line up when you per-
form the long division. Here, add 0x® and Ox as placeholders in the numerator and put
Ox in the denominator:

3x® +4xt —x?+1 _ 3x° +4x* +0x® —x* +0x +1
x*+5 x*+0x+5

Answers
101-200

Then use polynomial long division:

3x3 + 4x%—15x— 21
(X2 +0x +5)|3x5 + 4x* + 0x3 — x2 + 0x+ 1
—(3x% + 0x* + 15x3)
4x* —15x3 — x2
—(4x* + 0x3 + 20x2)
—-15x3—21x% + 0x
— (-15x3 + 0x2 - 75x)
~21x2 +75x + 1
—(-21x2 + 0x — 105)
75x + 106 (Remainder)

Put the remainder over the divisor when writing your answer:

5 4 2
3x +4§ -X +1:3x3+4x2—15x—21+75xz+106
xX“+5 xX“+5
102. 3x? —8x” +15x — 41+ 114x” —60x +166
x* +2x* +4

Begin by filling in all the missing terms so that everything will line up when you
perform the long division:
3x®—2x° —x*+x®+2 _ 3x® -2x° —x* + x* + 0x® +0x+2
x*+2x* +4 x*+2x* +0x+4

Using polynomial long division gives you

3x3—8x2+ 15x— 41
(x3+2x2+0x+ 4))3x4—2x5—x4+x3+0x2+0x+ 2
—(3x%+6x5 + 0x* + 12x3)
—8x5— 1x* —11x3 + 0x2
—(-8x>— 16x* + 0x3 — 32x9)
15x% = 11x3 + 32x% + 0x
—(15x* + 30x3 + 0x2 + 60x)
—41x3 + 32x2 — 60x + 2
— (-41x3 + 82x% + 0x — 164)
114x2 — 60x + 166 (Remainder)

Then write your answer, putting the remainder over the divisor:

6 5 4 3 2
3x —23x —x2 +Xx +2:3x3—8x2+15x—41+114xs —602x+166
X’ +2x“+4 X’ +2x“+4
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’03. sin9=7\/g;0059=4\/g;tan9=1

65 65 4
When considering the sides of the right triangle, the values of the trigonometric
functions are given by sin0 = L()Slte’ = M,
o hypotenuse 5 hypotenuse -
=] _ opposite, . ¢ ., 7 765 _ 4 _ 4465
cll tan6 —adjacent’ therefore, sing = _\/(E =65 " cosf = —\/(% =65 " and
= 7
tan6 = i
704. sin9:4\/1_7;c059:£; tanf =4
17 17
When considering the sides of the right triangle, the values of the trigonometric
: . ., opposite adjacent
functions are given by sinf = —————— cos = —————
hypotenuse T hypotenuse e
_ opposite, a8 _ 4T __2 _~I7
tan6 Zdiacent djacent’ therefore, sin6 —2 Ny 17 cosb EWivd Ny T and
tanf = % =4,

105. 2o

3

You know the value of sin@, so if you can find the value of cos8, you can evaluate cot0

using cot 6 = €989 To find cos, use the identity sin® 0 + cos?0 =1

sinf
3 2
(7) +cos?h=1
2p_1-9
cos“ 0 =1 49
cos?9 =420

49

Next, take the square root of both sides, keeping the negative solution for cosine

because £ < < r:

2
2940
cos“ 0 = 49
__ |40
cosf = 49
cosf = _@
7
Therefore, using cot0 = %, you have
20
cotf = —7 = ﬂ
3 3

7



107. -3

89

To find the value of csc, you can find the value of sin6 and then use

cscO = L. Use the identity sin® 0 + cos? 6 =1 to solve for sin@:
sin

2
sin29+(§) =1

4
sin®0 =1- %
sin®6 = %
Next, take the square root of both sides, keeping the negative solution for sine
because 37” <0 <2r:
2 T
sin“ 0 = 16
sinf = —g
Therefore, using csc6 = ﬁ, you have
csch = ;ﬁ = _—\/;1 = ﬁ
-5

To find the value of sin(26), you can use the identity sin(26) = 2sin6 cos 8. Notice that
because sin6 >0 and cos 8 <0, angle 6 must be in the second quadrant. Using

tanf = —%, you can make a right triangle and find the missing side using the
Pythagorean theorem. When making the triangle, you can neglect the negative sign:

h=+/8%+5% =89
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- . 8 5
Because 0 is in the second quadrant, you have sinf = — and cos 6 = ———=—. Enter
d y 789 789

these values in the identity sin(26) = 2sinf cos 6 and solve:
sin(26) = 2sinf cos O
_ 2(1)(_L)
V89 )\ /89
80
89

85
To find the value of cos(20), you can use the identity cos(26) =1-2sin*6. Using
cotf = —%, you can make a right triangle and find the missing side using the

Pythagorean theorem. When making the triangle, you can neglect the negative sign:

V85

h=+92+2% =/85

Now use the identity cos(20) = 1-2sin”6. The sine is negative, so you have

Sin9=—ﬁ5
cos(20) =1-2sin*0
2
2
—1-2| -2
%)
-1-3
=1-%5
_ 17
85

1 09. 3% yad

4

Because 180° = n rad, you have 1° = ﬁrad, so multiply the number of degrees by this
value:

o T _ 3T
135 —135(180) rad 4 rad

110. 14z aq
9 ra
Because 180° = n rad, you have 1° = ﬁrad, so multiply the number of degrees by this
value:

_98(° = _ T __l4n
280° = 280(180)rad 1% raq
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’ ’ 7. Z rad

5
Because 180° = n rad, you have 1° = ﬁﬁrad’ so multiply the number of degrees by this
value:
o_36(_Z_ - 238
36 —36(180) rad="Z rad 58
8
’ ’2. % rad
Because 180° = n rad, you have 1° = ﬁrad, so multiply the number of degrees by this
value:
_315°= _315( -_Ir
315° = 315(180) rad 4 rad
113. a0
Because n rad = 180°, you have 1 rad = (@) , so multiply the number of radians by
this value: d
T2 rad = k(@f _210°
6 rad 6 | 210
114. 165
Because n rad = 180°, you have 1 rad = (@) , so multiply the number of radians by
this value: d
Ur q-1z(180) _g5
o rad = i ( ) 165

115. ~108°

o

Because n rad = 180°, you have 1 rad = (@) , so multiply the number of radians by
this value: T
3% pad— 37 (180} _ 108"
5 rad 5 ( p- ) 108

116. ~630°

o

Because n rad = 180°, you have 1 rad = (@) , so multiply the number of radians by
this value: T

_In __n(180) _ _gapy
7 rad 2(ﬂ) 630
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117. 3=

4
Because 6 is in Quadrant Il and the angle is measured counterclockwise, you
have % <0 < r. Therefore, %Tﬂ is the most appropriate choice.
o
=]
q
s 118 -z
- 3

Because 0 is in Quadrant Il and the angle is measured clockwise, you have

-1<0< —%. Therefore, —2?” is the most appropriate choice.

119. 1z

Because 0 is in Quadrant IV and the angle is measured counterclockwise, you
have 37” <6 < 2rx. Therefore, % is the most appropriate choice.

120. sin@=%‘ cos@=§‘ tan6 =1

y

(0,1) -4

\
(1,0) X

The given angle measure is 6 = % Using the first quadrant of the unit circle, you have
the following:

sinf =

cosf =

N
2
2

2

V2
tang = Sin0 =—/2 =1
cosf 2
%




121. Siﬂ@:%; COSQ=—£‘ tan@:—%

- (0, 1)

Answers and Explanations ’ 69

Answers
101-200

The given angle measure is 6 = 5—”. Using the second quadrant of the unit circle, you

have the following: 6
ing =1
sinf = 9
cosf = —ﬁ
2
1 V3
tano = ——==—5
3 V33
A
’22. sm9——§; cos0 tan0 NE)
y
X

- (0,-1)
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Use the third quadrant of the unit circle. Note that because the angle 6 = =2
touches the unit circle in the same place as the angle 0 = an

3 you have the following:
sinez—ﬁ
2

-_1

cosf = 5
By

_sinf _~ /2 _

tan = 250 = —V =3
2

723- sin9=—g; c059=—‘/§

- (0,-1)

Use the third quadrant of the unit circle. The angle —135° = =%

Trad touches the unit
circle in the same place as the angle St

1 so you have the following:

N
sinf = 5
cos@=—§

2
tang = Sind /

2
= 2 1
cos6 2
%5

124.

sin@ =0; cosf =-1;tan6 =0

Because the angle 0 =180° intersects the unit circle at the point (-1, 0), you have the
following:

sinf =0
cosf =-1

_sinf _ 0 _
tan = cosf -1 0



’25- cos6

Simply rewrite cotangent and simplify:

sinf cotO

726. sin x tan x

Begin by writing sec x as 1

COos X

SECX —COSsX

__1 _cosx
Ccos X 1

_l-cos’x
cosx
_sin’x
cos X
sinx )
cosx
=sinxtanx

=sinx(

’27. 1 + sin 2x

Expand the given expression and use the identity sin?x + cos?x = 1 along with
2 sin x cos x = sin(2x):
. 2
(sinx +cosx)
=(sinx +cosx)(sinx +cosx)
= sin® x +2cos x sin x + cos”® x
=1+2cosxsinx
=1+sin2x

728. sin x

Use the identity sin(A — B) = sin A cos B - cos A sin B on the expression
sin(n — x):

sin(z —x)

=sinz cosx —cosn sinx

=0cosx —(-1)sinx

=sinx

. Then get common denominators and simplify:
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’29- COs X

Use the identity cos A cos B + sin A sin B = cos(4 - B) to get

sinx sin2x + cos x cos 2x

o
=] . .
<\I| =cos2xcosx+sin2xsinx
S =cos(2x—x)
=
=cosx

Note that you can also use the following:

sinx sin2x + cos x cos 2x
=C0os X Ccos2x +sinxsin2x

=cos(x—2x)
=cos(—x)
=CosXx

130- 2csc? o

First get common denominators:

11
1-cosf 1+cosf
_ (1+cosB) N (1-cos0)
(I1-cos0)(1+cosO) (1-cosO)(1+cosH)
-2
1-cos®0

Then use the identity sin?x = 1 — cos?x in the denominator:

2
1-cos®0
_ 2
sin 6
=2csc?0

73 ’. csc x + cot x

Begin by multiplying the numerator and denominator by the conjugate of the denomi-
nator, 1 + cos x. Then start to simplify:

sinx
1-cosx

_ sinx (1+cosx)
" (1-cosx) (1+cosx)

_ sinx(1+cosx)
1-cos®x




Continue, using the identity 1 - cos?x = sin®x to simplify the denominator:
_ sinx(1+cosx)
sin® x
_1l+cosx
sinx

__1 4 cosx

sinx sinx
=cscx+cotx

132. 4cos®@ -3 cosh
Use the identity cos(4A + B) = cos A cos B - sin A sin B:

cos(36)
=cos(6+20)
= cos0cos 20 —sinfsin 26

Then use the identities cos(20) = 2cos®6 —1 and sin(26) = 2sind cos§ and simplify:
cos 0 cos260 —sinf sin260
= c030(2c0520—1)—sin9(25in0c039)
=2co0s®6 —cosf —2sin’*6 cosh
= 2c0530—c059—2(1—00329)(:039
=2c0s’6 —cosh —2cosf +2cos’ @

=4cos®*0—-3cos0O

133. =z

Solve for sin x:

2sinx—-1=0
inx =L
smx—2

The solutions are x = % and ST” in the interval [0, 2rt].

’34. 0, m, 21
sinx

Make one side of the equation zero, use the identity tan x = cos X’ and then factor:

sinx =tanx
sinx —tanx =0

sinx — 31X _(
cos x

sinx(l— 1 ):0
cos X

Setting the first factor equal to zero gives you sin x = 0, which has the solutions x = 0, 7,

and 2n. Setting the second factor equal to zero gives you 1— ﬁ =0sothatcosx=1,

which has the solutions x = 0 and 2n.
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135. T, %4

3773
Factor the equation:

2cos?x+cosx—-1=0

= (2cosx-1)(cosx+1)=0

N

- Setting the first factor equal to zero gives you 2 cos x — 1 = 0 so that cosx = %,
= which has the solutions x = % and % Setting the second factor equal to zero

gives you cos x + 1 = 0 so that cos x = -1, which has the solution x = n.

136. x 31 5z Tn

44744
To solve the equation |tan x| =1, you must find the solutions to two equations: tan x = 1
and tan x = -1. For the equation tan x = 1, you have the solutions x = % and %f For the

equation tan x = -1, you have the solutions x = :):Tﬂ and %r

137. I 1

6 6
Factor the equation 2 sin?x -5 sin x - 3 = 0 to get
(2sinx+1)(sinx-3)=0

Setting the first factor equal to zero gives you 2 sin x + 1 = 0 so that sinx = —%,
which has the solutions x = %T and %
gives you sin x — 3 = 0 so that sin x = 3. Because 3 is outside the range of the sine func-

tion, this equation from the second factor has no solution.

. Setting the second factor equal to zero

138. =z
- 2’ 2
Begin by making one side of the equation equal to zero. Then use the identity

cot x = £95X and factor:
sinx

cosx =cotx
cosx—cotx=0

cosx _

COS X ——;
sSinx

cosx(l— .1 )=0
sinx

Setting the first factor equal to zero gives you cos x = 0, which has the solutions x =

and 37” Setting the second factor equal to zero gives you 1— ﬁ =0 so that sin x =

El

which has the solution x = %



5z 13n 17
139. 5713 1

2127 12

—

Begin by making the substitution 2x = y. Because 0 < x < 2, it follows that 0 < 2x < 4n
and that 0 <y <4m.

Solving the equation sin(y) = 2 gives you the solutions y =

z 5n
interval [0, 47]. 6" 6

Next, take each solution, set it equal to 2x, and solve for x: 2x = % so that x = %;
_5t 5n 137 137 17n _ 17z
2x sothatx—12,2x_ 6 so that x = 12,and2x— 6 so that x = 19

140.  z,z 513

6 2 6 2
Begin by making one side of the equation zero. Then use the identity
sin 2x = 2 sin x cos x and factor:
sin2x = cosx
sin2x—cosx =0
2sinxcosx —cosx =0
cosx(2sinx-1)=0

Setting the first factor equal to zero gives you cos x = 0, which has the solutions x = Z

|

and ?’T’T Setting the second factor equal to zero gives you 2 sin x - 1 = 0 so that

sinx = % which has the solutions x = % and %

141. =3
: 2’ 2
Begin by using the identity sin2x = 2sin x cos x and then factor:
2cosx +sin2x =0

2cosx+2sinxcosx =0
2cosx(1+sinx)=0

Set each factor equal to zero and solve for x. The equation cos x = 0 has the
solutions x = 727 and 32” and the equation 1 + sin x = 0 gives you sin x = -1, which
3

has the solution x = 5

142. 2z ; 4z

3777 3

Use the identity cos 2x = 2 cos?x — 1, make one side of the equation zero, and factor:

2+cos2x =-3cosx
2+2cos?’x—-1=-3cosx
2cos’x+3cosx+1=0

(2cosx+1)(cosx+1)=0

Set each factor equal to zero and solve for x. Setting the first factor equal to zero

57 IP’T”, and ”Tﬂ in the
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gives you 2 cos x + 1 = 0 so that cosx = _%, which has the solutions x = ZT” and

4—”. Setting the second factor equal to zero gives you cos x + 1 = 0 so that

3
cos x = —1, which has the solution x = .
= x Iz lr 5t 197 23n
S 143. £12°127 740120 12
§ Begin by making the substitution y = 3x. Because 0 < x < 2r, you have 0 < 3x < 6r so that

0 <y < 6n. Finding all solutions of the equation tan y = -1 in the interval [0, 6n] gives
=3z Tx llz 15z 197 231

youy =S5 g g g0 g0 S

Next, take each solution, set it equal to 3x, and solve for x: 3x =

3x = 1% g0 that x = 1% 3x = 1% g6 that x = LZ. 35 = 157 ¢ that x = 57,

3 .

YA t -
SO hat X = I y

L S R A
197 T T _23n
3x = 4 so that x = 12,and?)x— 4 so that x = 1
144.  z.3z 57 1x
< 4’ 4 4’ 4

Begin by making one side of the equation equal to zero and then factor:
cos(2x) = cot(2x)
cos2x—cot2x =0

€os2x -0

cos2x —
sin2x

cost(l— .1 )=0
sin2x

Next, make the substitution y = 2x:

cosy(l— sirlly j=0

Because 0 < x < 27, it follows that 0 < 2x < 4n so that 0 <y < 4n.
Setting the first factor equal to zero gives you cos y = 0, which has the solutions y = Z.,

2’
32” 52” and 72” Take each solution, set it equal to 2x, and solve for x: 2x = E so that
_T. 3 3n 5r _bm. T ir
= 4,2x— 5 so that x = 4 22 2x =22 5 so that x = 7] 2% and 2x = = 5 so that x = == 1

Proceed in a similar manner for the second factor: 1- ﬁ =0 so that siny = 1, which

has the solutions y = % and 57” Now take each solution, set it equal to 2x, and solve for

o _TT 5t 5t
X: 2x—§sothatx—4,andZX— 9 so that x ==~ 4



145.

146.

147.

148.

amplitude: l; period: 2n; phase shift: —%; midline y = 0

For the function f(x)=A sin(B (x - %)J + D, the amplitude is | 4|, the

period is %, the phase shift is %, and the midline is y = D. Writing
_1g; m)_1g; -z ' i 1_1
f(x)= 5 sm(x+ 5 ) 9 sm(l(x ( 5 )D+O gives you the amplitude as ‘2‘ =5

2

the period as ‘T‘ =2r, the phase shift as —%, and the midline as y = 0.

amplitude: %; period: 2; phase shift: %; midline y = 0

For the function f(x)=A cos(B ( X - %)j + D, the amplitude is |A

‘%T‘, the phase shift is %, and the midline is y = D. Writing

f(x)= —%COS(EX -4)= —%COS(?‘L’ (x—%)j+0 gives you the amplitude as

2%
T

, the period is

‘—% = %, the period as ‘ ‘ =2, the phase shift as 4 and the midline as y = 0.

0
T

amplitude: 3; period: 2; phase shift: %; midline y = 2

For the function f(x)=A cos(B ( X - %)j + D, the amplitude is |A , the period
is ‘%, the phase shift is %, and the midline is y = D. Writing

f(x)=2-3cos(nx—6)= —3cos(7r (x—%)) +2 gives you the amplitude as|-3| =3,

the period as ‘27”‘ =2, the phase shift as %, and the midline as y = 2.
amplitude: 1; period: 4rt; phase shift: —n; midline y =%

For the function f(x)=A sin(B(x - %)j + D, the amplitude is |A
%r’ the phase shift is % and the midline is y = D. Writing
f(x)= %— sin(%x +%) = —lsin(%(x - (—71'))) +% gives you the amplitude as

| the

period is

2m

Y

|-1|=1, the period as =4r, the phase shift as —n, and the midline as y = %
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149. F0) = 2 sin(20)

For the function f(x) = Asin ( B (x - Q)) + D, the amplitude is | A, the period is

B
’%r the phase shift is % and the midline is y = D. The function has a period of «t, so

one possible value of B is B = 2. If you use a sine function to describe the graph, there’s
no phase shift, so you can use C = 0. The line y = 0 is the midline of the function so that
D = 0. Last, the amplitude is 2, so you can use A = 2 because the function increases for
values of x that are slightly larger than zero. Therefore, the function f(x) = 2sin(2x)
describes the given graph. Note that you can also use other functions to describe

this graph.

Answers
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150. FOO) = 2 cos(2x)

For the function f(x) = Acos ( B ( X - %)j + D, the amplitude is |A

—
, the period is B ‘,
the phase shift is %, and the midline is y = D. The function has a period of i, so one possi-

ble value of B is B = 2. If you use a cosine function to describe the graph, there’s no phase
shift; therefore, you can use C = 0. The line y = 0 is the midline of the function, so D = 0.
Last, the amplitude is 2; you can use A = 2 because the function decreases for values of x
that are slightly larger than zero. Therefore, the function f(x) = 2 cos(2x) describes the
given graph. Note that you can also use other functions to describe this graph.

75’. f(x):—2cos(lx)

2
For the function f(x) = A cos(B(x - %)) + D, the amplitude is |A , the period is %[ , the
phase shift is %, and the midline is y = D. The function has a period of 4n, so one possible
1

value of B is B = <. If you use a cosine function to describe the graph, there’s no phase

2
shift, so you can use C = 0. The line y = 0 is the midline of the function, so D = 0. Last, the
amplitude is 2, so you can use A = -2 because the function increases for values of x that
are slightly larger than zero. Therefore, the function f(x) = -2cos (%x) describes the

given graph. Note that you can also use other functions to describe this graph.
’52. f(x)=2cos(2x) + 1

c

For the function f(x) = A cos(B(x - E)) + D, the amplitude is |A , the period is ‘%T , the
phase shift is %, and the midline is y = D. The function has a period of r, so one possible

value of B is B = 2. If you use a cosine function to describe the graph, there’s no phase
shift, so you can use C = 0. The line y = 1 is the midline of the function, so D = 1. Last, the
amplitude is 2, so you can use A = 2 because the function decreases for values of x that
are slightly larger than zero. Therefore, the function f(x) = 2 cos(2x) + 1 describes the
given graph. Note that you can also use other functions to describe this graph.
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153.

154.

155.

f(x)=—2cos(lx—£)

2 4
For the function f(x) = ACOS(B(X —%)j + D, the amplitude is | A|, the period is %T , the
phase shift is %, and the midline is y = D. The function has a period of 47, so one possi- o
ble value of Bis B = % Think of the graph as a cosine graph that’s flipped about the §§
x-axis and shifted to the right; that means there’s a phase shift of % to the right, so <2
% = % The line y = 0 is the midline of the function, so D = 0. Last, the amplitude is 2, so

you can use A = -2 because the function increases for values of x that are slightly

larger than % Therefore, the following function describes the graph:

£(x) :—2cos(%(x—%)j

- 1,
= 2cos(2x 4)

Note that you can also use other functions to describe this graph.

__ Lo z|_
f(x)= 2cos(2x 4) 1

For the function f(x)= A cos(B(x - %)j + D, the amplitude is |A

phase shift is %, and the midline is y = D. The function has a period of 4n, so one

, the period is %T‘, the

1
>
the x-axis and shifted to the right and down; there’s a phase shift of % to the right so

possible value of B is B = =. Think of the graph as a cosine graph that’s flipped about

that % = % The line y = -1 is the midline of the function, so D = -1. Last, the amplitude

is 2, so you can use A = -2 because the function increases for values of x that are

slightly larger than % Therefore, the following function describes the given graph.

f(x)= —2cos(%(x—%)j—l

__ 1, m\_
= 2cos(2x 4) 1

Note that you can also use other functions to describe this graph.

T
3
To evaluate sin™ (g Jz x, find the solution of g =sinx, where —% <x< % Because
A ETRNCRNY 1
sing =-5 , you have sin ( 5 j— 3"
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156. -

ENE

To evaluate arctan(-1) = x, find the solution of -1 = tan x, where

-

4

—-Z <x<Z Beca setan( .
X< u :

z < ) = -1, you have arctan(-1) = -

157.

vl

1

5 ) To evaluate

To evaluate Cos(sin'1 (%) j, first find the value of sin™ (
X , find the solution of % =sinx. Because

(L) oz in-! l) _ (z)zﬁ
, you have sin (2)_6.Theref0re, cos(sm (2 ) cos| ¢ 5

3
=
—_
olx
~—— [\&]
1]
No[—

158.

s

To evaluate tan[cos -1 (@ ]} first find the value of cos™ [@ ] To evaluate

B

cos™! [7 ): x, where 0 < x < r, find the solution of g = cos x. Because
cos(ﬂ) _3 V3

NI Sl N9 | T
6)= , you have cos 5 6.Therefore,

tan[cos1 (%than(%) =§.

159.

wlu

The value of arccos 2 probably isn’t something you’ve memorized, so to

5
evaluate csc (arccos%), you can create a right triangle.
Let arccos% =0 so that % =cos6. Using % =cos 0, create the right triangle; then
use the Pythagorean theorem to find the missing side:

3
0
4
By the substitution, you have Csc(arccos%) =csc(60), and from the right triangle, you
have csc(9) = 2

g.



To evaluate sin(tan™(2) + tan'l(S)), first create two right triangles using the substitu-
tions tan-1(2) = a and tan-1(3) = .

To make the first right triangle, use tan-!(2) = a. You know that 2 = tan «, and you can find
the missing side of the first right triangle using the Pythagorean theorem:

V5

JAASEEEE
1

As for the second right triangle, because tan-1(3) = B, you know that 3 = tan p. Again,
you can use the Pythagorean theorem to find the missing side of the right triangle:

B O
1

The substitutions give you sin(tan"(Z) + tan’l(B)) =sin(a + ). Using a trigonometric
identity, you know that sin(a + ) = sin a cos p + cos a sin p. From the right triangles,
you can read off each of the values to get the following:

sina cos § +cosa sin =[%](ﬁj+(%](%)
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161. x= 0412, 1— 0412

To solve sin x = 0.4 for x over the interval [0, 2r], begin by taking the inverse sine of

both sides:
§ sinx =0.4
d x =sin"'(0.4)
= ~0.412

The other solution belongs to Quadrant Il because the sine function also has positive
values there:

x=m-0.412

162. X = 2.465, 2 — 2.456

To solve cos x = —0.78 for x over the interval [0, 2n], begin by taking the inverse cosine
of both sides:

cosx =—0.78
x =cos1(-0.78)
~ 2.465

The other solution belongs to Quadrant IIl because the cosine function also has nega-
tive values there:

21 —2.465

163.  x-0322,%-0322 n 10322 30322
To solve 5 sin(2x) + 1 = 4 for x over the interval [0, 2r], begin by isolating the term
involving sine:
5sin(2x)+1=4
5sin(2x) =3
sin(2x) = %

You can also use the substitution y = 2x to help simplify. Because 0 < x < 27, it follows
that 0 < 2x < 4n so that 0 < y < 4n. Use the substitution and take the inverse sine of both

sides:
sin(y) =2
y=sin" (%)
~0.644

It follows that in the interval [0, 4n], 2rt + 0.644 is also a solution because when you add
2m, the resulting angle lies at the same place on the unit circle.



Likewise, there’s a solution to the equation sin(y) = % in the second quadrant because

the function also has positive values there, namely t — 0.644; adding 2n gives you the
other solution, 3 — 0.644. Therefore, y = 0.644, n — 0.644, 2r + 0.644, and 3 — 0.644 are
all solutions.

Last, substitute 2x into the equations and divide to get the solutions for x:

2x =0.644
x =0.322
2x =n-0.644
_T_

X = 5 0.322
2x =21 +0.644
x=r+0.322
2x =37-0.644

x= 37” ~0.322

The solutions are x = 0.322, 5 0322, n + 0.322, and 37” ~0.322.

x=0321, 2% _0321, 2% 10321, 4% _0.321, 4% 4 0.321, 27 - 0.321

3 3 3 3

To solve 7 cos(3x) — 1 = 3 for x over the interval [0, 2n], first isolate the term involving
cosine:
7cos(3x)-1=3

cos(3x) = 4
7
You can also use the substitution y = 3x to simplify the equation. Because 0 < x < 2n, it

follows that 0 < 3x < 67 so that 0 < y < 6r. Use the substitution and take the inverse
cosine of both sides:

_4
cosy ==
—eos (4
s[4
=0.963

It follows that in the interval [0, 6n], y = 2n + 0.963 and y = 4nt + 0.963 are also solutions
because adding multiples of 2t makes the resulting angles fall at the same places on
the unit circle.

Likewise, there’s a solution to the equation cos y = % in the fourth quadrant

because cosine also has positive values there, namely y = 2n — 0.963. Because y = 21 —
0.963 is a solution, it follows that y = 41— 0.963 and y = 6n — 0.963 are also solutions.
Therefore, you have y = 0.963, 2rt — 0.963, 2t + 0.963, 41 — 0.963, 47 + 0.963, and

61— 0.963 as solutions to cosy = % Last, substitute 3x into the equations and divide
to solve for x:
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3x =0.963
x =0.321
3x =27 -0.963
—2r _
X = 3 0.321
3x=27+0.963
_2m
X = 3 +0.321
3x=47-0.963
_Ar _
X = 3 0.321
3x =47 +0.963
x= %’T +0.321
3x=6r-0.963
x=2r-0.321
Therefore, the solutions are x = 0.321, 2 —-0.321, 2% +0.321, -0.321, 2% 1+ 0.321, and
27— 0.321. 3 7 3 3

165. x =7+ 0887, 2 —0.887

To solve 2 sin?x + 8 sin x + 5 = 0 for x over the interval [0, 2r], first use the quadratic

formula:
-8+8%-4(2)(5)
2(2)
_-8+.\24
202
i

sinx =

Simplifying gives you —2 + \/4_ —-0.775 and -2 - \/_ -3.225.

You now need to find solutions to sin x = -0.775 and sin x = -3.225. Notice that
sin x = -3.225 has no solutions because -3.225 is outside the range of the sine function.

To solve sin x = —0.775, take the inverse sine of both sides:

sinx =-0.775
x =sin™(-0.775)
~ —(0.887

Note that this solution isn’t in the desired interval, [0, 2r]. The solutions in
the given interval belong to Quadrants IIl and IV, respectively, because in
those quadrants, the sine function has negative values; those solutions are
x =7+ 0.887 and x = 2n — 0.887.



166.

y
1
7 + 0.887
A
-1 2n-0.887 |1 X

-0.775

x=m-0.322, 210322, 3% 1=

4’ 4

To solve 3 sec?x + 4 tan x = 2 for x over the interval [0, 2r], begin by using the identity
sec?x = 1 + tan?x and make one side of the equation equal to zero:

3(1+tan2x)+4tanx=2

3+3tan®x+4tanx =2
3tan’x+4tanx+1=0

Next, use the quadratic formula to find tan x:

—4+ 42 —4(3)(D)

tanx = 23
_—4+4
2(3)
_—4+£2
2(3)
Therefore, tan x = -1 and —%.
The solutions to the equation tan x = -1 are x = %Tﬂ and x = %Z To solve tanx = —%,
take the inverse tangent of both sides:
-_1
tan x = 3
Cian-1(_ 1
X =tan ( 3 )
=~ —0.322

Note that this solution isn’t in the given interval. The solutions that are in the given
interval and belong to Quadrants Il and IV (where the tangent function is negative) are
x =mn-0.322 and x = 2n - 0.322.
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167. 1

As x approaches 3 from the left, the y values approach 1 so that lim f(x)=1.
x—3"

168. 3

As x approaches 3 from the right, the y values approach 3 so that lirg f(x)=3.

169. 2

As x approaches -3 both from the left and from the right, the y values approach 2 so
that lin}3 f(x)=2.

Note that the actual value of f(-3) doesn’t matter when you’re finding the limit.

170. 3

As x approaches 1 from the left, the y values approach 3 so that lir? f(x)=3.

171. 3

As x approaches 1 from the right, the y values approach 3 so that lim f(x) = 3.
x—1"

172. 5

As x approaches -2 both from the left and from the right, the y values approach 5 so
that lin}2 f(x)=5.

173. 4

# gives you the

2
Note that substituting the limiting value, 3, into the function X ;
0 _
0
To find the limit, first factor the numerator and simplify:

indeterminate form

x—3 X — 3

. (x=-3)(x+D
x—3 (X — 3)

= lxigg(x +1)

Then substitute 3 for x:
liné(x+1):3+1 =4



174.

175.

INIEN|

N [—

2
Note that substituting the limiting value, 2, into the function X +3x-10 gives you the

2
x“—8x+12
indeterminate form Q.

To find the limit, first factor the numerator and denominator and simplify:
lim X4+ 3x -10
2 x? —8x +12
o (x=2)(x+5)
= = (x=6)
lim &)
= 6
Then substitute 2 for x:

(x+5) 2+5

X~>2(x_6) 2—

5__1
6 4

2
Note that substituting the limiting value, -5, into the function % gives you the

x —
indeterminate form %

To find the limit, first factor the numerator and denominator and simplify:
lim X_+5x
x5 x% - 25
s x(x+5)
= 5+ 5)
X

= lim ——
x>-5 X —bH

Then substitute -5 for x:

. x _ -5 _1
Im - "s=7%5"5-3
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176. 4

Note that substituting the limiting value, 4, into the function 24 =X
—Jx
terminate form %

gives you the inde-

To find the limit, first factor the numerator and simplify:
o 4-x
lim
x—4 2 _ \/;
(2o 4F)(2445)
=lim
x4 (2 _ \/;)
=lim (2+x)
Then substitute 4 for x:

gﬂ(2+\/§)=2+ﬁ=4

177. 1

Note that substituting in the limiting value, 0, gives you an indeterminate form.
For example, as x approaches 0 from the right, you have the indeterminate form oo — oo,
and as x approaches 0 from the left, you have the indeterminate form —oo + oo,

To find the limit, first get common denominators and simplify:

lim(l— 21 )
X x"+x
—lim/Ll-_1 _
_y%(x x(x+1)j

e Mx+D) 1
_Erlg(%(x(x+1) x(x+1))

im—2X
0 x(x+1D

—lim 1
_lx%xﬂ



178.

179.

180.

NI

Then substitute 0 for x:

o1 1
953x+1_0+1

The given function is continuous everywhere, so you can simply substitute in the limit-
ing value:

lim|x —4|=|4-4|=0
x—4

3
Note that substituting the limiting value, -1, into the function % +1

. 0 x+1
terminate form o

gives you the inde-

To find the limit, first factor the numerator and simplify:
lim X2 Sl
x>-1 x+1

) (x+1)(x2—x+1)
= lim, (x+1)

_ 2
= lim (x* ~x+1)
Then substitute -1 for x:

lim (x* - x+1)=(-1)"-(-D)+1=3

x—>-1

Note that substituting the limiting value, 0, into the function —V4+hh—2 gives you the

indeterminate form 0

To find the limit, first multiply the numerator and denominator by the conjugate of the
numerator and then simplify:

J4+h -2
h

(\/4+h—2) (\/4+h +2)
=lim
h=0 h (M+2)
_ 1 4+h-4
_l’ilg‘}h(\/4+h +2)
h

=lim——
h—0

h(\/4+h +2)

lim
h—0

: 1
= l B ——
o vA+h+2
Then substitute 0 for A:

: 1 1 1
lim = ==
=0 JA+h+2 JA+0+2 4
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181. 108

4
Note that substituting the limiting value, 3, into the function xx—_gl gives you the inde-
terminate form %

To find the limit, first factor the numerator and simplify:

lim <=5
im (x2 —9)(x2 +9)

x—3 x—3
 (x=3)(x+3)(x*+9)
m

:!(lﬁS X—3

=lim(x+3)(x* +9)

Then substitute 3 for x:
lim(x + 3)(x*+9)
=(3+3)(3*+9)

=(6)(18)
=108

182. -

Note that substituting in the limiting value gives you an indeterminate form.

Because x is approaching 0 from the right, you have x > 0 so that |x| = x. Therefore, the
limit becomes

lim %+l = lim %+2
x=0"| x |X| x-0"\ x X

= lim (_2+22x )

x—0" X

% - % — oo, The limit

X 0
is positive infinity because dividing 2 by a very small positive number close to zero
gives you a very large positive number.

As x — 0*, you have (2 + 2x) > 2 and x? — 0* so that [

183. -

Note that substituting in the limiting value gives you the indeterminate form oo — oo,

Because x is approaching 0 from the left, you have x < 0 so that |x| = —Xx. Therefore, the
limit becomes



184.

Now consider the numerator and denominator as x > 0-. As x —> 0-, you have

(2 + 2x) > 2 and x* ~> 0" so that (%)% O% — oo, The limit is positive infinity
X

because dividing 2 by a very small positive number close to zero gives you a very large
positive number.

limit does not exist

Note that substituting in the limiting value gives you the indeterminate form %

Examine both the left-hand limit and right-hand limit to determine whether the limits

are equal. To find the left-hand limit, consider values that are slightly smaller than 4 and

substitute into the limit. Notice that to simplify the absolute value in the denominator of
the fraction, you replace the absolute values bars with parentheses and add a negative
sign, because substituting in a value less than 4 will make the number in the parentheses
negative; the extra negative sign will make the value positive again.

lim 3X°=4x _ o x(3x-4)
wod |3x -4 x_,%’—(Sx—4)

s

= limﬁi1
x—)% -

%
-1
4

3

You deal with the right-hand limit similarly. Here, when removing the absolute value
bars, you simply replace them with parentheses; you don’t need the negative sign

because the value in the parentheses is positive when you’re substituting in a value

larger than %

3x*—4x _ ;o X(3x-4)

v Er Y R €T
3 3
— lim X
QR
3
4
3

Because the right-hand limit doesn’t equal the left-hand limit, the limit doesn’t exist.
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185.

EN[[3;1

x> =25

m gives you the

Note that substituting the limiting value, 5, into the function

indeterminate form o

To find the limit, first factor the numerator and denominator and simplify:

i (x=5)(x+5)
=I5B
i X+5
_!(lgéfix—l

Then substitute 5 for x:
. x+5 _ 545 _5

1= 3(5)-1 "7

Note that substituting in the limiting value gives you the indeterminate form %
Begin by multiplying the numerator and denominator of the fraction by the conjugate
of the numerator:

lim YX+ 3 —2x

=3 x*_3x

i (Vx+3-+2x) (Vx+3++2x)
X0 (xes+2x)

x+3-2x

:!‘izgx(x—B)(\/x+3 +J2_x)

=lim 3-x
3 x(x=3) (Vo +3 ++2x )
Next, factor —1 from the numerator and continue simplifying:
3-x

i
03 x(x=3)(Vx+3 ++2x)
=lim —Ix=3)

3 (= 3) (Vo +3 ++2x )
=lim -



To find the limit, substitute 3 for x:
. -1
lim—mM——
x>3 x( X +3 + \/Z_x)
_ -1
3(V3+3+4203))

-1

187. 12

Note that substituting the limiting value, 0, into the function (
indeterminate form %
Expand the numerator and simplify:
2+h)’ -
h—0
3 2
—lim A+ 6h" +12h+8 -8

h>0 h

i B+ 61 £120
= h

h(h2+6h+12)
0 h

=lim(h2+6h+12)

h—0

To find the limit, substitute 0 for A:

lim (h* +6h+12) =0 +6(0)+12 =12

188. 1

Note that substituting in the limiting value, 4, gives you the indeterminate form .

2+h)’ -8
h

gives you the

0
0

Because x is approaching 4 from the right, you have x > 4 so that |x —4| = (x - 4).

Therefore, the limit becomes

. oox—4 _ .. x—-4
lL‘E|x_4|‘lL‘¥x—4

=lim1

x—4"

=1
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3 A
2

439211231 X
-2
-3
-4

189. -1

Note that substituting in the limiting value gives you the indeterminate form %

Because x is approaching 5 from the left, you have x < 5 so that |x - 5| =—(x-5).
Therefore, the limit becomes

s Xx=5 _ x-5
}Lr?,1—|x—5|‘}§?——(x—5)
=lir§(—1)

=-1

/41
Note that substituting in the limiting value, -5, into the function /5—?6 gives you the

indeterminate form %

Begin by writing the two fractions in the numerator as a single fraction by getting
common denominators. Then simplify:
1,1

5 x
}gl—ls x+5

I(x) , 1(5)
lim 20 x(5)
= lim ——————~=
x—>-5 x+5
X+5
— lim —3X
x>-5 X+5
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To find the limit, substitute -5 for x:

1 1 1
s =55y~ 25

191. -

No|—

Note that substituting in the limiting value gives you an indeterminate form. For exam-
ple, as x approaches 0 from the right, you have the indeterminate form o — o, and as x
approaches 0 from the left, you have the indeterminate form —c + oo,

Answers
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Begin by getting common denominators:

lim 11
S oxJl+x X

=lim( 1 J1+x j

=0 xfT+x  xl+x
(1—\/1+x)

=lim—F—+«—+~

=0 1+ x

Next, multiply the numerator and denominator of the fraction by the conjugate of the
numerator and simplify:

(1-+I+x)
lim—7—F——+
=0 xJl+x

(1-VI+x) (1+V1+x)
=lim
x>0 (x 1+x) (1+\/1+x)
m 1-(1+x)
=0 5 1+x(1+\/1+x)

—X

=Lig‘}x 1+x(1+\/1+x)
li -1

=11m
x—0

\/l+x( +\/1+x)

To find the limit, substitute 0 for x:

: -1

Ll% \/l+x(1+\/l+x)
-1

70 (14417 0)
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192. L

Note that substituting in the limiting value, 0, gives you the indeterminate form %
Begin by rewriting the two terms in the numerator using positive exponents. After that,

get common denominators in the numerator and simplify:
(4 + h)‘ 47!

h~>0

4 1(4+h)
—lim 4(4+h) 4(4+h)
h—0 h
4-(4+h)
4(4+h)
h

=lim
h—0

1
—im| = 1
w0\ 4(4+h) h
—1i -1
R Ry

To find the limit, substitute 0 for A:

-1 -1 1
IHO 4(4+h)  4(4+0) 16

193. s

The squeeze theorem states that if £(x) < g(x) < h(x) when x is near a (except possibly
at a) and if li{f}, f(x)= lima h(x) =L, then ligré g(x)=L.
Note that lim 5=>5 and that lirrzl(x2 +3x - 5) =2%+3(2)-5=5. Therefore, by the

squeeze theorem, lig% f(x)=5.

194. 4

Note that lim (x* +4)=0% +4 = 4 and that lim(4 +sinx) = 4 +sin0 = 4. Therefore, by the

squeeze theorem, LIL% f(x)=4.

195. 2

Note that 11m 2x =2(1) =2 and that llm(x + 1) 1° +1=2. Therefore, by the squeeze
theorem, llm f(x)=2.



190.

197.

198.

Notice that for all values of x except for x = 0, you have -1 < COS[% )S 1 due to

the range of the cosine function. So for all values of x except for x = 0, you have
“1(x*) < (x*)cos| -2 |<1(x*
()= (' eos| & Je1(x')
Because x is approaching 0 (but isn’t equal to 0), you can apply the squeeze theorem:
() <l cos | 2 < lim()

0 <lim x* COS(%)SO
x>0 X

Therefore, you can conclude that lxlgol x* cos (% )= 0.

Notice that for all values of x > 0, you have —1 < sin 2 JS 1 due to the range of

&

the sine function. So for all values of x > 0, you have
~1(x?)< x*sin 2 <1(x?
()" sinf L J<1(x)
Because x is approaching 0 (but isn’t equal to 0), you can apply the squeeze theorem:

x—0° X x—-0°

lim (—xz)SlLrg{ xzsin(%JS lim (x2)

0< lim x2sin| 2= |<0
)

x—0" X

Therefore, you can conclude that lim x? sin(i ): 0.
x—0" \/_)?

Notice that for all values of x except for x = 0, you have —1 < sin? (%) <1 dueto

the range of the sine function. So for all values of x except for x = 0, you have the
following (after multiplying by —1):

—1< —sin? (l) <1
x

You need to make the center expression match the given one, 2/;(3 —sin® (E) ], sodo
a little algebra. Adding 3 gives you X

—1+3s3—sin2(%)s1+3

233—sin2(£)s4
X

Answers and Explanations ’ 9 7
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Now multiply by 3/x:
23x < %/)7(3—sin2 (%)js 43

Note that 3/x > 0 for values of x greater than 0, so you don’t have to flip the inequalities.

Because the limit is approaching 0 from the right (but isn’t equal to 0), you can apply
the squeeze theorem to get

lim 23/x < lir{){ %/;(3—sin2(%)jﬁ lim 43/x

x—0* x—0*
0< 1ir51%/§(3—sin2(§)jso

Therefore, you can conclude that lirg{ %(3 —sin? (%) j: 0.

199. s

To use lirr(}% =1, you need the denominator of the function to match the argument
X

of the sine. Begin by multiplying the numerator and denominator by 5. Then simplify:

lim sin(5x) _ lim Ssin§5x)

x—0 X x—0

5x

x—0
=5(1)
=5

200. o

Factor the 2 from the numerator and then multiply the numerator and denominator
by % Then simplify:

2cosx =2 _ i 2(cosx—-1)

lim - -
x—0 sinx x—0 sSinx
9 COSX — 1
=1lim _X
x>0 sinx
X
_200)
1

=0



201.

202.

Begin by using a trigonometric identity in the numerator and then factor:

lim —_Cos 2x
Xk sinx —cosx

_ |jm Cos’ x —sin® x
x>k sinx —cosx

— lim (cosx —sinx)(cos x +sinx)
h x>k sinx —cos x
Next, factor out a -1 from the numerator and simplify:

lim (cosx —sinx)(cos x + sinx)
N sinx —cosx
4

. [(-D(~cos x +sinx)](cos x +sinx)
= lim

ok sinx —cosx

—im (-D(sinx —cos x)(cos x + sin x)

ok sinx —cosx

= lim(-1)(cos x +sin x)

X*)4

—(— T L sinZ
=( 1)(cos4+sm4)

_(_1)[§+§]
=2

ol

You want to rewrite the expression so you can use lin(}
X

the numerator and denominator by % and rewrite the expression as the product of two

fractions:
sin(5x)
x>0 sin(9x)
sin(5x)

_1 X
= Sin(o0
X

_ lim( sin(5x)  x j

x50 X sin(9x)

=1. Begin by multiplying
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Now you want a 5 in the denominator of the first fraction and a 9 in the numerator of

the second fraction. Multiplying by % and also by % gives you

:%[[Sinéjw ' sing()SCJX)](g)]

- S
-(3)
_5
9
52 203. I
2]
=R Begin by rewriting tan(7x) to get
tan(7x)
x>0 sin(3x)
sin(7x)
cos(7x)

T 350 sin(3x)

_ lim( sin(7x) 1 j

x-0| cos(7x) sin(3x)

e sin(7x) 1 1
= l‘m( 1 cos(ix) sin(3x)j

x—0

Now you want 7x in the denominator of the first fraction and 3x in the numerator of the
x 3 7

third fraction. Therefore, multiply by 3 and 7 to get
lim sin(7x) 1 _3x 1
x50 Tx cos(7x) sin(3x) 3
_ 1 7
a (1)( cos0 )(1)( 3 )
_1
3

204. s

Begin by breaking up the fraction as

. sin®(2x)
iy —5—
— lim sin(2x) sin(2x) sin(2x)
T x50 X X X
Next, you want each fraction to have a denominator of 2x, so multiply by % % and % —
or equivalently, by % — to get
lim sin(2x) sin(2x) sin(2x) 8
x50 2x 2x 2x 1
=(MDMMEG)

-8



205.

200.

Ul|—

N [—

Begin by factoring the denominator and rewriting the limit:
m SH;(X -2)
o2 X +x—6
~ sin(x-2)
=2 (x-2)(x+3)
_.osin(x-2)
R (x-2) m=3

Notice that you can rewrite the first limit using the substitution 6 = x —2 so that

as x > 2, you have 0 — 0; this step isn’t necessary, but it clarifies how to use
lim $I1X _ 1 i this problem.

x-=0 X )
Replacing (x - 2) with 6 and replacing x > 2 with 0 — 0 in the limit lim sin(x —2)

you the following: (x-2)
. sin(x-2)
03 (x-2) )
i SO) iy 1

" (0) B x+3

(z23)

—

)
1
5

Begin by rewriting tan x and then multiply the numerator and denominator by % Then

simplify:
sinx
x>0 x +tanx
_ lirra sinx
X X+ sinx
cos X
1.,.
= (sinx
L(sinx)
x—0 i
1 x4 Sinx
Ccos X
sinx
—lim—X__
x> 1+ sinx
XCOSX
sinx
X
14 8inX
x \cosx

gives

Answers and Explanations 20 ’
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Then substitute 0 into the equation and solve:
sinx
lim X

00 sinx 1
x \cosx

Answers
201-300

207. -

As x approaches 3 from the left, the y values approach « so that lim f(x) = .

x—-3

208. -

As x approaches 3 from the right, the y values approach — so that lirg f(x)=—on.

209. -

As x approaches 5 from the left, the y values approach « so that lir151 f(x) = .

210. -

As x approaches 5 from the right, the y values approach — so that lim f(x) = —o.

x—5"

2 ’ ’. limit does not exist

As x approaches 5 from the left, the y values approach «. However, as x approaches 5
from the right, the y values approach —e. Because the left-hand limit doesn’t equal the
right-hand limit, the limit doesn’t exist.

212. -

As x approaches 1 from the right, you have (x - 1) - 0* so that

3 .3 .

g G -
Note that the limit is positive infinity because dividing 3 by a small positive number
close to zero gives you a large positive number.
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y
x=1
34
24
14
T 1 11
=214 123 X
-3 . g
(<5}
|
<&

213. -

As x approaches 1 from the left, you have (x - 1) — 0~ so that

3 .3
x-1 0

Note that the limit is negative infinity because dividing 3 by a small negative number
close to zero gives you a negative number whose absolute value is large.

214. -

sm;; . Then consider what

Begin by writing the limit as lim (tanx) = lim
xa%‘ xa%‘
happens in the numerator and the denominator as x approaches Z-

2

As x — % , you have sin x > 1 and cos x — 0. Therefore, as x — % , it follows that

from the right.

sinx 1
cosx (0

—> —oo

215.

Consider what happens in the numerator and denominator as x approaches n from the
left. As x > n~, you have x* - n? and sin x — 0*. Therefore, as x > n -, it follows that

2 2
S SN | SN
sinx o

216.

Consider what happens in the numerator and denominator as x approaches 5 from the
left. As x > 57, you have (x + 3) > 8 and (x - 5) —> 0-. Therefore, as x — 57, it follows that
x+3 8

X570
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217. -

Consider what happens in the numerator and denominator as x approaches 0 from the
left. As x > 0, you have (1 —x) > 1 and (e*- 1) —> 0~. Therefore, as
x — 0, it follows that

d-x 1

e*-1 0°

218. -

nS
gg Begin by writing lim cot x = lim £25X Then consider what happens in the
WFI x—0~ x-0" SIN X
£ numerator and denominator as x approaches 0 from the left. As x - 0-, you have
cos x ~> 1 and sin x — 0. Therefore, as x — 0, it follows that
cosx 1 .
sinx 0

219. -

Consider what happens in the numerator and denominator as x approaches 2.
As x ~ 2, you have 4e* > 4e? and |2— x| - 0". Therefore, as x > 2, it follows that
4e* 4e*

[2-x| ~ 0"

—> oo

220. -

Consider what happens to each factor in the numerator and denominator as x
1" 2 5
5 »you have (x +1) -7 and
cos(zx)— cos(% J—) 0". Therefore, as x — % , it follows that
5 5
x*+1 A N A
xcos(7x) %(0—) 0

approaches % from the right. As x —

- — —oo

221. -

Consider what happens in the numerator and denominator as x approaches 5. As x — 5,
you have sin x — sin 5, and because nt < 5 < 2n, it follows that sin 5 < 0. And as x — 5, you
also have (5 - x)* > 0*. Therefore, as x — 5, it follows that

sin x o sir15 5 —oo
(5-x) 0
Note that the limit is negative infinity because sin(5) is negative, and dividing sin(5) by
a small positive number close to zero gives you a negative number whose absolute
value is large.



222.

223.

224.

225.

—o0

Consider what happens to each factor in the numerator and denominator as x
approaches 0. You need to examine both the left-hand limit and the right-hand limit.

For the left-hand limit, as x — 0, you have (x + 5) = 5, x* = 0*, and (x - 6) ~> -6.
Therefore, as x — 0, it follows that

X+5 5 .y o

X' (x-6) 0°(=6) 0

For the right-hand limit, you have (x + 5) = 5, x* » 0*, and (x — 6) —» —6. Therefore, as
x — 07, it follows that

x+5 5 .5 .

X' (x-6) 0°(=6) 0

Because the left-hand limit is equal to the right-hand limit, L{%#—’_Em =,

limit does not exist

—00

Begin by examining the left-hand limit and the right-hand limit to determine whether
they’re equal.

To find the limits, consider what happens in the numerator and denominator as x
approaches 1. Using the left-hand limit, as x > 17, you have (3x) > 3 and (e¥-¢e) ~> 0.
Therefore, as x — 17, it follows that

L3

e’ —e 0

Using the right-hand limit, as x - 1*, you have (3x) > 3 and (e*-e) > 0*. So as x > 17, it

follows that

3x 3 .
e*-e 0

Because the left-hand limit doesn’t equal the right-hand limit, the limit doesn’t exist.

Consider what happens to each factor in the numerator and denominator as x
approaches 0 from the right. You have (x - 1) » -1, x2 — 0, and (x + 2) — 2. Therefore,
as x — 0%, you get the following:
x-1 -1 -1
‘ - - — = —o0
x*(x+2) "07(2) "0

Consider what happens in the numerator and denominator as x approaches e from the

left. As x > e-, you have x* > e* and (In x— 1) > (In e-— 1) — 0~. Therefore, as x > e, it
follows that
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2 2 6. limit does not exist

Begin by examining both the left-hand limit and the right-hand limit to determine
whether they're equal.

To find the limits, consider what happens in the numerator and denominator as x
approaches €2 For the left-hand limit, as x ~> €%, you have -x -~ —e? and (In x - 2) - 0~.
Therefore, as x — e~ it follows that

Note that the limit is positive infinity because dividing —e? by a small negative number
close to zero gives you a large positive number.

Answers
201-300

For the right-hand limit, as x — e*, you have -x - —e? and (In x — 2) — 0*. Therefore, as
x — e?*, it follows that
2
—X —e
Inx-2 - 0t

—> —0o
Because the left-hand limit doesn’t equal the right-hand limit, the limit doesn’t exist.

2 2 7. limit does not exist

Begin by examining the left-hand limit and the right-hand limit to determine whether
they’re equal.

To find the limits, consider what happens in the numerator and denominator as x
approaches 2. For the left-hand limit, as x - 27, you have (x + 2) > 4 and
(x%2 - 4) — 0. Therefore, as x — 27, it follows that

x+2_>4

x2—4 0

—> —oo

For the right-hand limit, as x — 2*, you have (x + 2) — 4 and (x? - 4) — 0*. Therefore, as
x — 27, it follows that

x+2 4

x2-4 "0*

Because the left-hand limit doesn’t equal the right-hand limit, the limit doesn’t exist.

2 2 8. limit does not exist
Begin by examining the left-hand limit and the right-hand limit to determine whether
they’re equal.

To find the limits, consider what happens in the numerator and denominator as x

approaches 25. For the left-hand limit, as x — 25-, you have (5 + \/;) —5+4/25 =10 and
(= 25) — 0. Therefore, as x — 257, it follows that

For the right-hand limit, as x > 25*, you have (5 + \/)7) — 54425 =10 and (x - 25) —> 0~.
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229.

230.

231.

232

Therefore, as x — 25*, you have

5+4x 10
x—-25 - 0" -
Because the left-hand limit doesn’t equal the right-hand limit, the limit doesn’t exist.
y
x=25
e o
: )
T T g ?,E
% L35

Consider what happens to each factor in the numerator and denominator as x
approaches 0. As x — 0, you have (x* + 4) > 4, x> > 0> and (x — 1) - -1. Therefore, as
x — 0, it follows that
2
x“+4 4 4
- — — — —o0
x*(x-1) "07(-1) "0

Consider what happens to each factor in the numerator and denominator as x
approaches 0 from the left. You have (x - 1) » -1, x> > 0*, and (x + 2) — 2. Therefore, as
x — 07, you get the following:

x-1 -1 -1

X(x+2) 07 (2) 0

Consider what happens in the numerator and denominator as x approaches 3. As
x — 3, you have (3 + x) > 6 and |3 — x| - 0". Therefore, as x > 3, it follows that

3+x 6
3=x] 0"

N

As the x values approach —, the y values approach —% so that }LIEG f(x)= —%,
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233. 2

As the x values approach «, the y values approach % so that Lﬂlof(x) = %

234. >

As the x values approach —, the y values approach 2 so that }1_}11 f(x)=2.

235. 2

As the x values approach «, the y values approach 2 so that Liﬂ f(x)=2.

Answers
201-300

236. o

Divide the numerator and denominator by the highest power of x that appears in the
denominator, x!, and simplify:

£ﬂ3x+4

v

X
3x 4
X X

v

=lim <X

xomg 4
X

=lim

X—>00

Then apply the limit:

_ 0
“3+0 0

|
w|
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237. -

Begin by multiplying to get
lim [xQ (x+1)(3—x)]

= XlLrpw[—x4 +2x% + 3x2]
For a polynomial function, the end behavior is determined by the term containing the
largest power of x, so you have
lim [—x“ +2x° +3x2]

X——co

= lim (—x“)

X——o0

Answers
201-300

= —oo

238. 3

Divide the numerator and denominator by the highest power of x that appears in the
denominator, x!, and simplify:

lim3x+4
xoe X =1
3x , 4
=lim XX
X—oo X

X X

) 3+%
=l‘_r>21_1

X

Then apply the limit:

_3+0 _
T 1-0 3

23 9. limit does not exist

Because cos x doesn’t approach a specific value as x approaches o, the limit
doesn’t exist.

240. 0

Begin by expanding the denominator:

. 5x*+5
M) (2 2 3)
= lim 5X4+5

X 25 _2x% +3x2-3
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Next, divide the numerator and denominator by the highest power of x that appears in
the denominator, x°, and simplify:
4
lim - 5X3 +5 -
o= 2x” —2x° +3x° -3

Answers
201-300
=
=
=

Then apply the limit:

____0+0 _
_2—0+0—0_0

241. -1

Begin by multiplying the numerator and denominator by L so that you can simplify the
expression underneath the square root: x

Because x is approaching —e, you know that x < 0. So as you take the limit, you need to

use the substitution % =— [lz in the denominator. Therefore, you have
X

Lix)

“*"’%m
= lim ————
- l% x*+1
X
= lim 21
¥ x 1
Nzt
= lim —
_ 1+L



Answers and Explanations 2 ’ ’

Now apply the limit:
1

—J1+0

242. -

Divide the numerator and denominator by the highest power of x that appears in the
denominator, x2, and simplify:
lim 8X* +3x-5

xome x2 4]

QQ
8x'  3x_ 5 °®
2 2 2
— lim X x° x e
2
o=oxt 1 <N
x? x?
8x2+3 -3
= lim x_x?
Ko 1
1+
X

Then apply the limit. Consider what happens in the numerator and the denominator as

Xx — —oo, In the numerator, (sz + % - % j — oo, and in the denominator, [1 +-1 )—> 1.
X

2
Therefore, you have X
8x2+3 -3
]]m —xxz = oo
X——o0 1
1+
xZ

243. 3

To simplify the expression underneath the radical, begin by multiplying the numerator

and denominator by %:
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Because x is approaching —e, you know that x < 0. So as you take the limit, you need to

use the substitution LS =— Lw in the numerator:
\ x

X
%\/9x10—x
lim xl—s
o (x5 41
L)
- I%\/9x1° -x
= lim =
AR S I
x* x°
58 S
éé = lim x 1 ~
<N x 1+75
X
1
_ 9_?
= lim ——
1+F
Now apply the limit:
_—9-0__
1+0

244. 3

To simplify the expression underneath the radical, begin by multiplying the numerator

and denominator by ls:
X

Now apply the limit:

9-0 _
1+0 =3




245.

246.

—o0

Notice that if you consider the limit immediately, you have the indeterminate form oo — oo,

Begin by factoring to get

lim(\/)?—x)

X—>o0

=limx1/2(l—x1/2)

X0

= (tim ) (1im (1))

X—>e0

—oo( =)

= —00

[\

Notice that if you consider the limit immediately, you have the indeterminate form oo — oo,

Create a fraction and multiply the numerator and denominator by the conjugate of the

expression ( Jxt +3x% - x? ) The conjugate is (\/x4 +3x?% +x? ), so you have the following:

Eﬂ(\fx4 +3x? —xz)
:lim( V! +3x* _Xz)[\/x“ +3x% + x? ]

X 1 Jxt +3x% +x2

2
=lim—4 3x2 5
e dxt +3x° +x

Next, multiply the numerator and denominator by —5 so0 you can simplify the
expression underneath the radical:

lim (3X )

o (\/x +3x% +x )

=lim

X—>oo

=lim

X—>o0 1
( F X +3x ij

Now apply the limit:
-3 3
(VI+0+1) 2
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247. -

nojot

Notice that if you consider the limit immediately, you have the indeterminate
form —oo + oo,

Create a fraction and multiply the numerator and denominator by the conjugate of the
expression (x +x% +5x ) The conjugate is (x —vx%+5x ), so you have

}LIE,(XJ”/XZ +5x)

[1-2
— lim (x+ X +5x) x —+Jx% +5x
o 1 —Jx? +5x

Answers
201-300

= lim —5X

Next, multiply the numerator and denominator by so that you can simplify the
expression underneath the square root:

: —5x
lim ——————
X x —Jx? +5x
1
= (-5x
= lim T x( )
T )
. 5
= lim
H%%(x)—%\/xz +5x

-5
T e

Because x is approaching —e, you know that x < 0. So as you take the limit, you need to
use the substitution % =— /lz in the denominator. Therefore, you have
X

lim ————m——

| —l\/x +5x

= lim

X—Ml—[—l Jx? +5x ]




248.

[$21[3%)

1+3x*

x+5x"’
consider the limit of the function as x > « and as x > —. For the limit as x — «, begin

To find any horizontal asymptotes of the function y = you need to

by multiplying the numerator and denominator by %z

1, 3x!
4 4 4
lim1+3x4:limx x4
o= x+5x° o= x | bx
X i
% +3
=lim xl
T +5
X
_0+3
0+5
=3
5
To find the limit as x - —e, you can proceed in the same way in order to simplify:
1, 3x!
4 4 4
lim 13X iy X° X*
o x4 5x% o x| bx
it
X X
1
—+3
= lim xl4
T 45
X
_0+
0+5
-3
5
Therefore, the only horizontal asymptote is y = %

2
To find any horizontal asymptotes of the function y = g;—xz, you need to
X

consider the limit of the function as x - « and as x - —. For the limit as x — «, begin
by multiplying the numerator and denominator by %:

5 2

0 _ X
2 2
lim5_x2:limx o
mSAxT ot 5 X
2 2
x® x
5
=1
=lim)f5
R |
x2
_0-1
0+1
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To find the limit as x > —, proceed in the same way:

5 _x°
2 2
lim 2=X_ — Jim X x2
X—>—o0 5 + X X—>—o0 i L
2 + 2
x° X
5
= lim
g +1
_0-1
0+1
=] -1
= =
=7
éé Therefore, the only horizontal asymptote is y = -1.

-1
250. -1
4
In order to find any horizontal asymptotes of the function y = );—ng, you need
X
to consider the limit of the function as x = « and as x = —c. For the limit as x — oo,

begin by multiplying the numerator and denominator by %z
X

In order to find the limit as x - —, proceed in the same way, noting that as x — —oo,

you still use % = %:



Jim S5 = lim
F(Bx )
%\/x4+x

= Jim == 3
Xt x
4 4
= lim x . x
1+i3
= lim X
X—>—c0 3
_~1+0
3
-1
3

Therefore, the only horizontal asymptote is y =

y
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25’. y=landy=-1

To find any horizontal asymptotes of the function y = +, you need to
X“+2
consider the limit of the function as x - « and as x = —. For the limit as x — «, begin

by multiplying the numerator and denominator by %:

L)
lim ;C =lim 1 X -
8 —lim— L
< T X
i [
(==Y X
<N
=lim 1
= lxt 2
x? x?
=lim
1+-5
xZ
__1
1+0
=1
To find the limit as x - —o, proceed in the same way, noting that as x — —eo, you need
to use the substitution - = — L2:
X X
1
L(x)

lim —X— = lim
X——o0 \/X2+2 xe—w%m

= lim ——1——
—[% x*+2
x
= lim 21 5
X——oc0 x
— 7‘+7
x2 x?
= Jim —
- 1+F
_ 1
—J1+0
-1

Therefore, the function has the horizontal asymptotes y = 1 and y = -1.

2 5 2 « removable discontinuity at x = -3, jump discontinuity at x = 3

The limit exists at x = -3 but isn’t equal to f(-3), which corresponds to a removable
discontinuity.

At x = 3, the left-hand limit doesn’t equal the right-hand limit (both limits exist as finite
values); this corresponds to a jump discontinuity.



253.

254.

255.

256.

257.

258.

removable discontinuity at x = 1, infinite discontinuity at x = 5

The limit exists at x = 1, but f(1) is undefined, which corresponds to a removable
discontinuity.

At x = 5, the left-hand limit is « and the right-hand limit is —, so an infinite discontinu-
ity exists at x = 5.

jump discontinuity at x = -2, jump discontinuity at x = 3

At x = -2, the left-hand limit doesn’t equal the right-hand limit (both limits exist as
finite values), which corresponds to a jump discontinuity.

At x = 3, the left-hand limit again doesn’t equal the right-hand limit (both limits exist as
finite values), so this also corresponds to a jump discontinuity.

removable discontinuity at x = -1, jump discontinuity at x = 4, infinite discontinuity at x = 6

At x = -1, the left-hand limit equals the right-hand limit, but the limit doesn’t equal f(-1),
which is undefined. Therefore, a removable discontinuity is at x = -1.

At x = 4, the left-hand limit doesn’t equal the right-hand limit (both limits exist as finite
values), so a jump discontinuity is at x = 4.

At x = 6, both the left and right-hand limits equal «, so an infinite discontinuity is at x = 6.

not continuous, infinite discontinuity

A function f(x) is continuous at x = a if it satisfies the equation lim f(x)=f(a).

The left-hand limit at a is given by lirgy x+ As x — 27, you have (x-2) > 0~ so
that p 1_2 - OL’ — —o. Because the discontinuity is infinite, you don’t need to
examine the right-hand limit; you can conclude that the function is not continuous.

continuous, f(a) = 2

A function f(x) is continuous at x = a if it satisfies the equation lim f(x)=f(a).
The left-hand limit at a is 91(131 (1 +x? ) =1+1%? =2, and the right-hand limit at a is
)1(151 (4\/37 - 2) =41 —2 = 2. The left-hand and right-hand limits match, so the limit
at a exists and is equal to 2.

The value at ais f (a) = f(1) = 4J1 — 2 = 2. Because the function satisfies the definition
of continuity, you can conclude that that function is continuous at a@ = 1.

continuous, f(a) = 5

A function f(x) is continuous at x = a if it satisfies the equation lim f(x)=f(a).
The left-hand limit at a is

Answers and Explanations 2 ’ 9
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201-300
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lim X2=X=6 _ }im (x-3)(x+2)

x—3" x-3 x—37 x-3
=11_r)£1(x+2)
=3+2
=5

And the right-hand limit at a is

lim X2 -x—-6 = lim (X_S)(x+2)

x—3" x-3 x—3" x-3
=lLrgg(x+2)
=3+2

Answers
201-300

=5
Note that in this case, you could have simply evaluated the limit as x approaches 3
instead of examining the left-hand limit and right-hand limit separately.

The left-hand and right-hand limits match, so the limit exists and is equal to 5. Because
f(a) = f(3) = 5, the definition of continuity is satisfied and the function is continuous.

25 9- continuous, f(a) :—é

A function f(x) is continuous at x = a if it satisfies the equation limf (x)=f(a).
The left-hand limit at a is

4-x _ o 4-x

A T )Lle—(4_\/;)(4+\/;)
_ T 1
‘lefé—(“\/;)

_ 1

T 4+./16

_1

-8
The right-hand limit at a is

. A—x . 4—x

T ‘xli‘fé+(4_\/;)(4+\/;)
i 1
‘}L?é+(4+¢;)

_ 1

" 4+.16
_1

-8

The left-hand and right-hand limits match, so the limit exists.

Note that in this case, you could have simply evaluated the limit as x approaches 16
instead of examining the left-hand limit and right-hand limit separately.

The value at a is given by f (a) =f(16) = %, which matches the limit. Because the definition

of continuity is satisfied, you can conclude that that function is continuous at a = 16.



260.

2601.

not continuous, jump discontinuity

Answers and Explanations 22 ’

A function f(x) is continuous at x = a if it satisfies the equation lim f(x)=f(a). The left-

hand limit at a is

lim X+6 _ | x+6

xir—r(}’|X+G| x~>—6’—(x+6)
= Jim (7D
=-1

The right-hand limit at a is

lim X+6 _ |jm X+6

xir—ré*|x+6| xir—rf}*(x+6)
:xlir—ré*(l)
=1

Answers
201-300

Because the left- and right-hand limits exist but aren’t equal to each other, there’s a
jump discontinuity at a = —6.

not continuous, removable discontinuity

A function f(x) is continuous at x = a if it satisfies the equation limf (x) = (a). The left-

hand limit at a is

3
lim x°+1

i (x+1)(x2—x+1)

x=-1- X +1

x-10 (x+1)

lim (x*—x+1)

=(-1)° = (-1)+1
=3

The right-hand limit at a is

x+1)(x*—x+1
lim x3+1: lim ( )( )
X1 X+1 x—-1" (X+1)

T 2 _

_XILIE(X x+1)

=(-1)" =(-1)+1

=3

The left-hand and right-hand limits match, so the limit exists and is equal to 3.

Note that in this case, you could have simply evaluated the limit as x approaches -1
instead of examining the left-hand limit and right-hand limit separately.

However, because f(a) = f(-1) = 2, the function is not continuous; it has a removable

discontinuity.
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262. continuous ata=0andata=n

A function f(x) is continuous at x = a if it satisfies the equation limf (x)=f(a).

To determine whether the function is continuous at a = 0, see whether it satisfies the
equation lim f (x ) = f(0). The left-hand limit at a = 0 is lim 2+x%=2+ (O)2 =2,

and the right-hand limit at @ = 0 is lgrol 2cosx =2cos(0)=2. Because f(0) =

2 cos(0) = 2, the function is continuous at a = 0.

Likewise, decide whether the function satisfies the equation limf (x) =f (7).

The left-hand limit at a = 7 is lim 2cos x =2cos(x ) =2(-1)=-2, and the right-hand

Answers
201-300

limit at @ = wis lim (sinx —-2)=sinz —2=0-2=-2. Because

f(m)=2cosx =2(-1)=-2, the function is also continuous at a = .

y

263. jump discontinuity ata=1and ata =3

A function f(x) is continuous at x = a if it satisfies the equation Lig;f(x) =f(a).

To determine whether the function is continuous at a = 1, see whether it satisfies
the equation lim f (x) =f(1). The left-hand limit at a = 1 is )l(lgl(x +2)=1+2=3,

and the right-hand limit at a = 1 is lim 2x? =2(1)* =2. The limits differ, so there’s

a jump discontinuity.

Likewise, decide whether the function satisfies the equation lim £ (x) = f(3).

The left-hand limit at a = 3 is }ggl 2x% = 2(3)2 =18, and the right-hand limit at a = 3 is

lim x° = (3)3 =27, so there’s another jump discontinuity.

x—3*
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265.

continuous at a = 2, jump discontinuity at a = 3

A function f(x) is continuous at x = a if it satisfies the equation lim f(x)=f(a).

To determine whether the function is continuous at a = 2, see whether it satisfies the
equation lim f (x) = f(2). The left-hand limit at a = 2 is lim V2-x =42-2=0, and the
right-hand limit at a = 2 is lim (x2 —4) =(2)" —4=0.Because f(2) =+2—2 =0, the func-
tion is continuous at a = 2.

Likewise, decide whether the function satisfies the equation lim f(x)=£(3).

The left-hand limit at a = 3 is lggl (x2 - 4) = (3)2 —4 =5, and the right-hand limit

1 1 The limits don’t match, so there’s a jump

s 1 \_ _1
ata-31311m(—x+5)——3+5 3

—3"

discontinuity at a = 3.

infinite discontinuity at a = 0, continuous at a = 4

A function f(x) is continuous at x = a if it satisfies the equation lim f(x)=f(a).
To determine whether the function is continuous at a = 0, see whether it satisfies

the equation lim f (x) =£(0). The left-hand limit at a = 0 is lim cos x = cos0 =1, and
1 1

the right-hand limit at @ = 0 is lirr(} P G — o, s0 there’s an infinite discontinuity at a = 0.
Likewise, decide whether the function satisfies the equation lim f (4)=f(4). The
left-hand limit at a = 4 is 1i1£1 % = %, and the right-hand limit at @ = 4 is

L2 2 _2_1 _1 . : )
lﬂl Tt d-dsA-8°- 4 Because f(4) =4 the function is continuous at a = 4.

To determine the value of ¢, you must satisfy the definition of a continuous function:
liLr21f(x) =f(2).

The left-hand limit at x = 2 is given by lim (ex-2)=c(2)-2=2c-2, and the right-hand
limit is given by lirg (cx2 + 1) = c(2)2 +1=4c +1. Also note that f(2) = 2c - 2.

The left-hand limit must equal the right-hand limit, so set them equal to each other and
solve for c:

2c-2=4c+1
-3=2c
_3_
5 =¢
3

Therefore, c = -5 is the solution.

To determine the value of ¢, you must satisfy the definition of a continuous function:
l(igr}f(x) =f(4).

Answers and Explanations 223

Answers
201-300



224 Part II: The Answers

The left-hand limit at x = 4 is given by lim (x2 +c? ) = (4)2 +c¢?=16+c? and the
right-hand limit is given by iir? (cx +12) =4c +12. Also note that f(4) =16+ c*.
The left-hand limit must equal the right-hand limit, so set them equal to each other:
16 +c® =4c+12
c?-4c+4=0
(c-2)"=0

Therefore, c — 2 = 0, which gives you the solution ¢ = 2.

268. (1, 2]

Answers
201-300

Recall the intermediate value theorem: Suppose that fis continuous on the closed
interval [a, b], and let N be any number between f(a) and f(b), where f(a) = f(b). Then
a number c exists in (a, b) such that f(c) = V.

Notice that f(x) = x? —% is a polynomial that’s continuous everywhere, so the interme-

diate value theorem applies. Checking the endpoints of the interval [1, 2] gives you

—12_3__1
F1)=12-3--1

_92_3_4.3_5
F(2)=2"-5=4-3=2

Because the function changes signs on this interval, there’s at least one root in the
interval by the intermediate value theorem.

y

N |on

1
TN
N o
N~

root/zero

N|—
VS
—
|
N|—
N—
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269. [16,25]

Notice that f (x)=3vx — x +5 is a continuous function for x > 0, so the intermediate
value theorem applies. Checking the endpoints of the interval [16, 25] gives you

f(16)=3v16 -16+5=1
f(25)=325-25+5=-5

Because the function changes signs on this interval, there’s at least one root in the
interval by the intermediate value theorem.

N

N

S

N

X
Answers
201-300

The function f(x) = 2(3%) + x* — 4 is continuous everywhere, so the intermediate value
theorem applies. Checking the endpoints of the interval [2, 3] gives you

f(2)=2(3%)+2"-4=18
f(3)=2(3")+3°-4=59

The number 32 is between 18 and 59, so by the intermediate value theorem, there
exists at least one point c in the interval [2, 3] such that f(c) = 32.

271. 3, 4]

The function f (x) = 4|2x - 3| +5 is continuous everywhere, so the intermediate value
theorem applies. Checking the endpoints of the interval [3, 4] gives you

f(3)=4[2(3)-3|+5=17
f(4)=4|2(4)-3|+5=25

The number 22 is between 17 and 25, so by the intermediate value theorem, there
exists at least one point c in the interval [3, 4] such that f(c) = 22.
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272. x=1

The graph has a point of discontinuity at x = 1, so the graph isn’t differentiable there.
However, the rest of the graph is smooth and continuous, so the derivative exists for
all other points.

2 73. differentiable everywhere

Because the graph is continuous and smooth everywhere, the function is differentiable
everywhere.

274. x==2,x=0,x=2

The graph of the function has sharp corners at x = -2, x = 0, and x = 2, so the
function isn’t differentiable there.

Answers
201-300

You can also note that for each of the points x = -2, x = 0, and x = 2, the slopes of the
tangent lines jump from 1 to -1 or from -1 to 1. This jump in slopes is another way
to recognize values of x where the function is not differentiable.

2 75. X = % + n, where n is an integer

s

Because y = tan x has points of discontinuity at x = 5

function isn’t differentiable at those points.

+ n, where n is an integer, the

276. x=0

The tangent line would be vertical at x = 0, so the function isn’t differentiable there.

2717. 2

Use the derivative definition with f(x) =2x-1and f(x + h) =2(x + h) -1 =2x+ 2h - 1:
lim 2x+2h-1-(2x-1)

h—>0 h

2x+2h-1-2x+1
h

=lim
h—0
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2 78. 2x

Use the derivative definition with f(x) = x> and f(x + h) = (x + h)?> = (x + )(x + h) =
X2 + 2xh + h%

x%+2xh+h?—x*

lim
h—0

2
—lim 2Xh+h

h=0 h

h(2x+h
:lim—( x* )

h—0 h 28
—Li%(2x+h) %c?
=2x+0 éﬁ
=2x

279. 1

280. -,

1 1

Use the derivative definition with f(x) = and with f(x+h) = - to get the
following: X X+
) x—(x+h)
x+h _x _p. X(x+h)
== =lm—F
1
—h
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281. 3% = 2x

Using the derivative definition with f(x) = x® — x* and with

f(x+h)=(x+h)’—(x+h)*

=x3+3x2h+3xh2+h3—(x2+2xh+h2)

gives you the following:

x°+3x*h+3xh> +h* —x* = 2xh-h* - (x* - x*)

§§ lim h
B _ lim 3X*h+ 3xh* + h® — 2xh — h?
o = 1m
<):N h—0 h
h(?,x2 +3xh+h2—2x—h)
=lim
h—0 h

=1lim(3x® +3xh+h* -2x —h)
h—0
=3x*+0+0-2x-0

=3x%-2x

282. 6x + 4

Using the derivative definition with f(x) = 3x? + 4x and with

f(x+h)=3(x+h)2+4(x+h)
=3(x*+2xh+h*)+4x +4h
=3x%+6xh+3h%+4x+4h

gives you the following:

3x2 +6xh+3h° +4x+4h—(3x2 +4x)
lim A

6xh+3h*+4h
h

=lim
h—0

=11mh(6x+3h+4)

h=0 h
=lhi£r(}(6x+3h+4)
=6x+3(0)+4
=6x+4
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Using the derivative definition with f(x) = vx and with f (x + h) = Jx + h gives you

the following:

Jx+h—Jx

lim T

(R ) (R )

0 p(xrh )
1 x+h—-x
_l”lg‘}h(\/m+\/§)

h

=lm——
h—0

h( x+h +\/)7)
—lim—u»>l
=0 [x+h +x
_ 1

Jx+0 ++/x
_ 1
24x

284. ﬁ

Answers
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Using the derivative definition with f(x) =+v2-5x and with
f(x+h)=,2-5(x+h) =+2-5x—5h gives you the following:

lim\/Z—Sx—Sh—\/Z—Sx

h>0 h

=lim h

. (2-5x—-5h)—(2-5x)

=li

"= h(J2=5x—5h +2-5x )

=lim —oh

"= h(J2=5x—5h +2-5x )
-5

(v2=5x—5h ++2-5x)

-5

(vV2=5x—-0++2-5x)

=

2\2-5x

=lim
h—0

V2-5x—-5h —\2-5x [ 2—5x —5h +~2—5x
J2-5x—-5h ++2-5x
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285. -1 3/2
2(x-1)"
I . 1 . 1
Use the d tive definit th f(x) = dwith f(x +h) = ——=:
se the derivative definition with f(x) =7 and wi (x+h) ——
1 _ 1
hm\/x+h—1 \/x—l
h—0 h
Nvx-1-+Jx+h-1
02 i X —Ixth-1
o =lim
& h—0 h
Bk 1
co
= im [ ¥x=l=vVx+h-1 ) Jx-T1+Jx+h-1
0 hx —1Nx+h-1 | Nx—-1++x+h-1

. (x—-1)=(x+h-1)

0 (W =Tx+h=1)(Jx =T+x+h-1)
(hx/x—l\/x+h—l)_(hx/x—l+Jx+h—l)
(x/x—lx/x+h—1)le/x—l+Jx+h—1)

(\/x—lx/x+0—l)(xl/x—l+Jx+0—1)

=lim
h—0

=lim
h—0

286. 32+ 3

Use the derivative definition with f(x) = x* + 3x and with f(x + h) = (x + h)®> + 3(x + h) =
x3 + 3x%h + 3xh2 + h® + 3x + 3h:
x* +3x*h+3xh* +h® +3x+3h—(x3 +3x)
him h

— lim 3%°h +3xh® + h® + 3h

h—0 h
h(3x®+3xh+h*+3)
h—0 h
=lhi£r(}(3x2 +3xh+h*+3)
=3x*+0+0+3

=3x2+3
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287. _=2x

(x2+5)2
Using the derivative definition with f(x) = —; 5 and with
+
1 1 . ,
Flx+h)= = the following:
Leeh) (x+h)’ +5 71 2xh il 45 Sves youthelofiowing
1 _ 1
: X2+2Xh+h2+5 x2+5
lim
h—0 h
1 og
2 2 2 q;-’m
(x*+5)—(x* +2xh+h* +5) 2%
co
(x*+2xh+h* +5)(x* +5) 28
=lim
h—0 ﬁ
1
=lim —2xh—h2
"0 h(x® +2xh+h* +5)(x* +5)
. h(-2x-h)
=lim
"“)Oh(x2+2xh+h2+5)(x2+5)
i —2x-h
=lim
’Ho(x2+2xh+h2+5)(x2+5)
- —-2x
(x2+0+0+5)(x2+5)
—2X

2+l

i ivati initi i _2x+1 . B
Using the derivative definition with f(x) = <1 and with f(x+h) = S Thod

you the following:

gives

2x+2h+1_2x+1
x+h+4 x+4

lim

h—0 ﬂ
1
(2x+2h+1)(x+4)-(2x+1)(x+h+4)
. (x+4)(x+h+4)
-l .
1
Th

:l'
”lg(}h(x+4)(x+h+4)
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_ 7
T xr4)(x+ht )

_ 7
(x+4)(x+0+4)

7
(x+4)2

289_ x?+6x-1

Answers

(x+3)2
o
g . . . e eps . x2+1 .
| Using the derivative definition with f(x) = 33 and with
- 2
& f(x+h):(x+h) 1 x242xh+h®+1

x+h+3 T+ he3 gives you the following:

x2+2xh+h*+1 _ x*+1
lim x+h+3 x+3
h—0 h

1
(x*+2xh+h* +1)(x+3)—(x* +1)(x+h+3)
lim (x+h+3)(x+3)

h—0 h

1
— lim 2x* +6xh+ h®x +3h* —h
=0 h(x+h+3)(x+3)
h(x® +6x+hx+3h-1)
=lim
=0 h(x+h+3)(x+3)

_x +6x+0+0-1
(x+0+3)(x+3)

_x*+6x-1
(x+3)°

290. 2

3(2x+1)"
Using the derivative definition with f(x) = %2x +1 and with
f(x+h)=32(x+h)+1=32x+2h+1 gives you
/3 1/3
- Px+2h+l-3Px+l . (2x+2h+1)7 —(2x+1)
lim =1im
= h h=0 h




291.

292.

293.

294.

295.

f'() <

To rationalize the numerator, consider the formula a® - b® = (a - b)(a® + ab + b%). If you
leta = (2x +2h + 1)V and b = 2x + 1)1, you have (a - b) in the numerator; that means

you can rationalize the numerator by multiplying by (a? + ab + b?):
2x+2h+1)" —(2x+1)"?
A ) —(2x+1)

h>0 h

=lim

[(2x+2n+1)" = (2x+1)" | [ (2x+ 20+ 1) + (224 2041)" (2241)" + (2x41)"" |

=0 h [(2x+2h+1)2/3+(2x+2h+1)1/3(2x+1)1/3+(2x+1)2/3}

lim (2x+2h+1)-(2x+1)
=11 —
"V h (2x+20+1)" + (20 +20+1)"7 (20 +1)" + (220 +1)

:lhim B 2/3 2h 1/3 1/3
PRl (2x+2h+1)7 +(2x+2h+1)7 (2x + 1) +(2x +1)

. 2
=lim
PO (2x+2n41)" w20+ 201) 7 (20 +1) 1+ (20 +1)7 |

2

[(2x+2(0)+1)2/3 +(2x+2(0)+1)1/3 (2x+1)"° +(2x+1)2/3}
- 2

2+ 1) (20 1) 4 (20 +1)

-2
3(2x +1)""

2/3 7]

2/3 7]

273

The tangent line at x = 3 is horizontal, so the slope is zero. Therefore, f'(3) = 0.

The slope of the tangent line at x = -1 is equal to -1, so f'(-1) = -1.

The slope of the tangent line at x = -3 is equal to 1, so f'(-3) =1.

The slope of the tangent line at any point on the graph of y = 3x + 4 is equal to 3,
so f'(-22m%) = 3.

F(=2) < F(=3)

The tangent line at x = -3 has a positive slope, the slope of the tangent line at x = -2
is equal to zero, and the slope of the tangent line at x = 1 is negative. Therefore,
f'(D) < f'(=2) < f'(-3).
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296. F(D) <F'(2) < 0.1 < F(5)
The slope of the tangent line at x = 1 is negative, the slope of the tangent line at x = 2 is

equal to zero, and the slope of the tangent line at x = 5 is clearly larger than 0.1.
Therefore, f'(1) < f'(2) < 0.1 < f'(5).

297. 5

Use basic derivative rules to get f'(x) = 5.

298. 2x+3

Apply the power rule to each term, recalling that the derivative of a constant is zero:
f'() = 2x + 3.

299. 4x + 7

Answers
301-400

Begin by multiplying the two factors together:
f(x)=(x+4)(2x-1)
=2x*+7x-4
Then apply the power rule to get the derivative:
f(x)=2(2x)+7
=4x+7

300. 0

Because 7 is constant, f'(x) = 0.

301. 5
2Jx
Split up the radical and rewrite the power on the variable using exponential notation:
f(x)=5x =5/x =Bx"?
Then apply the power rule to find the derivative:
, _ 1 2 _ 5 _ 5
O R v
-3_2 12
a 9 T T 3 + 1
302. 3-2.1

Begin by breaking up the fraction:

2 —
f(x): 3x +:.3X' 4
X

3x* . x 4
3

x> X x
=3xT+x%-4x7°
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303.

304.

305.

Then apply the power rule to find the derivative:

f'(x)=-3x7%-2x"+12x""
-3 2 12
== -5+

x? x* X!

X ﬁ
Begin by multiplying the factors together:
f(x)= \/E(x3 +1)
= x1? (x3 + l)

— X724y 12

7 el

Then apply the power rule to find the derivative:
: 7 1 -
f (X) = EXS/Z +§X 12

_ Tz, 1

2 2x
4.3 .
229 1 2.2x0

Begin by rewriting the function using a negative exponent:

FO) =33 42t = Bxt 4 2x
X

Then apply the power rule to each term to get the derivative:
£'1(x) =3 (—4x)+2(1.1x"")
= ﬁ +2.2x
X
—-12
7o *E

Apply the power rule to the first two terms of £ (x) = 4x " +8x ++/5, recalling
that the derivative of a constant is zero:

f'(x):4(—%x"°/7)+8

f(x) =(%—%j(x2 +x)

235

Answers
301-400
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Next, apply the power rule to find the derivative:

fl(x)=-1x?-2x"-2

307. -S+E-
Begin by multiplying the factors together:
f(x)= (x’3 + 4)(3(’2 —5x)
=x°-5x?+4x72-20x
=x7 -x?2-20x

Then find the derivative using the power rule:

gg f'(x)=-5x"+2x7"-20
Al —-3 42 9
28 x5 x

308. 163 — 2x + 8

Apply the power rule to each term, recalling that the derivative of a constant is zero:
f'(x) = 16x3 - 2x + 8.

309. L.

2%V 45
Rewrite the function using exponential notation:

f(x)= \/_ _L
D=
L2 1

=X _—

/A

= x V2 _ 14

Then apply the power rule to each term to find the derivative:
\ | 1 -
fix)=5x 1z —(—Zx 5/4)
1 1

= 2y /2 + 4x5"

310. -

vl

Begin by finding the derivative of the function f(x) = x> - x> —x + 1:
f'(x)=3x2-2x-1
A horizontal tangent line has a slope of zero, so set the derivative equal to zero, factor,
and solve for x:
3x*-2x-1=0
(3x+1)(x-1)=0
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Setting each factor equal to zero gives you 3x + 1 = 0, which has the solution x = —%,
and gives you x — 1 = 0, which has the solution x = 1.

y

N —

I+
|H

&

311.

Begin by finding the derivative of the function:

f'(x)=18x2+5

Next, set the derivative equal to 6 and solve for x:

18x%2+5=6
x=t %
x:iﬁ

312.

16x7 + 5x - 8x% -1

Recall that the product rule states

[ (x)8(x)]= 7 (x)8(x) £ ()¢ ()

Answers
301-400

You can multiply out the expression f(x) = (2x* + 1)(x° - 1) first and then avoid using
the product rule, but here’s how to find the derivative using the product rule:

f'(x) :(ze)(xs —x)+(2x3 +l)(5x4 —1)
=6x"—6x%+10x" —2x> +5x" -1

=16x" +5x*-8x% -1
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3’3. x(2 sin x + x cos X)

Applying the product rule to f(x) = x2sin x gives you
f'(x)=(2x)sinx+x*(cosx)

=x(2sinx+xcosx)

3 ’4. (secx)(tan2x+sec2x)

Apply the product rule to f(x) = sec x tan x:
f'(x)=(secxtanx)tanx+ secx(sec2 x)

= (secx)(tan2 x +sec’ x)

3 ’5. (sec x)(1 + x tan x)

Answers
301-400

Begin by rewriting the original expression as f(x) = coﬁx

product rule:

= xsecx and then apply the

f'(x)=()secx+xsecxtanx
=(secx)(l+xtanx)

3 ’6. 4 (csc x)(1 —=x cot x)

Apply the product rule to f(x) = 4x csc x to get
f'(x)=4(cscx)+4x(—-cscxcotx)

=4(cscx)(1-xcotx)

317. =
According to the product rule,
(f2)'(x) = F(x)g(x) + F(x)g'(x)
To find (fg)'(4), enter the numbers and solve:

(f)' (D) = F(HgHD) +F(Dg'(4D)
=(2)(=6)+(3)(®)
=12

318. _38(x) , g'(x)
Recall that the product rule states

[ 1x)g(0)] =1 (g + (g (x)




319.

320.

321.

322

You can apply the quotient rule directly, or you can rewrite the original function as
f(x)= &)3() =x"[g(x)] and then apply the product rule to get the following:
X
f'(x)= (—Sx"‘ )[g(x)] +x7[ ()]
__38(x) g
4 3

X X

xsec xtan x + 2 sec3x

Apply the product rule to f(x) = sec x(x + tan x) as follows:

f'(x)= secxtanx(x+tanx)+secx(1+sec2x)
= xsecxtanx +secxtan®x +secx+sec’x
= xsecxtanx+(tan2x+1)secx+secsx

= xsecxtanx +sec’® x +sec’® x

= xsecxtanx+2sec’® x

(2x+1)escx —(x* +x)(cscxcotx)
Apply the product rule to f(x) = (x* + x)csc x to get
f'(x) :(2x+1)cscx+(x2 +x)(—cscxcotx)

:(2x+1)cscx—(x2 +x)(cscxcotx)

452 (sec x)(3 + x tan x)

Applying the product rule to f(x) = 4x® sec x gives you

fi(x)= (12x2 )secx +4x*(sec xtanx)

=4x*(secx)(3+xtanx)

_cotx _cscix
2x3/2 x1/2

You can apply the quotient rule directly, or you can rewrite the original function as

f(x)= colt/zx = x* cot x and then apply the product rule as follows:
x

f'(x)= —%x‘s/z cotx+x‘1/2(—csc2x)

__cotx _csc’x
95372 2
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323. x[2g(x)+xg'(x):|

Using the product rule on f (x) = x?¢ (x) and then factoring gives you the derivative
as follows:

F'(x)=2xg(x)+x’ [g'(0)]
=x[2g(x) +xg'(x)]
324. g(x)+xg'(x) -
Begin by breaking up the fraction and simplifying:
2
F(x) = 1+ xxg(x)

_1, x°g(x)
X X
=x"+xg(x)

Answers
301-400

Next, apply the power rule to the first term and the product rule to the second term:
F1(x)=-1x?+[1g(x) + xg'(x) |
=800+ g ()~

325. 46

The product rule tells you that
(18)' (x) = F'(x)g(x) + F(x)g'(x)
To find (fg)'(3), enter the numbers and solve:

() (3= (3D +F(3)g'(3)
=(BHE)+D(M
=-46

326. 2x cos x sin x — x?sin® x + x2cos?x

Recall that the product rule states
d ' '
el f(x)g(x)]=F(x)g(x)+F(x)g'(x)

You can group the factors however you want and then apply the product rule within
the product rule. If you group together the trigonometric functions and apply the
product rule, you have f(x) = x’(cos x sin x) so that

f'(x) =(2x)(cos xsinx) + x*((-sinx)(sinx) + (cos x)(cos x))

=2xcosxsinx—x2sin’x+x%cos®x



327. 1 +g(x)+x1/2g'(x)

xS oy
Begin by simplifying the given expression:
2+ xg(x)
f X)=—F——
) VX

=2x7V2 4 x V2

8(x)

Then apply the product rule to the second term and the power rule to the first term:

1

f'(x):2(—%)(’3/2)+§x’1/2g(x)+x‘/2g'(x)
1 X !
ST + i)((l/z +x"28'(x)
328. =2, 2 hanx+[-L -2 |sec?x
x* x? x? X
Rewrite the original expression:
(1 2 (w2 9.1
f(x)—(F x](tanx)-(x 2x )(tanx)
Then apply the product rule to get the derivative:
f'(x):(—Zx’s+2x’2)tanx+(x’2—2x")(sec2x)
:(_—%+%)tanx+(%—zjsec2x
X X x° X
1 , 4cos 2sin
329. o

First simplify the given function:

9.3
Flx)= X Zx;/gcosx

_ x _2x%xcosx
x? x?
=x1-2x"cosx

Then apply the product rule to find the derivative:

fl(x)=-x7 —(—%X’S/3 cosx +2x ?3(-sinx)

__1 ,4cosx  2sinx
P 35573 E
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Answers
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330.

331.

332.

333.

334.

—20g(x) , 4g'(x)
X 6 X 5

You can use the quotient rule directly, or you can rewrite the original expression as
f(x)= 4g_(5x) =4x7g(x) and then apply the product rule as follows:
X
f'(x)=-20x"g(x)+4x7°g'(x)

_—208(x)  4g(x)
xb x°

(sinx)g'(x)h(x)+(sinx)g(x)h'(x)+(cosx)g(x)h(x)

To find the derivative of f(x) =[g(x)h(x)]sin x, use the product rule within the
product rule:

£'(x) =[ g (x)h(x) +g(X)R'(x) |sinx +[g(x)h(x)]cos x
= (sinx) g'(x)h(x) + (sinx) g(x)h'(x) + (cos x) g(x)h(x)

5

(3x+4)*

Recall that the quotient rule states

d ( f(x) j _ 8 () - f(x)g'(x)

dx\ g(x) [g(x)] 2

2x+1.

3x+4°

F(x) = Bx+4)(2)- (232c +1D(3)
Bx+4)

Apply the quotient rule to f(x) =

__ 5
(Bx+4)*

10— 2x*?

(5+x2)2
2x
5+ x?

(5+x*)(-(20)(2x)
(5+x2)2

_ 10-2x?

(5+x2)2

Apply the quotient rule to f(x) =

to get the derivative:

F(x) =

cosx—sinx+1

(cosx+1)*
sinx—1.

Apply the quotient rule to f(x) = cosx i1



. (cosx +1)(cosx)—(sinx —1)(—sinx)
f(x)= 7
(cosx+1)
_ cos®x+cosx+sin’ x —sinx
(cosx +1)*

_cosx—sinx+1
(cos x +1)?

335 —4x° = 2x° +1
: (x°+x° +1)2
Apply the quotient rule to f(x) = % to get the following:
x’+x°+1
(x5 +x3 +1)(1)—x(5x4 +3x2)
(x5+x3 +1)2
_—4x*-2x*+1
(x5 +x3+1)2

F(x)=

336. -

sl

The quotient rule gives you

( f j'(x) _ 80OF ()~ F()g'(x)
g [2(0]°

] (4), enter the numbers and solve:

o |~

To find (

(LJ' _sWFf()-fHg'@
4) 5
g [g(®)]
_®ED-5)4)
82

N

3317. -

(3x+5)*
Recall that the quotient rule states

d [ fO0) ) 8GO ()~ f(x)g'(x)
dx| g(x) [g(x)]2

Apply the quotient rule to f(x) =

xX+2.
3x+5

oy Bx+5)(D)—(x+2)(3)
Feo= (3x15)°
_ -
~ (3x+5)?
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33& —2x% +2x

(3x2—2x+1)2

2
Apply the quotient rule to f(x) = —5*——
3x°-2x+1
(3x*—2x+1)2x - x*(6x -2)

(3x2 —2x+1)2

to find the derivative:

f'(x)=

_ —2x*+2x

(3x2—2x+1)2

339. xcosx—43$inx

X

Apply the quotient rule to f(x) = % to get the derivative:
X

xgcosx—sinx(?)xz)

2
(x)
_ x*(xcosx—3sinx)
= o

_ Xcosx—3sinx

x4

f'(x)=

Answers
301-400

340 —3x%-2x-7

2
(x2 —2x— 3)
First, simplify the numerator and denominator:

oD+ xex2
)= DD ~ ¥ ox 3

Then apply the quotient rule to get
(x2 —2x—3)(2x+1)—(x2 +x—2)(2x—2)

f'(x)=

2

(x2 —2x — 3)
_ =3x’-2x-1
9 2
(x -2x— 3)
34 ’ secx tanx2
- (1+secx)
: __secx N
Apply the quotient rule to f(x) = Tt secx to get the following:
. (1+secx)(secxtanx)—secx(secxtanx)
f'(x)= 7
(1+secx)
_ secxtanx

"~ (1+secx)?
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3 2 8xsinx +8xcosx —4x’ cosx +4x%sinx
42. (sinx +cosx)*
Apply the quotient rule to f(x) = 4—x2
sinx +cosx

B (sinx +cos x)(8x) —(4)(2 )(cosx —sinx)

f'(x)

(sin x + cos x)?

_ 8xsinx+8xcosx—4x*cosx+4x*sinx
(sin x + cos x)?

4 ‘ 49
The quotient rule says that

( f J'(x) _ 80 —f (;C)g [€3)
g [5(0]

To find (é] (5), enter the numbers and solve:

[ f j'(S) NH{OUORI (25)g ®)
g [8(5)]
_ED@-((6)
CO¥
_38
49

Answers
301-400

344. 4x +3x°?

2 (1 +xV? )2
Recall that the quotient rule states

d [ FC0) ) 8GOf ()~ F(x)g'(x)
dx| g(x) [g(x)]z

Apply the quotient rule to f(x) =

XZ
1+/x
(1+x1/2)(2x)—x2(%x'1/2)

(1+x1/2)2

32 1
9%

to get

f'(x)=

2x +2x 32

(1+xl/2)2

=2x+%x3/2
(1+xl/2)2
_ 4x+3x%?

2(1+x"%)"
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345. :

(cosx +sinx)*

sinx

Apply the quotient rule to f(x) = m

to get the following:

)= (cosx +sinx)(cos x)—sinx(—sinx + cos x)
(cos x +sin x)?

f'(x

_ cos® x +cos x sinx +sin® x —cos x sin x
(cos x +sinx)*

_ 1
(cos x +sin x)?

346- 6x +5x*?

3(1+x1/3)2
- _ x .
gg Apply the quotient rule to f(x) = L ix
=
gsl (1+x1/3)(2x)—x2(lx’2/3)
= £ = 2
(1+x")
2x+%x4/3
(1)
_ 6x+5x4/3’
3(1+x)’
_—1
347- 2\/;(\/;-}_1)2
Apply the quotient rule to f(x) = ‘/\/:”L 2 to get
Jx +1 (lx’w)— Jx +2 (—x’l/z)
ooy )2
(G +1]
_%X—I/Z
()
-1

=2J§(J§+1)2



348‘ (secx)(l+secx+tanx)
(secx+ 1)2

tanx -1

as follows:
secx+1

Apply the quotient rule to f(x) =

Y= (secx+1)sec? x —(tanx —1)(sec x tan x)

£
(x (secx+1)?

_ sec’ x+sec” x —tan® xsec x + sec x tan x
(secx +1)?

_ (secx)(sec’ x +sec x —tan” x +tan x)

B (secx +1)*

_ (secx)(1+secx+tanx)

B (secx+1)*

Note that the identity sec?x — tan®x = 1 was used to simplify the final expression.

369. iy
(x2 + 4)
First multiply the numerator and denominator by x:

f(x)=—%
x+i
X

Then use the quotient rule to find the derivative:
(x*+4)(2x)-x*(2x)
2
(x*+4)
= 8x
9 2
(x +4)

f'(x)=

350, x(x)-3s(x)

x4

Applying the quotient rule to f(x) = g(f), followed by factoring and simplifying, gives
you the following: X
x°g'(x) - g(o)[ 3x* ]
(")
_ X [g(0-3¢)]
x

_xg(x)-3g(x)
x4

f'(x)=
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351. _g(x)sinx +g'(x)cosx
[2(x)]

Applying the quotient rule to f(x) = ?E—i))( gives you
iy - ECOLsin] (o5 (o)
[8(0)]
__8(x)sinx+ g'(x)cosx
[sCO)

352. 100(2x+3)(x2+3x)99
Recall that the chain rule states
S1(8(0)=F(8(0)8 )

Applying the chain rule to f(x) = (x2 + 3x)100 gives you

Answers
301-400

£(x)=100(x*+3x)" (2x +3)
=100(2x +3)(x* +3x)”

353. 4 cos(4x)
Apply the chain rule to f(x) = sin(4x):

f'(x)= [cos(4x)](4)
=4cos(4x)
354 sec x tan x
« 2/3
3(1+secx)
Rewrite the function using exponential notation:
f(x)=+secx =(1+ secx)l/3
Then apply the chain rule:
f'(x)= l(1+ secx)fz/3 (secxtanx)

3

__secxtanx
3(1+secx)”

355, 2D
(x*-x)’
Rewrite the function as

f(x) = 1 (2 _ )7
(x) T (x*-x)



Then apply the chain rule to get the derivative:
f'(x)= —5(x2 —x)i6 (2x-1)
_ -5(2x-1)

(xx]

356. ZCSC(%)cot(%]

X X
3

X
First rewrite the function:

f(x)=csc( 1 j=CSC(x‘2)

x2

Then apply the chain rule:
f'(x)= (—csc(x'2)cot(x'z))(—Zx'S)

1 1
2 —5 |cot| =5
_ csc(xzjco (xzj

x3

357- 5(1—ZCosxsinx)(x+cos.2x)4

Apply the chain rule to f(x) = (x +cos? x)s to get
f'(x)= 5(x+cos2 x)4 [1+2cosx(-sinx)]

= 5(1—2(:osxsinx)(x+c052x)4

358. N

(cos(;rx)-t-sin(mc))2

Recall that the chain rule states
d _ il ]
2 [(800))=1(8(x)) g (x)

and that the quotient rule states

d ( f(x) ): gLOF (X))~ F(x)g'(x)

dx | g(x) F{EINk
To find the derivative of f(x) = sm(mo , apply the quotient rule along with
the chain rule: cos(zx)+sin(7x)

(cos(x)+sin(zx))(cos(nx))x —sin(zx)((—sinzx)x +(cos(rx))m)

f'(x)=

(cos(mx)+ sin(ﬂx))2

o (COSz(ﬂX) + sinz(frx))

(cos(mx)+ sin(;rx))2
n
(cos(mx)+ sin(;rx))2
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359. —(sinx + x cosx)sin(xsinx)
Recall that the chain rule states
L1(900)=r(8(0)g (0
and that the product rule states
L[ (x)g0x)] = ()0 +F (g (%)

To find the derivative of f(x) = cos(x sin x), apply the chain rule and the product rule:
f'(x)= [—sin(xsinx)}[lsin)wrxcosx]

=-1(sinx + x cosx)sin(xsinx)

360. sin§/§+%§/§cosg/§

Answers
301-400

Rewrite the function using exponential notation:
f(x) = xsini/x

=xsin(x1/3)

Now apply the product rule, being careful to use the chain rule when taking the
derivative of the second factor:

f'(x)= 1Sin(xl/3)+x(cos(x1/3))(%x72/3)

el 3 1 .13 3
=sin(x"* )+ $)(cos(x"))
:sinﬁ/;+%§/;cos%/;
36 ’u 3 — 3/2
(3-2x)
Recall that the chain rule states
S(800)=F(8(0)8 )

and that the quotient rule states

d [ () ) 8GO ()= F()g'(x)
dx | 80 [g¢0]°

Rewrite the function using exponential notation:

_ X
=55

_x
(3-2x)"
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Next, apply the quotient rule, making sure to use the chain rule when taking the
derivative of the denominator:

f'(x) _ (3—23()1/2(1)—)((%(3_22)()1/2(_2))
((3—2){)1/2)

(3-2x)"*((3-2x)+x)
(3-2x)
3-x

3/2

" (3-2x)

362. 4 sec?x tan x

First rewrite the function:

f(x)=sec’x+tan’x = (secx)2 +(tanx)2

Answers
301-400

Applying the chain rule gives you the derivative:
f'(x) =2(sec x)sec xtan x + 2(tan x) sec? x

=4sec® xtanx

1
363 L

Recall that the chain rule states
d _ Al il
2 [ (800))=1(2(x)) g (x)

and that the quotient rule states

d ( f(x) j_ gCOf ()~ f(x)g'(x)

dx{ () [0’
Rewrite the function using exponential notation:
() =2
1+ x?
_ X
1/2
(1 +x? ) !

Apply the quotient rule and the chain rule to get the derivative:
2 1/2 1 2 -1/2
(1+x?) (1)—x(§(l+x ) (2x))

((1+x2)1/2)2

F(x)=
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364. x(11x® +3x +40)

4()(3 +5)3/4

Recall that the chain rule states
L 1(900)=r(8(0)g (0
and that the product rule states
% [F0)8C) ] =F(x)g(x) +F(x)g (x)
Rewrite the function using exponential notation:
F(x)=(x*+1)¥x"+5
= (x2 + 1)(9(3 + 5)1/4

Then apply the product rule and also use the chain rule on the second factor to get the
derivative:

Answers
301-400

FE0=@0(x"+5) "+ (1) £(x+5) " (3x?))
= (x?+5) " (2x(x"45)+ 37 (x 1)
yx'g
(x*+5)"
_ x(11x° +3x+40)
a(xP+5)”

x%+10x

365. 67 (x* =1)" (x% +1)" (7x° —5x +2)

To find the derivative of f(x) = (x4 - 1)3 (x5 + 1)6, use the product rule along with the
chain rule and then factor:

f'(x):(S(x4—1)2(4x3))(x5+1)6+(x4—1)3(6(x5+1)5(5x4))
:6x3'(x4 —1)2(x5 +1)5(2(x5 +1)+5x(x4 —1))

:Gxe'(x4 —1)2(x5 +1)5(7x5 —5x+2)



366. (x—l)z(—7x2+8x+5)

(x2+x)6

Recall that the chain rule states
L f(g(x))=F(g(0))gx)

and that the quotient rule states

d [ f(x) )z gOOF () - F(x)8'(x)
dx

8(x) (2]
Applying the quotient rule and the chain rule to f(x) = ( ———— gives you the
following derivative: x? )

(x2+x)5(3(x—1)2)—(x—1)3(5(x2+x)4(2x+1))
((x2+x)5)2

. (x—1)2(x2+x)4(:')(x2 +x)=5(x-D)(2x+1))
(x2+x)10

B (x—1)*(~7x* +8x+5)

f'(x)=

(x2+x)6

-1
367. (x+1)l/2(x—1)3/2

First rewrite the function using exponential notation:

1/2
f(x)= (Xt o (22

Then apply both the chain rule and the quotient rule:

- (221) I/Tx—l)(l)—(xu)(l)]

(x-1)°
(x+1)_1/2{ i) 1
()| (x-1)

:(x—l)w[ 1 ]
(x+1)1/2 (x—l)2

N[ —
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Answers
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368. 2x(cos(x2))(cos(sin(x2)))(cos(sin(sin(xz))))
To find the derivative of f (x) = sin(sin(sin(x2 ))), apply the chain rule repeatedly:
f'(x) =(cos(sin(sin(x2))))(cos(sin(x2)))(cos(xz))@x)

- 2¢(cos( ) cos(sin( ")) cos{sn(sn( "))
369 2% +1 273

6x1/2(x+x1/2)

Rewrite the function using exponential notation:

F(x)=3x+Jx
=(x+(x)1/2)

Then apply the chain rule repeatedly to get the derivative:

1/3

f'(JC):%(x+x1/2)72/3(1+%x’1/2)

1. 2
1+ 2x
3(x+x1/2)2/3
_ 2xY% +1

(Sx”z(x+x1/2)2/3

370. (145x) (24x-x?) (-90x% + 41x +47)
Recall that the chain rule states
L1(900)=r(8(0)g (0
and that the product rule states
% [F08() ] =F(x)g(x) +F(x)g'(x)

Applying the product rule and chain rule to f(x) = (1 + 5x)%2 + x - x%)7 and then
factoring (factoring can be the tricky part!) gives you the following:

f‘(x):(4(1+5x)3(5))(2+x—x2)7+(1+5x)4(7(2+x—x2)6(1—2x))
:(1+5x)3(2+x—x2)6(20(2+x—x2)+7(1+5x)(1—2x))

:(1+5x)3(2+x—x2>6(—90x2 +41x+47)



377. x=0,m 2n

Recall that the chain rule states
L f(g(x))=F(g(0))g'x)

Begin by finding the derivative of the function f(x) = 2 cos x + sinx:
f'(x)=2(-sinx)+2sinxcosx
=2sinx(cosx-1)
Then set the derivative equal to zero to find the x values where the function has a
horizontal tangent line:

2sinx(cosx-1)=0

Next, set each factor equal to zero and solve for x: sin x = 0 has the solutions x = 0, m,
2n, and cos x— 1 = 0, or cos x = 1, has the solutions x = 0, 2. The slope of the tangent
line is zero at each of these x values, so the solutions are x = 0, «r, 2m.

372. SH®]

X
To find the derivative of F(x)=[H (x)]g, use the chain rule:

F(x)=3[H()] H(x)
=3[HCo) 2

6[H(O)]

X

373. 28

Because the chain rule gives you F'(x) = [f'(g(x))]g'(x), it follows that
F(2)=[f(s2)]g@
=[f-2]@®

=(MM®
=28

374. 40
Because the chain rule gives you F (x) = [f'(f(X))]f'(X), it follows that
F@)=[f(f)]f@
=[F(-2)](-5)

=(8)(5)
=-40
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375. ¢
X
Recall that the chain rule states
d o !
2 [(800) =1 (8(x)) g (x)
Using the chain rule on f(x) = H(x®) gives you the following:
f'(x)= [H'(x3 )}(33(2)
Because H'(x) =
Fx) = [ x*)](3x
Z5(3x)

- you know that that H' ( ) = %, so the derivative becomes
X

><|cn><

Answers
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376. 80

Because the chain rule gives you F'(x) = [f' (g(x))]g'(X), it follows that
F(9)=[f(g®)]g@®
=[f(6)](8)

=(10)(8)
=80

377.

=0

Use properties of logarithms to rewrite the function:
f(x)=Inx*=2lnx
Then take the derivative:

' 1_2
f(X)ZZEZE

378.  A(nx)

X
To find the derivative of f(x) = (In x)%, apply the chain rule:

f'(x)=4(lnx)3(%)

_4(Inx)?
Tox
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379. y

x> +5

Begin by using properties of logarithms to rewrite the function:
f(x)=Invx*+5
=In ( x%+5 )

12

_1 2
= Eln(x + 5)
Then apply the chain rule to find the derivative:
e 1( 1
reo =5 i e

X
x%2+5

1
380. (1111())—6\/+—xz

Begin by writing the function using exponential notation:

f(x)= logw(x+\/6+x2 )
:loglo(x+(6+x2)l/2)

Then use the chain rule to find the derivative:

Answers
301-400

v 1 1 1(g, v2\ 2
(=110 o (1+2(6+x) (2x))

=_1 1 1+ —X
In10{ x4 /6 +x? 6+ x?

1 1 \/6+x2Jr x ]

CIn10| x4 brx? | VE+x2 B+xZ
_ 1
(In10)v/6 + x2
387 2cosx 3cosx

(In6)(-1+2sinx) (In6)(4+3sinx)

To make the derivative easier to find, use properties of logarithms to break up the
function:

f(x) =logs

=logg|-1+2sinx|-log|4 +3sinx|

—1+231nx‘
4+3sinx
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Now apply the chain rule to each term to get the derivative:

)= L R S
reo= (In6)(~1+2sinx) (2cosx) (In6)(4 +3sinx) (3cosx)
2cosx 3cosx

- (n6)(-1+2sinx) (In6)(4+3sinx)

1
3 82‘ (In7)xInx

Begin by rewriting the function using properties of logarithms:
f(x) =log; (log8 xs)
=log; (5logs x)
=log; 5+log, (logs x)

The derivative becomes
ll 1 1
f =0
) +ln7(10g8x)((ln8)x]

_ 1
~ (In7)(n8)(x)(logs x)

Answers
301-400

Note that log75 is a constant, so its derivative is equal to zero.

You can further simplify by using the change of base formula to write logg x = llrrll—gz
) 1
PO = (1n7) (In8) (x) (Tog, x)
_ 1
|

(ln7)(ln8)(x)(%)

_ 1
(In7)xInx

383. sec x

Applying the chain rule to f(x) = In|sec x + tan x| gives you
) _ 1 2
f'(x)= Ssecxttany (secxtanx+sec x)
_ (secx)(tanx +secx)
- secx +tanx
=secx
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[ 2
To find the derivative of f(x) = —XTH + ln(x +x%+1 ), apply the quotient rule and

chain rule to the first term and apply the chain rule to the second term:

x(_l(x2 +1)_1/2 (2x)+(x2 +1)l/2 (1))

, 2 -1/2
Fi(x) = = +x+(x3+1)1/2(1+%(xz+1) (2x))
-1/2
:(X2+1) |:_)2(2+(x2+1):|+ 1 = 1+ X =
x x+(x*+1) (x*+1)
_ 1 . 1 (x2+1)1/2+x
(x24)” | xe(x24))” | (27 41)” e
5
SN S =Y
1) () 58
(1+x2)
:x2 x?+1)"”
_Al+x?
x2
385 2(x+1)-6xInx
(In5)x(x+1)"
Begin by using properties of logarithms to rewrite the function:
(x):logsxz
(x+1)’
:2log5x
(x+1)3

Then apply the quotient rule and the chain rule:

(x+1)3(2)ﬁ—(210g5x)(3(x+1)2)

Fo= (x+D)°
(x+1)2|:ﬁ(x+l)—6log5x]
- (x+1)°
_ Zg(xl;;) —6log; x
(x+D*

_ 2(x+1)—(6In5)x(log; x)
- (n5)x(x+1)*
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You can now further simplify by using the change of base formula to write log; x = lln_Jsc
so that you have n

2(x+1)-(6In5)x(log; x)
(ln5)x(x+1)4

2(x+1)—(61n5)x(11?1—’5f)
T nS)x(x+1)’

_2(x+D-6xInx
(In5)x(x+1)*

386. xtanx[(sec2x)lnx+(tanx)(%ﬂ

Begin by rewriting the function and taking the natural logarithm of each side:

tanx

y=x
In(y) = ln(x‘a“")
In(y) = (tanx)Inx

Answers
301-400

Take the derivative of each side with respect to x:
1dy _ 2 1
Vx o (sec x)lnx + (tanx)(;)
Then multiply both sides by y:
dy _ 2 L)
dx y[(sec x)lnx+(tanx)( g
Finally, replacing y with x%"* gives you the answer:

d_y_ tanx 2 (l)
it [(sec x)lnx+(tanx) g

xInx

387. (lnx)cosx[(—sinx)[ln(lnx)}_Cosx}

Begin by rewriting the function and taking the natural logarithm of each side:

)COSX

y=(Inx
In(y) =ln[(lnx)msx}
Iny = (cosx)[In(Inx)]

Then take the derivative of each side with respect to x:

ldy _ (-sinx)[In(Inx)] +(C°SX)(L(l)j

y dx Inx\ x

Multiplying both sides by y produces

s comotin ol oo )
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COos X

And replacing y with (Inx)

% =(Inx)™" [(—sinx)[ln(lnx)]+%}

gives you the answer:

—8x
388, =i

Begin by rewriting the function and taking the natural logarithm of each side:

9 1/2
()
x“+4

1n<y>:ln[(j§§ ;jjlq

Using properties of logarithms to expand gives you
x2 -4 ' _1 24\ _ 2
ln{(—x2+4 —2|:1H(X 4) ln(x +4)}

Next, take the derivative of each side with respect to x:

Lﬂzl( L (2x)-—! (2x)J

ydx 2| x*-4 x2+4

Answers
301-400

Multiplying both sides by y produces the following:

d_)’:y[ x X }
dx x-4 x’+4

1/2
Replacing y with (#j and simplifying gives you the solution:

x“+4

dy _ [x*-4] «x X }

de \x?+4[x*-4 x’+4

_Wxi-4 x® +4x x% —4x }

CUxt+4 (x2 —4)(x2 +4) (x2 —4)()(2 +4)

_Vx2—4_ -8x ]

N (x2 —4)(x2 +4)

_ —8x

Jx? -4 (x2 +4)3/2

Note that you can find the derivative without logarithmic differentiation, but using it
makes the math easier.
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389. (’“”S‘“"[ucotxl:%}

Jx+2(x+4) [ x-1 2(x+2) 2(x+4)
Begin by rewriting the function and taking the natural logarithm of each side:

(x-1)sinx

\/x+2(x+4)3/2

B (x-1)sinx
In(y) = ln{ Jxr2(x+4)7 }

Use properties of logarithms to expand:

Iny =In(x 1) +In(sinx) —%ln(x +2) —%ln(x +4)

Then take the derivative of each side with respect to x:

1dy _ 1, 1 1 3

ydx x-1 sinx SX)_Z(x+2)_2(x+4)

(co

Multiplying both sides by y produces
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dy_ 1 1 1 3
dx ~ (x—1+sinx(cosx) 2(x+2) 2(x+4)]

. . : -Dsinx .
Replacing with y with _(x—Dsinx gives you the answer:
Jx+2(x+4)%?
dy _ (x-Dsinx 1 1 3
dc " xrZ(xr )| 21O T2y 21 D)

Note that you can find the derivative without logarithmic differentiation, but using this
technique makes the calculations easier.

3 90. 5e°*

Apply the chain rule to find the derivative of f(x) = e
') =(e™)(5)

=5

39 ’- gsnr! (cosx+4x3)

; 4
sinx+x
=e

Applying the chain rule to f(x) gives you

f1(x) = esm (COS.X +4x3 )
392. 2 [3x*+(in2)(x* +1)]
Applying the product rule to f(x) = (x3 + 1)2" gives you the derivative as follows:

F1(x)=(3x*)2"+(x*+1)(2"In2)
=2X[3x2+(1n2)(x3+1)]



393.

394.

395.

396.

3917.

l+e* 1l-e

2x
Use properties of logarithms to simplify the function:
f(x)=logs5 " =x2+3

The derivative is simply equal to
f'(x)=2x

3
e* [sz (smx+cosx)+cosx—smx]

To find the derivative of f(x) = e* (sinx + cos x), apply the product rule while also
applying the chain rule to the first factor:

f'(x)= [e"R (3x2 )}(sir1x+cosx)+e"3 (cosx —sinx)
=e* [3x2(sinx+cosx)+cosx —sinx]

5F [ (In5)sinx
2Jx

Put the radical in exponential form:
f(x)=5" sinx

+COSX}

V2,
=5"" sinx

Then apply the product rule as well as the chain rule to the first factor to get the
derivative:

f'(x)= [(lnS)SX”2 %x’”z}sinx +5°" cos x

_5 (In5)sinx
2Jx

+COSX}

3(Ind)(47 +4%) (4¥ -47)
Applying the chain rule to f(x) = (4”‘ +4~ )3 gives you the derivative as follows:
£r(x)=3(4"+4* )2 (4 An4)(-D)+4*(n4))

=3n4)(4 +4%) (47 -47)

e"+e"

X

Use properties of logarithms to break up the function:
f(x)=In ( %]
1-e

:ln(1+ex)fln(lfe")
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Then apply the chain rule to each term to get the derivative:

Feo= 1+1e" (ex)_ l—le" (_ex)

X X
__e' , _e*
X

C1l+et 1-e

398. (x*+1)((An6)6* +1)-2x(6* +x)

(x2+1)2

Apply the quotient rule to find the derivative of f(x) = 6x2+ )15 :
x4+

(x*+1)(6*An6)+1) (6" +x)(2x)
()c2+1)2
(x*+1)((n6)6* +1)-2x(6* +x)

) (xz+1)2

f'(x)=

Answers
301-400

399. Ale-e)

2
(ex +e™* )
First rewrite the function:

F(x) = ex:-le”‘ =4(e*+e)”

Applying the chain rule gives you the derivative as follows:
Fx0)=-4(e"+e) " (e"+e(-D)
—4 ( e’ —e™ )

(e"+e”()2

4500. (8"2“)[(21n8)xcosx+sinx]

(cosx)*

8x2+1
COos X

To find the derivative of f(x) =
rule to the numerator:

, apply the quotient rule while applying the chain

cosx(8"2”(ln8)(2x))—8"2+1 (-sinx)
f'(x)=

(cosx)’

(8"2“ )[(21n8)xcosx+sinx]

(cosx)’
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401.

402.

403.

6~ [1-(5In6)x |

To find the derivative of f(x) = x(67°*), apply the product rule while applying the
chain rule to the second factor:

£ =D)(67)+x(6°*In6)(-5))
=67"[1-(5In6)x]

y=mx+3
You can begin by finding the y value, because it isn’t given:
f(0)=3cos(0)+x(0)=3
Next, find the derivative of the function:
f'(x)=-3sinx+nx

Substitute in the given x value to find the slope of the tangent line:
f'(0)=-3sin(0)+n=r

Now use the point-slope formula for a line to get the tangent line at x = 0: gg
[Ty ]

y—3=n(x-0) S

co

y=rnx+3 <=

y=x+1
Begin by finding the derivative of the function f(x) = x> - x + 2:
f'(x)=2x-1
Substitute in the given x value to find the slope of the tangent line:
fl=2()-1=1

Now use the point-slope formula for a line to get the tangent line at (1, 2):
y-2=1(x-1)
y=x+1
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y=x+1

= (1,2)

N —
|
-

404. y=Ex—3e4

4
§ You can begin by finding the y value, because it isn’t given:
! 22 4
=] f(2) 5 5

Next, find the derivative of the function:

x(e"2 (2x))—e*2 e}
F= =

Substitute in the given x value to find the slope of the tangent line:

@[ e@)-ev .,

Te”

r@ % ;

Now use the point-slope formula for a line to get the tangent line at x = 2:

The normal line is perpendicular to the tangent line. Begin by finding the derivative
of the function f(x) = 3x% + x - 2:

f'(x)=6x+1

Then substitute in the given x value to find the slope of the tangent line:
f'(3)=6(3)+1=19



406.

To find the slope of the normal line, take the opposite reciprocal of the slope of the
tangent line to get _%.

Now use the point-slope formula for a line to get the normal line at (3, 28):

y—28:—%(x—3)

T+2
4

y=-x+

The normal line is perpendicular to the tangent line. You can begin by finding the

yvalue at x = % because it isn’t given:

2 2
T\ (sinZ) (2 ) _1
f(4)—(sm4) —( 5 ) =5
Next, find the derivative of the function:

f'(x)=2sinxcosx

Then substitute in the given x value to find the slope of the tangent line:

f'(%)=2sin%cos%=2(§I§j=l

To find the slope of the normal line, take the opposite reciprocal of the slope of the
tangent line to get -1.

Now use the point-slope formula for a line to get the normal line at x = %
1 -z
Y72~ 1(x 1 )
2

y=—x+7T:1r
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4 4

The normal line is perpendicular to the tangent line. You can begin by finding the y
value at x = €%, because it isn’t given:

f(e*)=4In(e*)+2=4(2)+2=10

Next, find the derivative of the function:

reo-o{f)-¢

Then substitute in the given x value to find the slope of the tangent line:

To find the slope of the normal line, take the opposite reciprocal of the slope of the
tangent line to get _e’

Now use the point-slope formula for a line to get the normal line at x = e%

y-10 =—eT(x—e2)
ne 2 4
] __e e” +40
=7 R S
58
408. =
y
Taking the derivative of both sides of x? + y* = 9 and solving for cdz'_y gives you the
following: X
dy _
2x+2y i 0
dy
ZyE =-2x
dy __x

dx y



409. 2xy —2xy* :

5y* +3x%y?

Take the derivative of both sides of y° + x%y® = 2 + x%y and solve for %

5y [2xy +x [?)y2 dy )]:2xy+x2%
4dy 2dy dy _ _ 3
5y +3x%y ax ax =2xy —2xy

%(5y4+3x2y2 xz)=2xy—2xy3
dy _ 2xy-2xy°

dx  5y*4+3x2y?—x?
4 10 —3x%*y®—cosy
: 3x3y* —xsiny

Take the derivative of both sides of x*y® + x cos(y) = 7 and solve for %

2.3 3 2dy el d_y _
3x°y +x [Sy a]+lcos(y)+x( siny == =0

3x3 2 dy

—Xxsin d —3x%y®* =—cos

' (3x xsiny) =-3x%y*—cosy
dy _ —3x%y®—cosy
dx 3x%y?-xsiny

-1
4”' 1+4y\/msin(y2)

Take the derivative of both sides of \/x+y = cos(yz) and solve for d_y:

Moo [ (o)

1,1 & :(—Zysin(yz))d—i

2\/x+y 2\/x+ya d
dy -1
2 P
\/— + ySlIl(y )dx Zm
y -1
d—{ +2ysm(y )} W
-1
dy _ 2/x+y
dx 1 +2ysm(y2)
2\x+y

_ -1
dx 1+4yfx+y sin(yz)
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512, ola

x? +xcsc2[y)
x

Take the derivative of both sides of cot(% Jz x*+y and solve for dy.

y

Y _ya

—CSCQ(%) dx—z() =2x+(1)a’_y
X

1 2( Y d_y 2 Y\ d_y
xcsc (x)dx pe: csc x)_2x+dx
LCSCZ l —2X—d—y+lcscz X d_y
x? X dx x x |dx
Y oese( Y Vow =D 14 Lese( Y
x? x dx X X
y 2y
8 — ~
gs xz Ccsc (X] 2x
Bl dy
éé 1+ csc (g’CJ
2C ( ) 2x

><N|><

l+—csc (y]
X

2( Yy 3
Y2
)_dx

%<

x2+xcsc2(
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13. —ny—(1+x2)zysec(xy)tan(xy)
4 3 (1+x2)[(1+x2)xsec(xy)tan(xy)—1]

Take the derivative of both sides of sec(xy) = Lz and solve for ﬂ:
1+x dx
(l+xz)g—y(2x)
dx

(1+x2)2

sec(xy) tan(xy){(l)y +Xx g—z} =

ysec(xy)tan(xy)+ xsec(xy) tan(xy)% = &

d 2
%{xsec(xy)tan(xy)—l 1 2}:— Xy > —ysec(xy)tan(xy)
+tx (1+x2)
2
- —ysec(xy) tan(xy)
d_y: (1+x )
dx 1
t —
x sec(xy)tan(xy) 1+ 2
2
dy _ —2xy—(1+x2) ysec(xy)tan(xy) -
2 (2]
dx (1+x2) xsec(xy)tan(xy)—(1+x2) ’gs
|
2 D
dy —2xy—(1+x2) ysec(xy)tan(xy) =)

dx (1+x2)[(1+x2)xsec(xy)taﬂ(x}’)—1}

Begin by finding the first derivative of 8x + y* = 8:
dy _
16x+2 Ve = 0
dy _

2ya =-16x
dy _ —8x
dx y

Next, find the second derivative:

dy
dy _ y(=8)=(=8x) ;-
dx? yz
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Substituting in the value of Z_y — =8X gives you
Xy

d
iy V(8 -(0L
de y2

—-8x
-8y +8x| ==
:gg

2

y
_ -8y’ —64x”

3

y
—8(8x2 +y2)

3

y

And now using 8x? + y? = 8 gives you the answer:

&’y _-8(8) _ 64
dxz y3 y3

415. =

§§ Begin by finding the first derivative of x° + y° = 1:
|
D= d
=) 5x*+5y* % =0
dy __x*
dx - y4
Next, find the second derivative:
4 3 4 3\ dy
aty () () (4y) D
2 2
= (+*)
Substituting in the value of dy __x* gives you
dx y4

4
—4x*y* +4x'y? (—;4]

dx’ y®

4Pyt - 4x®

8

y
—4x3y5 —4x*®
y9
—4x3(y5+x5)

9

y
And now using x° + y* = 1 gives you the answer:

dy _x'1)_ ax
de y9 y9



416. -
y
Begin by finding the first derivative of x* + y® = 5:
2 2d_y _
3x°+3y = 0
dy _ —x’
dx - y2

Next, find the second derivative:

oy VO

o ()
Substituting in the value of Z_y = —_x22 gives you
Xy
d
iy y2<—2x>—(—x2)[2yd,{]
w

—2xy* - 2x*

—2x(y3 +x3 )
y5
And now using x* + y® = 5 gives you the answer:
d’y _ -2x(5) _-10x
dxz y5 y5

§17. .

Begin by finding the first derivative of v/x + \/; =1

1 a2 .1 -1/2d_y=
PR DA
1. apdy 1 p
2V ax 27
dy __y”

dx ~ x1/2
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Next, find the second derivative:

v 1 appdy \ (i (l 71/2)
dty (2y dx)(y J2x

dx’ ( x1/2)2
e d yz
Substituting in the value of d_y =Y __gives you
X
1 Y2y 12 y”z y”2
ax? X
1y
_ 2",
T X
XV 4 pli2
o

And now using /x + \/}_1 =1 gives you the answer:

d’y 1
dx®  2x3?

418. y-x.2

You know a point on the tangent line, so you just need to find the slope. Begin by
finding the derivative of x2 + xy + y?> = 3:

2x+(1y+xdy )+2ydy 0

Answers
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dx
dy dy
2x+y+xd—+2ydx 0

Next, enter the values x = 1 and y = 1 and solve for the slope Z—;VC:

2(1)+1+(1) +2(1) dx

dy
3+3E

dy __
dx ~

=0

The tangent line has a slope of -1 and passes through (1, 1), so its equation is

y-1=-1(x-1)
y=-x+2



(=3

619.  y- 2.

You know a point on the tangent line, so you just need to find the slope. Begin by
finding the derivative of 3(x? + y»)? = 25(x - y%):

24y dy )| _ _oy Y
s{z(x +y )(2x+2ydx =25| 2x -2y
Then enter the values x = 2 and y = 1 and solve for the slope d_y:

6(2° +12)(2(2)+2(1)Z—)y()= 25(2(2)-2(1)%)

6(5)(4+2Z—§)=2s(4—23—§)

[u—y
—_

dy

IIOE =-20

dy__2

dx 11

The tangent line has a slope of —12—1 and passes through (2, 1), so its equation is
2

y-1= —ﬁ(x -2)
yoo 2415

11" 1
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420. y==x+1

You know a point on the tangent line, so you just need to find the slope. Begin by
taking the derivative of X2 + 2xy + y:

2x+[2y+2xgy]+2ydy 0

Then use the values x = 0 and y = 1 and solve for the slope %z

200+ +0)+ 2(1) dy =0

2+2d =0
dy _
dx !
The tangent line has a slope of -1 and passes through (0, 1), so its equation is
y-1=-1(x-0)
y=—x+1

4521. @ V*W 2)

You know a point on the tangent line, so you just need to find the slope. Begin by
taking the derivative of cos(xy) + x? = sin y:

_si dy _ dy
sm(xy){ly+xdx}+2x—(cosy)dx
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Then use the values x = 1 and y = Z and solve for the slope Q:

2 dx
_sin[Z dy
Sm(2)[2+1d }+2 0
ay _o n
dx_2 2

The tangent line has a slope of 2 —% and passes through (1, %), so its equation is



You know a point on the tangent line, so you just need to find the slope. Begin by
simplifying the left side of the equation.

y*(y*-1)=x"tany
y'-y*=x*tany
Next, find the derivative:

4y3 dx 2yd =2x(tan y) + x? [secr‘)ycdl—ij

Use the values x = 0 and y = 1 and solve for the slope %z
4° dy —2(D 5= dy =0

dy_
2%‘0
dy _

dx =0

The tangent line has a slope of 0 and passes through (0, 1), so its equation is
y-1=0(x-0)
y=1
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423. 1
3
Use the formula for the differential, dy = f'(x) dx:
y=x%-4x
dy =(2x —4)dx
So for the given values, x = 3 and dx = %, find dy:
dy=23)-Hg
—l_1
=@%=3
524. L
- 20
Use the formula for the differential, dy = f'(x) dx:
_ 1
Y
dy = (-1(x*+1)2(2x))dx
—2x
dy = —=—dx
§§ (x*+1)?
ésl So for the given values, x = 1 and dx = 0.1, find dy:
=
-2(1
dy = %(_0.1)
(17 +1)
= —_1(—_1)
2110
-1
20
425. B
100

Use the formula for the differential, dy = f'(x) dx:
y =cos®x
dy = 2(cos x)(—sinx)dx
dy = -2cos xsinxdx

So for the given values, x = % and dx = 0.02, find dy:

373

-(-2(3)(£))()

dy = (—2cosﬂsin£)(o.oz)



426. L(0) - 6x-3

Y A
L(x)=6x-3
3_
2_
’|_
T T T T 1 T T T T i
3 2 -1 4 1 2 3 X

\

Finding the linearization L(x) is the same as finding the equation of the tangent line.

First find a point on the line by entering the value of a in the function. For the given
value of q, the corresponding y value is

f(1)=3(1)"=3
Next, find the derivative of the function to get the slope of the line:
f'(x)=6x
FF(H=6(1)=6
Using the point-slope formula with the slope m = 6 and the point (1, 3) gives you

y-yi=m(x-x,)

y-3=6(x-1)
y=6x-6+3
y=6x-3

Replace y with L(x) to get the solution: L(x) = 6x - 3.

427. LOx) = —x+ B£2

2

Finding the linearization L(x) is the same as finding the equation of the tangent line.

First find a point on the line by entering the value of a in the function. For the given
value of g, the corresponding y value is

T)\_ T sinZ =
f(2) c052+sm2 1
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Next, find the derivative of the function to get the slope of the line:

f'(x)=-sinx+cosx

") _gink T__
f(f)_ sm2+cos2 1

Using the point-slope formula with the slope m = -1 and the point (%, 1) gives you
y=yi=m(x-x,)

y—1=—1(x—%)
y=—x+%+1
y:_x+£%2

Replace y with L(x) to get the solution: L(x) = -x+ ”T“Lz

5 8
3(6)2/3 X+ 3(6)2/3

428. L(x) =

Finding the linearization L(x) is the same as finding the equation of the tangent line.
First find a point on the line by entering the value of a in the function. For the given
value of g, the corresponding y value is

F(2)=32%+2 =36 =6"

Next, find the derivative of the function to get the slope of the line:
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, ~2/3
f(x):%(x2+x) (2x+l):—22erl =
3(x +x)
, 2(2)+1 5
F(2) = =
3(2242)" 3O

Using the point-slope formula with the slope m = LZ/S and the point (2, 61/%)
gives you 3(6)

y=yir=m(x-x)
y_61/3 5 (x_z)

" 3(6)7

__ 5 10 /3
y= 3(6)2/3 X = 3(6)2/? +61

__>5 _ 10 18
y= 3(6)2/3 X 3(6)2/3 + 3(6)2/3
y 5 8

= +
367 36T

. . 5 8
Replace y with L(x) to get the solution: L(x) = — X + e
Y tog ( ) 3(6)2/3 3(6)2/3



429.

430.

3.987

10.1

y

L(x)
g _ y=x¥3
2 —

To estimate the value, you can find a linearization by using f(x) = x*® and a = 8 and
then substitute 7.96 into the linearization.

Find a point on the line by entering the value of a in the function. For the given value
of a, the corresponding y value is

f(S) — 82/3 — (81/3)2 -4
Next, find the derivative of the function to get the slope of the line:

o -2at 2
1

ey 2 _ 2 _1
P =55 =3 "3

Using the point-slope formula with the slope m = 1 and the point (8, 4) gives you

3
y-yi=m(x-x,)
y—4=5(x-8)
y=%x—%+4
-
Replacing y with L(x) gives you the linearization L(x) = %x + %

Finally, substitute in the value x = 7.96 to find the estimate:

L(7.96) = %(7.96) + % ~ 3.987

To estimate the value, you can find a linearization by using f(x) = Vx = x”* and a = 100
and then substitute 102 into the linearization.
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Find a point on the line by entering the value of a in the function. For the given value of
a, the corresponding y value is

£(100) =100 =10

Next, find the derivative of the function to get the slope of the line:

’ 1 02 1
f'(x)= oX ==
() o dx
, 1
f/(A00) = —== =3~
(100)= 2\/10
Using the point-slope formula with slope m = % and point (100, 10) gives you

Y= =m(x—x1)
D S
y-10= 20 (x-100)

y= 2—0x 5+10
-1
y= 20x+5

Replacing y with L(x) gives you the linearization L(x) = 2—0x +5.

Finally, substitute in the value x = 102 to find the estimate:
=L
L(102) = 50 102)+5
=10.1
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431. 1.035

To estimate the value of tan 46°, you can find a linearization using f(x) = tan x and

a=45= %rad and then substitute the value 46° = ?gg

Find a point on the line by entering the value of a in the function. For the given value of
a, the corresponding y value is

(%) =tan(Z) -1

Next, find the derivative of the function to get the slope of the line:

rad into the linearization.

f'(x)=sec’x
f'(%) = (sec%)2 = (x/f)z =2
Using the point-slope formula with slope m = 2 and point (%, 1) gives you
y-yi=m(x-x)
y—1=2(x—%)
y =2(x—%)+1

Replacing y with L(x) gives you the linearization L(x) =1+ 2(x - %)



467

Finally, substitute in the value of x = 180 radians (that is, 46°) to find the estimate of
tan 46°:
L(%) = 1+2(%—%)
=1+2 (‘116—3 - ‘115—75)
=1+ 2(%)
=145 =1.035

432. 4 d

dt

The volume of a sphere is V = %nr3. To find the rate of expansion, take the derivative
of each side with respect to time:

_4 s
V—37rr
v _4 2 dr
W—3”(3r dt)
_Agp2 dr
=4nar dr

433. 8n m?/s

The area of a circle is A = 2. To find the rate of increase, take the derivative of each
side with respect to time:

A=nr?

dA _ dr

E—H(Zrdt)
) y—
—2nrdt

dr
Fat

The circle increases at a rate o =1 meter per second, so when radius r = 4 meters,

the area increases at the following rate:

% = 27(4)(1) = 87 m?/s

434. 508

Take the derivative of both sides with respect to ¢
y=x"+3x"+x
4y _ 4,3 dx dx  1dx

dt at "% ar

Then substitute in the given values, x = 3 and ‘Zi—); =4:

% = 4(3)*(4) +6(3)(4) +1(4) = 508
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435.

15

Ol

Take the derivative of both sides with respect to ¢

28 = x2_y?

dz dx dy
32* (dt) 2x(dt) 2y(dt]

To find the value of z, enter x = 4 and y = 1 in the original equation:

23 — 42 _ 12
z =315
z=15"3
Then substitute in the given values along with the value of z and solve for ((11?

3z(dt)2 2(dtj

3((15)°) (£ ) -2 -2
dz 43 \/—
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436. 2.49 m?/s

8

To find the area of the triangle, you need the base and the height. If you let the length

of the base equal 8 meters, then one side of the triangle equals 6 meters. Therefore, if

the height equals h, then h _ 5in6 so that h=6siné.

6
Because the area of a triangle is A = %bh, you can write the area as

A=%(8)6sin9
A=24sin0

This equation now involves 6, so you can take the derivative of both sides with respect
to t to get the rate of increase:

dA _ dae
dr _(24c036)( d )

Substitute in the given values, 6 = % and % =0.12 radians/second, and simplify:



437.

438.

aA _ (24cos%)(0.12)

dt
= (24)(@)(0.12)

~2.49 m?/s
When the angle between the sides is -, the area is increasing at a rate of about 2.49

square meters per second.

3
i rad/s

The problem tells you how quickly the bottom of the ladder slides away from the
wall (d_x)’ so first write an expression for x, the distance from the wall. Assuming

dt
that the ground and wall meet at a right angle, you can write

sin@z%
8sinf = x

Taking the derivative with respect to time, ¢, gives you the rate at which the angle is

changing:
do _ dx
8cos6 dr = dr
dx
dae _ _ dt
dt 8cosf
Substitute in the given information, where 6 = % and % = 3 feet per second:
o __ 3 __3 rad/s
dt 3 ( 71') 4
cos| 3

When the angle is %, the angle is increasing at a rate of % radians per second.

72 cm?/min

The area of a triangle is A = %bh, and the problem tells you how quickly the base and

height are changing. To find the rate of the change in area, take the derivative of both
sides of the equation with respect to time, t:
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=1
A=35bh

dA _1|(,db 14h
dt 2[( dt )h+b( dt )}
Note that you have to use the product rule to find the derivative of the right side of the

equation.

Substitute in the given information db _ 9 centimeters per minute, h = 32 centimeters,

dh vdt
b = 20 centimeters, and a - 4 centimeters per minute:
A _L@s2)+2004)]

=72 cm?/min

439. 13.56 km/h

150 — x A X

Let x be the distance sailed by Ship A and let y be the distance sailed by Ship B. Using
the Pythagorean theorem, the distance between the ships is

= (150-x)* + y*

Answers
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From the given information, you have % = 20 kilometers per hour and CZ{ ; = 35 kilometers

per hour. Taking the derivative of both sides of the equation with respect to time gives you
209D 5150 - x)( 1dx)+2y%

Notice that after 3 hours have elapsed, x = 60 and y = 105. Therefore, using the

Pythagorean theorem, you can deduce that D = /19,125 = 138.29 kilometers.

Substitute in all these values and solve for (ZiD

2(138.29) 4D _ 2(150 - 60)(~20) + 2(105)(35)

‘ij 13.56 km/h

At 3 p.m., the ships are moving apart at a rate of about 13.56 kilometers per hour.

440. 4.83 cm/s

From the Pythagorean theorem, the distance from the origin is D? = x? + 2. Using the
particle’s path, y = 3/x +1, you get

D? :xz+(xl/3 +1)2

13

D?=x?+x¥342xV3 41
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441.

Taking the derivative of both sides with respect to time gives you

dabD dx g ysdx | 2 23 dx
2D = 2w e B Gl S

From the given values x = 8 centimeters and y = 3 centimeters, you find that the
dx
ax _g

distance from the origin is D = /73 centimeters. Use these values along with dr

centimeters per second and solve for =~ dD.

dt
207392 — 2(8)(5)+ 2(8) " (5)+ £(8) " (5)
‘(11[; 4.83 cm/s
2.95 mi/h
X
45°
V4
y

Answers
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Let x be the distance that the person who is walking west has traveled, let y be the
distance that the person traveling southwest has traveled, and let z be the distance
between them.

Use the law of cosines to relate x, y, and z:
z%7 = x?+y®—2xycos(45°)
z?=x*+y?—L2xy

Take the derivative of both sides of the equation with respect to time:

daz dx
zzdt_zxdt +2y \/_( (y)+xdt)
After 40 minutes, or % hour, x = % and y = % Using the initial equation, you find that z

dz.

~ 1.96 miles at this time. Substitute these values into the derivative and solve for == dr

2(1.96) %2 - 2( )(2)+2( )(4) I((z)( ) %(4)]

dz
dar =~ 2.95 mi/h

After 40 minutes, the distance between these people is increasing at a rate of about
2.95 miles per hour.
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442- 4 ft/min

25
5

» )

N
The water in the trough has a volume of V = %b(h)(ZO). As the water level rises, the
5_b

base and height of the triangle shapes increase. By similar triangles, you have 5 h SO
that b = %h. Therefore, the volume is
V= %b(h)(ZO)
—10(2
V= 10( 5 h)h
V =25h*
Taking the derivative with respect to time gives you
av _sogpdh
dt 50h dt
=) Use h =1 foot and dd_‘t/ = 8 cubic feet per minute to find how quickly the water level is
g.?la rising:
2]
58 8=50() %
dh _ 8
dt 50

ft/min

-4
25
When the water is 1 foot deep, the water level is rising at a rate of A feet per minute.

25
443- 698.86 km/h

135°

Let x be the distance that the jet travels, and let y be the distance between the jet and
the radar station.

Use the law of cosines to relate x and y:
y2=x2+22-2(2)x cos(135°)

y? :x2+4—4x(—§j

yi=x*+2L2x+4



444.

348

Taking the derivative of both sides of the equation with respect to time gives you

d
Zyd—¥:2x%+2\/§‘é—);

dy _2x+242 dx
dat — 2y dt

dy _ x+2 dx
dt y dt
After 2 minutes, the jet has traveled x = 2(%) = % kilometers, so the distance from

the radar station is
_ [0y 70
y—\/( 3 ) +2\/§( 3 )+4
Enter the value of y in the % equation and solve:
70
o 3
dr ~ 2
70 70
\/( 3 ) +2\/f( 3 )+4

After 2 minutes, the jet is moving away from the radar station at a rate of about 698.86
kilometers per hour.

(700) =~ 698.86 km/h

km/min

P X

Let x be the distance from the Point P to the spot on the shore where the light is shining.
X
5
of the equation with respect to time gives you

dx _ SSeCZG(Q)

From the diagram, you have = =tan#6, or x = 5tan6. Taking the derivative of both sides

dt dt
When x = 2, tan6 = % Using a trigonometric identity, you have
2
29-1+(2) =29
sec 0—1+(5) =55
From the given information, you know that % = 6 revolutions per minute. Because 2n
radians are in one revolution, you can convert as follows: % =6(2r) =12r radians per

minute:

dx _=(29
3_5(25)(127:)
_ 3487
5

=~ 218.65 km/min
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445- o ft/min

367

The volume of a cone is V = 1 zr2h. The problem tells you that 4V _ 90 cubic feet per

minute and that d = 2h. Because the diameter is twice the radius, you have 2r = d = 2h
so that r = h; therefore, the volume becomes

_1 40

V—Sﬂh h
_1 .3
V—37rh

Take the derivative with respect to time:
av _ (1 2\dh
=37 g

dh.

Substitute in the given information and solve for ar
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20=(%7r)(3(12)2)%

dh _ 20
dt
(%n)(3(12)2)
__b
36r
When the pile is 12 feet high, the height of the pile is increasing at a rate of %
(about 0.04) feet per minute. T
446. no absolute maximum; absolute minimum: y = —1; no local maxima; local minimum: (1, -1)

There’s no absolute maximum because the graph doesn’t attain a largest y value. There
are also no local maxima. The absolute minimum is y = —1. The point (1, -1) is a local
minimum.

44 7. absolute maximum: y = 4; absolute minimum: y = 0; local maximum: (5, 4); local
minima: (1, 0), (7, 2)

The absolute maximum value is 4, which the graph attains at the point (5, 4). The absolute
minimum is 0, which is attained at the point (1, 0). The point (5, 4) also corresponds to a
local maximum, and the local minima occur at (1, 0) and (7, 2).
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448.

449.

450.

451.

452.

absolute maximum: y = 3; no absolute minimum; local maxima: (3, 3), (5, 3); local
minimum: (4, 1)

The absolute maximum value is 3, which the graph attains at the points (3, 3) and
(5, 3). The function approaches the x-axis but doesn’t cross or touch it, so there’s no
absolute minimum. The points (3, 3) and (5, 3) also correspond to local maxima, and
the local minimum occurs at (4, 1).

no maxima or minima
The graph has no absolute maximum or minimum because the graph approaches «

on the left and — on the right. Likewise, there are no local maxima or minima because
(2, 1) and (5, 3) are points of discontinuity.

I[and II
Because Point A satisfies the definition of both a local maximum and a local minimum,

it’s both. The graph decreases to negative infinity on the left side, so Point A is not an
absolute minimum.

absolute maximum: 5; absolute minimum: -7

Answers
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Begin by finding the derivative of the function; then find any critical numbers on the
given interval by determining where the derivative equals zero or is undefined. Note
that by finding critical numbers, you're finding potential turning points or cusp points
of the graph.

The derivative of f(x) = 3x2 - 12x + 5 is
f(x)=6x-12
=6(x-2)
Setting the derivative equal to zero and solving gives you the only critical number,

x = 2. Next, substitute the endpoints of the interval and the critical number into the
original function and pick the largest and smallest values:

£(0) = 3(0)2 -12(0)+5=5
£(2)=3(2)2-12(2) +5=-7
£(3)=3(3)*-12(3)+5=—4

Therefore, the absolute maximum is 5, and the absolute minimum is -7.

absolute maximum: 67; absolute minimum: 3

Begin by finding the derivative of the function; then find any critical numbers on the
given interval. The derivative of f(x) = x* - 2x? + 4 is
f'(x)=4x"-4x
=4x (x2 - 1)
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Setting the derivative equal to zero and solving gives you the critical numbers x = 0
and x = =1, all of which fall within the given interval. Next, substitute the endpoints of
the interval along with the critical numbers into the original function and pick the
largest and smallest values:

f(-2)=(-2)"-2(-2)*+4=12
D =(-D"-2(-D*+4=3
f(0)=0"-2(0)+4=4
f(H=1"-2(D)*+4=3
f(3)=3"-2(3)*+4=67

Therefore, the absolute maximum is 67, and the absolute minimum is 3.

453‘ absolute maximum: +; absolute minimum: 0

1.
27
Begin by finding the derivative of the function; then find any critical numbers on the
given interval. The derivative of f(x) = 2x+l is

x

(x2+Ua)—x@x): -
()c2+1)2 (x2+1)2

F(x) =

§§ Next, find the critical numbers by setting the numerator equal to zero and solving
;é for x (note that the denominator will never be zero):
<= 1-=x2=0
1=x?
tl=x

Only x = 1 is in the given interval, so don’t use x = —1. Next, substitute the endpoints
of the interval along with the critical number into the original function and pick the
largest and smallest values:

f(0)=0
_1
{ORS
-3
f®=15
Therefore, the absolute maximum is % and the absolute minimum is 0.
45 4. absolute maximum: 2; absolute minimum: -3

Begin by finding the derivative of the function; then find any critical numbers on the
1/2
given interval. The derivative of f(t) = t\v4—t* = t(4 - tz) s

f(z)=1(4—t2f“-+%t(4—t2y”2(—20

2
- (4—t2)1/2 -—L
(4-)
4-2¢2
(4—1‘2)1/2
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Next, find any critical numbers of the function by setting the numerator and denomina-
tor of the derivative equal to zero and solving for .

From the numerator of the derivative, you have 4 — 2> = 0 so that 4 = 22, or 2 = £2, which
has the solutions ¢ = /2. From the denominator, you have 4 — £ = 0, or 4 = £, which has
the solutions ¢ = +2.

Substitute the endpoints along with the critical points that fall within the interval into
the original function and pick the largest and smallest values:

f(-D)=-1v4-1= -3
F(VZ)=2Na-2" =242 =2
f(2)=244-4=0
Therefore, the absolute maximum is 2, and the absolute minimum is —/3.
455. absolute maximum: it + 2; absolute minimum: —%— B

Begin by finding the derivative of the function; then find any critical numbers on the
given interval. The derivative of f(x) = x — 2 cos x is

f(x)=1+2sinx

Setting the derivative equal to zero in order to find the critical numbers gives you 1+ 2
sinx =0, or sinx = —l, which has the solutions x = _STﬂ and x = % in the given

Answers
401-500

interval of [-n, n].

Substitute these critical numbers along with the endpoints of the interval into the
original function and pick the largest and smallest values:

f(-r)=-n-2cos(-r)=-m+2
f(_S—”):_S—”—Zcos(_S—ﬂ):i+\/§

6 6 6 6
T\ _T_ m\_ T _
f(G)_ 6 2COS(6)— 3 3

f(r)=n-2cosmr=n+2

Therefore, the absolute maximum is 7 + 2, and the absolute minimum is —% -3,

45 6. increasing on (-, —2) and (2, «); decreasing on (-2, 2)

Begin by finding the derivative of the function; then find any critical numbers on the
given interval by determining where the derivative equals zero or is undefined. Note
that by finding critical numbers, you're finding potential turning points or cusp points
of the graph.

The derivative of the function f(x) = 2x®> - 24x + 1 is
f/(x)=6x2-24
= 6(x2 - 4)
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Setting the derivative equal to zero in order to find the critical points gives you
x2-4=0,0r x?=4,sothat x = +2.

To determine where the function is increasing or decreasing, substitute a test point inside
each interval into the derivative to see whether the derivative is positive or negative.

To test (-, =2), you can use x = -3. In that case, f'(-3) = 6(-3)% - 24 = 30. The derivative
is positive, so the function is increasing on (-, -2). Proceed in a similar manner for
the intervals (-2, 2) and (2, «). When x = 0, you have £'(0) = 6(0)? - 24 = =24, so the
function is decreasing on (=2, 2). And if x = 3, then f'(3) = 6(3)% - 24 = 30, so the function
is increasing on (2, «).

45 7. increasing on (-2, «); decreasing on (-3, -2)

Begin by finding the derivative of the function. The derivative of

f(x)=xJx+3 =x(x+3)"is

f(x)=1(x+3)"? +x(%(x+3)—1/2)
_ Jx+3 X

T 1 "2x+3
_ 2(x+3)+x
2x+3

_ 3x+6

2Jx+3

Next, find any critical numbers that fall inside the interval (=3, «) by setting the deriva-
tive equal to zero and solving for x. (You only need to set the numerator equal to zero,
because the denominator will never equal zero.) This gives you 3x + 6 = 0, or x = -2.

Answers
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Next, pick a value in (-3, -2) and determine whether the derivative is positive or negative.

So if x = 2.5, then /(~2.5) = %557):36

(-3, -2). Likewise, you can show that f'(x) > 0 on (-2, «), which means that f(x) is
increasing on (=2, «).

458. increasingon(ﬂ 7—”),(3—” M); decreasingon(O E),(7—” 3—”), (M,Zn)

< 0; therefore, the function is decreasing on

2’ 6 2’6 T2 6’ 2 6
Begin by finding the derivative of the function. The derivative of f(x) = cos?x - sin x is
f'(x)=-2cosxsinx—cosx

Next, find any critical numbers that fall inside the specified interval by setting the
derivative equal to zero and solving: -2 cos x sin x = 0, or (-cos x)(2 sin x + 1) = 0. Solving

—cos x = 0 gives you the solutions x = % and x = 37”, and solving 2 sin + 1 = 0 gives you
sinx = —%, which has the solutions x = % and x = %

To determine where the original function is increasing or decreasing, substitute a
test point from inside each interval into the derivative to see whether the derivative is
T
6
f (%) =-cos %(2 sin% + 1) <0, so the function is decreasing on (O,

positive or negative. So for the interval (0, %), you can use x = = In that case,

/3

5). Proceeding in a
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similar manner, you can show that for a point inside the interval (% 7—”), f' > 0; that

6
for a point inside the interval (%r 37”) f'< 0; that for a point inside (37” %) f'>0;
1z ' n Iz
and that for a point inside 5 ,21r |, ' < 0. Therefore, f(x) is increasing on 56

3z 1llm : : )\ (iz 3=m 11z
and( 2 6 ), and f(x) is decreasing on(O ) ( 6 7), and (T’ 271).

increasing on (0%) (n,%f); decreasing on (%7 ,T) (577 2,,)

3
Begin by finding the derivative of the function. The derivative of f(x) = 2 cos x — cos 2x is
f'(x) = -2sinx +(sin(2x))(2)
=-2sinx +2(2sinxcosx)
=2sinx(2cosx-1)

Now find the critical numbers by setting each factor equal to zero and solving for x.
The equation sin x = 0 gives you the solutions x = 0, x = t, and x = 2n. Solving

2 cos x—1=0gives you cosx = E, which has solutions x = 3 T and x = 5??
To determine whether the function is increasing or decreasing on (0, %), pick a point in

the interval and substitute it into the derivative. So if you use x = 4, then you have é,‘gl-,
f’( 4) 251n( 1 )(ZCOSZ 1) >0, so the function is increasing on (0, §)' Likewise, if you §§
use the point x = % in the interval ( 3 ), you have f’(z,;) 251n( 2?? )(ZCOSZT”—I) <0.

If you use x = 37” in the interval ( Sér ) then f’(32”) 25111(377[)(2 00337”—1) > 0. And

if you use x = 74? in the interval (5?? , 271'), you have f’( 74 ) 251n( ) )(ZCOS%— l) <0.

Therefore, f(x) is increasing on the intervals (O, 3 ) and (ﬂ, 5?”), and f(x) is decreasing

on the intervals ( 5 ) and (53? , Zn)

increasing on (0, 1); decreasing on (1, «)

Begin by finding the derivative of the function. The derivative of f(x) = 4 In x — 2x? is

f’(x)=4(%)—4x
_4_4x?
X X
4(1—x2)
=
_40-x)A+x)
===

Now find the critical numbers. Setting the numerator equal to zero gives you (1 —x)(1 + x)
=0 so that x = 1 or —1. Setting the denominator of the derivative equal to zero gives you
x = 0. Notice that neither x = 0 nor x = -1 is in the domain of the original function.
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To determine whether the function is increasing or decreasing on (0, 1), take a point in

1 2
(-4
the interval and substitute it into the derivative. If x = %, then f’(%) == >0,
2
4(1-4)

so the function is increasing on (0, 1). Likewise, if you use x = 2, then f(2) =
so the function is decreasing on (1, «).

<0,

2

46 ’. local maximum at (-1, 7); local minimum at (2, -20)

Begin by finding the derivative of the function f(x) = 2x® — 3x? — 12x:
F(x)=6x*-6x-12

Then set this derivative equal to zero and solve for x to find the critical numbers:
6x*—6x-12=0
x?—x-2=0
(x-2)(x+D=0
x=2,-1
Next, determine whether the function is increasing or decreasing on the intervals

(=0, -1), (-1, 2), and (2, =) by picking a point inside each interval and substituting it
into the derivative. Using the values x = -2, x = 0, and x = 3 gives you

F(~2) =6(-2)*—6(-2)~12 >0
£(0) =6(0)>—6(0)-12<0
F(3)=6(3)° —6(3)-12>0

Answers
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Therefore, f(x) is increasing on (-, —1), decreasing on (-1, 2), and increasing again on
(2, »). That means there’s a local maximum at x = -1 and a local minimum at x = 2.

Now enter these values in the original function to find the coordinates of the local maxi-
mum and minimum. Because f(~1) = 2(-1)3 - 3(-1)? - 12(~1) = 7, the local maximum occurs
at (-1, 7). Because f(2) = 2(2)* - 3(2)? - 12(2) = -20, the local minimum occurs at (2, -20).

462. no local maxima; local minimum at (16, -16)

Begin by finding the derivative of the function f(x) = x —8/x = x —8x"%

Fe0=1-8(3x )

H
e

i

Jx

Then find the critical numbers. Setting the numerator equal to zero gives you/x —4 =0
so that \/x = 4, or x = 16. Setting the denominator equal to zero gives you x = 0. Next,

determine whether the function is increasing or decreasing on the intervals (0, 16)
and (16, «) by taking a point in each interval and substituting it into the derivative.
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Soif x = 1, you have f/(1)=1- 4 2050 that f(x) is decreasing on (0, 16). And if x = 25,

v
4

you have f'(25)=1- o >0, so f(x) is increasing on (16, «). Therefore, the function

has a local minimum at x = 16. Finish by finding the coordinates: f(16) =16 — 8\/T =-16,
so the local minimum is at (16, -16).

463. local maximum at (64, 32); local minimum at (0, 0)
Begin by finding the derivative of the function f(x) = 6x%3 - x:

f'(x)=6(3x-l/3)-1

&

Then find the critical numbers. Setting the numerator equal to zero gives you
4—3x =0 so that 4 = x'/3, or 64 = x. Setting the denominator equal to zero gives you
x =0 as a solution.

Next, determine whether the function is increasing or decreasing on the intervals
(=<0, 0), (0, 64), and (64, «) by taking a point in each interval and substituting it into
the derivative. Using the test points x = -1, x = 1, and x = 125 gives you the following:

Answers
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3
1= 4= 1—1 _ 4_+11 <0

71
)
F(1) = 4%ﬁ >0
_3 —
r(125) = 42088 - 45 <o

Therefore, f(x) is decreasing on (-, 00), increasing on (0, 64), and decreasing on (64, ).
That means f(x) has a local minimum at x = 0; f(0) = 0, so a local minimum occurs at (0, 0).
Also, f(x) has a local maximum at x = 64; f(64) = 6(64)*° — 64 = 32, so the local maximum
occurs at (64, 32).

464. local maximum at [%ﬂ% ]; local minimum at (%,_ﬁ ]

Begin by finding the derivative of the function f(x) = 2 sin x — sin 2x:
f'(x)=2cosx—(cos2x)(2)
=2cosx—2cos(2x)
= 2cosx—2(2cos2 x—l)
=-4cos’ x+2cosx +2

Next, find the critical numbers by setting the derivative equal to zero:
—4cos*x+2cosx+2=0
2cos’x—cosx—1=0
(2cosx+1)(cosx—-1)=0
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Setting the first factor equal to zero gives you cosx = _5’ which has the solutions
X = 2?” and x = 4” . Setting the second factor equal to zero gives you cosx =1, which

has the solutlons x =0 and 2n.
Next, determine whether the function is increasing or decreasing on the intervals

(0, 2?”) (2—” Az ) and (4—” 27 ) by taking a point inside each interval and substituting it

37 3 3
into the derivative to see whether it’s positive or negative. Using the points Z R and
3” gives you
2
L T T
f(3) 4((:053) +2cos(3)+2
- 1
- 1+2(2)+2>0
f'(7) =-4(cosn)?+2cosm +2
=-4-2+2
=-4<0
(3 - _ 3 3
f( 5 )— 4(cos 5 ) +2cos( 5 )+2
=2>0

Answers
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So f(x) has a local maximum when x = 2{ because the function changes from increasing

to decreasing at this value, and f(x) has a local minimum when x = %T because the
function changes from decreasing to increasing at this value.

To find the points on the original function, substitute in these values. If x = %, then
2n 2 . 2n
f( 3 ) ZSln( 3 ) sm(Z( 3 )j

AFH-$

_33
2
So the local maximum occurs at 2?? 3\/_ If x = 3 ,then
4 4r . 4n
f( 3 ) ZSln( 3 ) sm(2( 3 ))

_of =B )8

2 2
__38
2

Therefore, the local minimum occurs at (%’,—% J
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: -1l -1lx n T . s ir —In
465. local maxima at (T’ =t \/5), (E’ 5t ﬁ), local minima at (— T _ \/_)
%)
Begin by finding the derivative of the function f(x) = x + 2 cos x:
f'(x)=1-2sinx
Next, find the critical numbers by setting the function equal to zero and solving for x
on the given interval:
1-2sinx =0
1
2
-1z -Tn © 5m
6 ' 6 '6’ 6

sinx =

X =

Then determine whether the function is increasing or decreasing on the intervals

1z iz _7x n x| (m 5S¢ S5t . C
( -2, _T)’ (_T’_?)’( 6 6) (6 6 ) and( 6 ,2n)bytak1ngapomt inside

each interval and substituting it into the derivative. Using the value x = —6.27, which is
slightly larger than -2n, gives you f'(-6.27) = f'(-2n) = 1 > 0. Likewise, using the points

=BT 0. E and 3Z§ h of th ining four intervals gi the following: £
2 , 2,ar1 T rom eacn o eremalnlng our in erVaSglVeS you e 10 OWlng. ag.)l‘l,
]

f’(—?z’”) 1- 2sm( 5;”)_1—2<0 52

£(0)=1-2sin(0)=1>0

(Z) =1 9sin(Z)=1-
f(f)—l 251n(2) 1-2<0
(3 _1_9ein(37 ) _
f(T)_l 251n(2) 3>0

Therefore, the function has local maxima when x = Uz and x = Z and local minima

6 6
when x = %r and x = % To find the points on the original function, substitute these x

values into the original function:

f(_l(ii) 161” +2cos( 161”)
el
=%+\/§

f(%) +2cos(%
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=%+2[@

:%+ 3
f(%)=%+2cos(%)

A

. =11z -1lr T T
Therefore, the local maxima are (T’ =5t J3 ) and (E' 5t J3 ) and the local

minimaare(ﬁ ﬁ—\/_) r1d(5—7r 5—”—\/_)

466. concave up on (1, «); concave down on (-, 1)

To determine concavity, examine the second derivative. Because a derivative measures
a “rate of change” and the first derivative of a function gives the slopes of tangent
lines, the derivative of the derivative (the second derivative) measures the rate of
change of the slopes of the tangent lines. If the second derivative is positive on an
interval, the slopes of the tangent lines are increasing, so the function is bending
upward, or is concave up. Likewise, if the second derivative is negative on an interval,
the slopes of the tangent lines are decreasing, so the function is bending downward, or
is concave down.

Answers
401-500

Begin by finding the first and second derivatives of the function f(x) = x* - 3x? + 4:
f'(x)=3x*-6x
f'(x)=6x-6

Setting the second derivative equal to zero gives you 6x -6 = 0 so that x = 1.

To determine the concavity on the intervals (-, 1) and (1, «), pick a point from each
interval and substitute it into the second derivative to see whether it’s positive or neg-
ative. Using the values x = 0 and x = 2, you have "'(0) = 6(0) -6 <0 and f"(2) = 6(2) - 6 > 0.
Therefore, f(x) is concave up on the interval (1, «) and concave down on the

interval (-, 1).

46 7. concave up nowhere; concave down on (-, 0), (0, «)
Begin by finding the first and second derivatives of the function f(x) = 9x*° - x:

() =9(2x-l/3)—1
—6x



f”(x) — 6(_%x—4/3)
_ =2
B
Next, set the denominator of the second derivative equal to zero to get x*3 = 0 so that x = 0.

To determine the concavity on the intervals (-, 0) and (0, «), pick a point from each
interval and substitute it into the second derivative to see whether it’s positive or
negative. Using the values x = -1 and x = 1, you have the following:

F'(-1) = <0

( 1)4/3

(1) = (1)4/3 <0

Therefore, the f(x) is concave down on the intervals (-, 0) and (0, «).

468. concave up on (-, 0), ( , ); concave down on (0, %)

Begin by finding the first derivative of the function f(x) = x3(x + 1) = x*3 + x1/3:

f'(x)= —x +éx’2/3

Next, use the power rule to find the second derivative:
” _4 a3 2 53
f’(x)= 9% g X

=2 (2x 1)

_202x-1)
" T

Then find where the second derivative is equal to zero or undefined. Setting the numerator

equal to zero gives you 2x -1 = 0 so that x = l, and setting the denominator equal to
/3 = 2
zero gives you 9x°2 = 0 so that x = 0.
1
"2
from each interval and substitute it into the second derivative to see whether it’s positive

To determine the concavity on the intervals (-, 0), (O ) and (%oo) pick a point

or negative. Using the values x = -1, x = =, and x = 1 gives you the following:

A-1)-2 g
f”(—l):ﬁ>
) 4(l)—2
f (%):E)(z—)mw
F1(1) = ‘;((11))5‘/32 >0

Therefore, f(x) is concave up on the intervals (-, () and (% oo), and f(x) is concave

down on the interval (0, %)
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469. concave up on (-, -2), [_Té, %], (2, »); concave down on [—2, _Té} [%, 2]
Begin by finding the first and second derivatives of the function f(x) = (x% - 4)%
£ =3(x*-4) (2%
= 6)(()(2 - 4)2

2

F(x)=6(x*- 4) +(6x)(2)(x* - 4)(2x)
6(x>—4) +24x* (x> -4)
6(x*—4)((x*-4)+4x?)

= 6(x*~4)(5x" -4)

Next, set each factor in the second derivative equal to zero and solve for x: x2-4=0

gives you the solutions x = 2 and x = -2, and 5x% - 4 = 0, or x” 5, has the solutions
2 -2
X =—=and x =—=.
S5
. . . 2 2 2
To determine the concavity on the intervals (-, -2),| -2, - % ||| - %=, & |,
’ s el

Answers
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[%, 2} and (2, «), pick a point from each interval and substitute it into the second

derivative to see whether it’s positive or negative. Using the values x = -3, x = -1, x = 0,
x =1, and x = 3, you have the following:

6((-3)"~4)(5(-3)"-4)>0

(
"(-1)=6((-1)"-4}(5(-1)" - 4) <0
"(0)=6(- )( 4)>0

(1)

(

frl 3)

~ ™

"(1)=6((1)"-4)(5(1)"-4) <0
F(3)=6((3)"-4)(5(3)"~4)>0

Therefore, f(x) is concave up on the intervals (-, -2), LJ, and (2, «), and f(x) is

NE

/ﬁ\
t\|w

concave down on the intervals [—2, _—2] and [L, 2}

V3 J5
4 70. concave up on (0.253, E), (n’ —-0.253, 37”), concave down on the intervals (0, 0.253),
T 3r
(2,7r 0253) ( Z ,27:)

Begin by finding the first and second derivatives of the function f(x) = 2 cos x — sin(2x):

f'(x) =-2sinx —(cos(2x))(2)
=-2sinx —2cos(2x)



f”(x) =-2cos x +(2sin(2x))(2)
=4sin(2x)—-2cosx
=4(2sinxcosx)—2cosx

=2cosx(4sinx—-1)

Next, set each factor of the second derivative equal to zero and solve: cos x = 0 has the

solutions x =% and x = 3—”, and4sinx-1=0, orsinx = l, has the solutions
2 2 4
x=sin" (%) ~0.253 and x = 7 — 0.253,

To determine the concavity on the intervals (0, 0.25), (0.253, %), (%, - 0.253),

(n’ —-0.253, 37”), and (3—” 2r ), pick a point from each interval and substitute it into the

2 ,

second derivative to see whether it’s positive or negative. Using the values x = 0.1,
x=%,x=2%,x:n, andx=%tgives you the following:

£"(0.1)=2cos(0.1)(4sin(0.1)-1) <0

") = s T\_

f (g)—2cos(3) 4sm(3) 1]>0

" 27[ _ 2_77,’ . 2_7'[ _

f (?)—2005 3 (45111( 3) l)<0

( ):2cos(7r)(4sin(7r)—1)>0

T
f”(7—”) = 2cos(7—n)(4sin(7—”)—lj <0
Therefore, f(x) is concave up on the intervals (0.253, %) and (n —0.253, 37”), and f(x) is

concave down on the intervals (0, 0.253), (%, - 0.253), and (37”,27r )

no inflection points

Inflection points are points where the function changes concavity. To determine concav-
ity, examine the second derivative. Because a derivative measures a “rate of change” and
the first derivative of a function gives the slopes of tangent lines, the derivative of the
derivative (the second derivative) measures the rate of change of the slopes of the tan-
gent lines. If the second derivative is positive on an interval, the slopes of the tangent
lines are increasing, so the function is bending upward, or is concave up. Likewise, if the
second derivative is negative on an interval, the slopes of the tangent lines are decreas-
ing, so the function is bending downward, or is concave down.

Begin by finding the first and second derivatives of the function f(x) = 21 = (x2 - 9)71.
x -

The first derivative is

0 =—(x*-9)" (2x)
—-2x
(x*-9)°
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Now find the second derivative:

(x2-9)" (-2) - (-2:0(2(x* -9) 21)

HOE )
_ ~2(x?-9)[(x?-9)-4x? ]
(x*-9)’
_ -2(-3x*-9)
(=)
_ 6(x2+3)
(x*-9)’

Notice that the numerator of the second derivative never equals zero and that the
denominator equals zero when x = +3; however, x = +3 isn’t in the domain of the
original function. Therefore, there can be no inflection points.

472 (-

Begin by finding the first and second derivatives of the function f(x) = 2x* + x2. The first
derivative is

f(x)=6x>+2x

Answers
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And the second derivative is
f’(x)=12x+2

Setting the second derivative equal to zero gives you 12x + 2 = 0, which has the

solution x = %1
To determine the concavity on the intervals (—oo, - %) and (—%, oo), pick a point from

each interval and substitute it into the second derivative to see whether it’s positive
or negative. Using the values x = -1 and x = 0 gives you the following:

f”(—l) = 12(—1)+2 <0
f”(O) = 12(0)+2 >0
Therefore, the function is concave down on the interval (—oo, —%) and concave up on

the interval (—%, oo), 50 X = — L is an inflection point. The corresponding y value on f(x) is

6
1) _of 1), (_1Y
f(-5)=2-%) +[-%)
_ =2 . 6
=216 " 216
_ 4
216
1
54

=
L
-

Therefore, the inflection point is (—
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474.

no inflection points

(m, 0)

sinx

Being by finding the first and second derivatives of the function f(x) = T+ cosx'

The first derivative is

F(x) =

(1+cosx)cosx—sinx(—sinx)
(1+cosx)?

_ cosx+cos’ x+sin’x
(1+cosx)*

__l+cosx
(1+cos x)?

_ 1
1+cosx

=(1+cosx)™

And the second derivative is
f7(x) =-1(1+cos x)*(-sinx)

_ sinx
(14 cos x)?

Next, find where the second derivative is equal to zero or undefined. Setting the
numerator equal to zero gives you sin x = 0, which has solutions x = 0, x = , and x = 2n.
Setting the denominator equal to zero gives you 1 + cos x = 0, or cos x = -1, which has
the solution x = 7.

To determine the concavity on the intervals (0, ©) and (r, 2n), pick a point from each inter-
val and substitute it into the second derivative to see whether it’s positive or negative.

Using the values x = % and x = 3—” gives you the following:

sin( )
" E 2
f ( 5)-—

( +cosy )
bl
sm(

p(3)-—2 )

(1 +cos 32” )

However, note that at x = 1, the original function is undefined, so there are no inflection
points. In fact, if you noticed this at the beginning, there’s really no need to determine
the concavity on the intervals!

Begin by finding the first and second derivatives of the function f(x) = 3 sin x - sin®x.
The first derivative is

f’(x) = 3cos x — 3(sin x)*(cos x)
= 3(:osx(1—sin2 x)
= 3cosx(cos2 x)

=3cos’x
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And the second derivative is
£”(x) = 3(3(cos x)*(~sinx))
=-9cos’xsinx

Next, find where the second derivative is equal to zero by setting each factor equal to

zero: cos x has the solutions x = % and x = 3r and sin x = 0 has the solutions x = 0,

x =7, and x = 2m. 2

To determine the concavity on the intervals (O, %), (%, T ), (7‘[ 31 ), and (37”, 2 ), pick

2
a point from each interval and substitute it into the second derivative to see whether
it’s positive or negative. Using the values x = % X = %T” X = %r and x = % you have

the following:

f”(

N
_
I
|
e}
VY
(@)

o
w
—_—
EN(EY
N
1]
=]
—_——
ENE
\_/
A
(e}

2
n(5m\_ 5n . [ 5m
f (T)_ 9((:03 ) )) sin 7) )>0
QQ " 771 777: 2 771'
S _ in i
gul, f(4)— 9((:05(4)] sm(4)>0
£8

Therefore, the concavity changes when x = n. The corresponding y value on f(x) is
f(n) = 3 sin n - (sin m)3 = 0, so the inflection point is (r, 0).

4 75- (-1,-6)

Begin by finding the first and second derivatives of the function f(x) = x*/3 — 5x%3,
The first derivative is

£(x) = %xm —5(%){'1/3)

5 X3 _mx—l/S

3 3

And the second derivative is

=32 ?) 19 L]
__10 10
- 9X1/3 + 9x4/3
_10x+10
- 9x4/5

Next, find where the second derivative is equal to zero or undefined by setting the
numerator and the denominator equal to zero. For the numerator, you have 10x + 10 = 0,
which has the solution x = -1. For the denominator, you have 9x%? = 0, which has the
solution x = 0.
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To determine the concavity on the intervals (-, -1), (1, 0), and (0, «), pick a point
from each interval and substitute it into the second derivative to see whether it’s positive

or negative. Using the values x = -2, x = L andx-1 gives you

21

o 10(=2)+10
f (—2)—W<0

_1
f”(_l)=M>0

2 9 e

-3)
e 10(1)+10
f (1)—W>O

Because the concavity changes at x = -1, the original function has an inflection point
there. The corresponding y value on f(x) is

A1) = (=D = 5(-D**
=-1-5
=6

Therefore, the inflection point is (-1, -6).

4 76. no local maxima; local minimum at (0, 1)

Answers
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Begin by finding the first derivative of the function f(x) =3} (x2 + 1)2:
, 2(.2,1\V3
F(x)= §(x +1) 7 (2x)
= %C(x2 + 1)71/3
_ 4x
S(xz + 1)1/3

Next, find any critical numbers of the function. Setting the numerator of the derivative
equal to zero gives you the solution x = 0. Note that no real values can make the
denominator equal to zero.

Then find the second derivative:
3(x?+1)"" (- (4x)( Hazen)™ (2x))

(3()(2 +1)1/3)2

-2/3

F(x) =

12(x?+1)" - 8x?(x? +1)
9(xz+1)2/3

x +1 ( X +1 )
9(x2+1)2/3
4(3x*+3-2x7)
9(xz+l)4/3
__4x’+12
9(xz+1)4/3
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To see whether the original function is concave up or concave down at the critical
number, substitute x = 0 into the second derivative:
” 4(0)* +12
OB N
9((0)* +1)

The second derivative is positive, so the original function is concave up at the critical
point; therefore, a local minimum is at x = 0. The corresponding y value on the original

function is f(0) =3} (02 + 1)2 =1, so the local minimum is at (0, 1).

4 77. local maximum at (0, 1); local minima at (—ﬁ, —3), (\/f,—?))

Begin by finding the first derivative of the function f(x) = x* - 4x? + 1:
f(x)=4x>-8x
=4x (x2 - 2)
Set the first derivative equal to zero and solve for x to find the critical numbers of .
The critical numbers are x = 0, x = ﬁ, and x = —\/f.
Next, find the second derivative:
f7(x)=12x2-8

Substitute each of the critical numbers into the second derivative to see whether the
second derivative is positive or negative at those values:

£"(0)=12(0)*-8=-8<0
r(J2)=12(y2) ~8=16>0
r'(-J2)=12(-y2) -8=16>0

Therefore, the original function has a local maximum when x = 0 and local minima

Answers
401-500

when x = /2 and x = —,/2. The corresponding y values on the original function are

F(~2)=(~y2) ~4(~y2) +1=-3,F(0) = 01 4(0)? + 1 - 1, and
f(ﬂ) = (ﬁ)4 - 4(\/5)2 +1=-3. Therefore, the local maximum occurs at (0, 1),
and the local minima occur at(—ﬁ , —3) and (ﬁ ) —3).

478.  1ocal maxima at(—ﬁ,%} [%%J

Begin by finding the first derivative of the function f(x) = 2x?(1 — x?) = 2x? — 2x*
f'(x)=4x-8x>
=4x(1-2x*)

; local minimum at (0, 0)

Set the first derivative equal to zero and solve for x to find the critical numbers.



Solving 4x(1 — 2x?) = 0 gives youx = 0, x = L, and x = ——L as the critical numbers.
Next, find the second derivative: ﬁ ﬁ

f7(x)=4-24x"
Substitute the critical numbers into the second derivative to see whether the second
derivative is positive or negative at those values:

2
£ —LJ:4—24(—L] —4-12<0

7z 7z

£'(0)=4-24(0)" =4>0

2
£ LJ=4—24(L] —4-12<0

7z 7z

1

So the original function has local maxima when x = Ni and x = —— and a local minimum

2
when x = 0. Finding the corresponding y values on the original function gives you the
following:

()] (]

£(0)=2(0)"-2(0)" =0
e )

Therefore, the local maxima are at (—

2.2_1
2 472

, lJ and [L, l], and the local minimum is
2 \f 2

at (0, 0). 2
4 79- local maximum at (2, %), local minimum at (—2, - %)
Begin by finding the first derivative of the function f(x) = 2):_ 4:
X
x2+4)(D)-x(2x
f’(x)z( [©) 2( )
(x2 + 4)
_ —x’+4
(x2 + 4)2

Then set the numerator and denominator of the first derivative equal to zero to find
the critical numbers. Setting the numerator equal to zero gives you —x? + 4 = 0, which
has the solutions x = 2 and x = —2. Notice that the denominator of the derivative
doesn’t equal zero for any value of x.
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Next, find the second derivative of the function:
(32 +4) (200~ (~x* +4)(2(x* +4) 20)
(x2 + 4)4

(%) =

20(x?+4) —dx(x? +4)(-x +4)

(]
)

S 2x)(x*+4) [(x2+4 )+2( x2+4)J
x*+4)
_(20(12-x*
(x +4)

Substitute the critical numbers into the second derivative to see whether the second
derivative is positive or negative at those values:

Py = @E®

©F
prizy= CO®)
=) ©F
o3
%FI Because f(x) is concave up when x = -2 and concave down when x = 2, a local minimum
<2 occurs at x = -2, and a local maximum occurs when x = 2. Because f(-2) = (2;% =
and f(2) = QL 1, the local minimum occurs at ( -2, — l), and
2244 4 4

the local maximum occurs at (2, %)

48 0. local maximum at (% J3-

o\ . 5t _ 3 51
§), local minimum at( 3 \/§ 3 )

Begin by finding the first derivative of the function f(x) = 2 sin x — x:
f(x)=2cosx-1
Set the first derivative equal to zero to find the critical numbers. From the equation 2
cosx—1=0, youget cosx = % so the critical numbers are x = § and x = 5??
Next, find the second derivative:
f’(x)=-2sinx

Substitute the critical numbers into the second derivative to see whether the second
derivative is positive or negative at these values:

f"(ﬂ) — 2sinZ = —2[£J <0

3 3 2

F (5”)_ ~2sin 9% = —2(—£]>0

3 3 2

1

4



481.

Because the function is concave down at x = %, it has a local maximum there, and

because the function is concave up at x = 5?” it has a local minimum there. To find the

corresponding y value on f(x), substitute the critical numbers into the original
function:

Tl _9sin|Z|_Z&
f(g)—Zsm 3) 3

3 373

) B 5

2 3
__[3_5m
=-J3-

Therefore, the local maximum is at (%, \/§ - %), and the local minimum is at

Recall Rolle’s theorem: If fis a function that satisfies the following three hypotheses:
v fis continuous on the closed interval [a, b]
v~ fis differentiable on the open interval (a, b)
v f(a)=f(b)

then there is a number c in (a, b) such that f'(c) = 0.

Notice that the given function is differentiable everywhere (and therefore continuous
everywhere) because it’s a polynomial. Then verify that f(0) = £(6) so that Rolle’s theorem
can be applied:

f(0)=02—0+1:1
f(6)=6>-6(6)+1=1
Next, find the derivative of the function, set it equal to zero, and solve for c:
f'(c)=2c-6
2c-6=0
c=3

Answers and Explanations 3 ’ ’
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Answers
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I I I |
14\1 23456 X
-2
_3_
4 ] y=x2—6x+1
5
—6
—7 4
_8_

482. -

w|a‘

Notice that the given function is differentiable on (=8, 0). Then verify that f (-8) = £(0)
so that Rolle’s theorem can be applied:

f(-8)=-8/-8+8=-8/0=0
£(0)=00+8 =0

Next, find the derivative of the function, set it equal to zero, and solve. Here’s the
derivative:

f(c)=1(c+8)"* +c(%(c+ 8)’1/2)

:(c+8)‘1/2|:(c+8)+%c:|

3
~ 2c+8

" Jc+8

Setting the numerator equal to zero and solving for c gives you

3 _
§C+8—0

3o
EC— 8



483.

484.

0,+1 +1
7i2’

[\
w&‘
w

Notice that the given function is differentiable everywhere. Then verify that f(-1) =
f(1) so that Rolle’s theorem can be applied:

f(-1)=cos(-2r)=1
f(1)=cos(27)=1

Next, find the derivative of the function, set it equal to zero, and solve for c. Here’s the
derivative:

f'(¢) = (—sin(27c)) (2r)
=-2rsin(2rc)

You need to find the solutions of sin(2nc) = 0 on the interval -1 < ¢ < 1 so that -2n < 2nc
< 21t. Notice that the solutions occur when 2nc = -2, —n, 0, 71, and 2n. Solving each of

these equations for c gives you the solutions ¢ = -1, ¢ = —%, c=0,c= % andc = 1.

Recall the mean value theorem: If fis a function that satisfies the following hypotheses:

v fis continuous on the closed interval [a, b]

v~ fis differentiable on the open interval (a, b)
f(b)-f(a)
b-a -
Notice that the given function is differentiable everywhere, so you can apply the mean

b)-f(a)
a

value theorem. Next, find the value of fC b

then there is a number c in (a, b) such that f'(¢) =

on the given interval:

F2)-f0) _(2°+3(-1)-D
2-0 3
_14
)
=7

Now find the derivative of f(x) = x* + 3x — 1, the given function, and set it equal to 7.
The derivative is f' = 3x% + 3, so

3c2+3=7
3c?=4
C2=4

3
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The negative root falls outside the given interval, so keeping only the positive root

- once [A_2 23
gives you the solution c = 3 = \/§_ 3

Answers
401-500

485. |

)3/2

W=

Notice that the given function is differentiable on (0, 1) and continuous on [0, 1], so

you can apply the mean value theorem. Next, find the value of % on the given

interval:

FA)-1(0) _2-0 _,
1-0 1

Now find the derivative of f(x) = 22/7 , the given function, and set it equal to 2.

The derivative is f'(x ) = 2(%){’2/3 ) = ﬁ, so you have
X
2 _
3C2/3 =2



486. 322

Notice that the given function is differentiable everywhere, so you can apply the mean

value theorem. Next, find the value of % on the given interval:

4 1
fA-fA) _ 442" 1+2
4-1 3
2_1
_3 3
3
-1
9
Now find the derivative of f(x) = ﬁ, the given function, and set it equal to %
+2)(1)-x(1
The derivative is f’(x):(x ) Zx( )__2 5, S0 you have
(x+2) (x+2)
2 _1
(c+2)* 9
18 = (c+2)*

Keeping only the positive root, you have /18 = ¢ + 2, which has the solution 3,/2 -2 =c.
Note that the negative root would give you ¢ = —3\/5 —2, which is outside of the interval.

4H817. 2

By the mean value theorem, you have the following equation for some c on the
interval [1, 5]:

(E)-1D
f(5)-f(1)=4f(c)

Next, solve for f(5) using the fact that f(1) = 12 and f'(x) 2 3 (and so f'(c) 2 3):
f(5)=f(D)+4f'(c)

=12+4f(c)
>12+4(3) =24

4H88. 8 < £(8) - F(4) < 24
If 2 < f'(x) < 6, then by the mean value theorem, you have the following equation for

some c in the interval [4, 8]:

f(8§:£(4) — ()

f(8)—f(4)=4f"(c)
Using 2 < f'(x) < 6, you can bound the value of 4f'(c) because 2 < f'(c) < 6:
(D2<DF (c)< (D)6
8<4f'(c)<24

Answers and Explanations 3 75
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Because f(8) - f(4) = 4f'(c), it follows that
8<f(8)-f(4)<24
25
489- 2<3f9<22 5

The given function f(x) = x"* = %/7 is continuous and differentiable on the given inter-
val. By the mean value theorem, there exists a number c in the interval [8, 9] such that

f()\/_fJ_Z

-2/3

But because f/(x) = —x , you have f'(¢) = %c‘m. Replacing f'(¢) in the

equation f’(¢) = \/7 \/_ \/_ 2 gives you
Lo \/§ 2

Because %C_Z/'? >0, you have 3/9 -2 >0, so

39>2

Notice also that f' is decreasing (f " will be negative on the given interval), so the

o g .
és following is true:
FI ’ ’ _ l —2/3
§§.’ Fc)<F(8)=3(8)
_ 1
- 3(8)%°
S
3(4)
-1
12
1 , 1 _25
Because 15 > () = 3/9-2, you have 39 <2+ = {3 = 13- Therefore, it follows that
2<3[9<£2 25
490. velocity: 2; acceleration: 2

Begin by taking the derivative of the position function s(¢) to find the velocity function:
sS(H)=v(t)=2t-8

Substituting in the value of ¢ = 5, find the velocity:
v(5)=2(5)-8=2

Next, take the derivative of the velocity function to find the acceleration function:
s"(H=v'()=a(t)=2

Because the acceleration is a constant at ¢ = 5, the acceleration is a(5) = 2.



49 7. velocity: 1; acceleration: -2

Begin by taking the derivative of the position function s(#) to find the velocity function:

s'(t) =v(t) =2cost+sint

Substituting in the value ¢ = % gives you the velocity:

T\ _ E i E: =
U(f)—2C082+Sln2 2(0)+1=1

Next, take the derivative of the velocity function to find the acceleration function:
s”(H) =v'(t) = a(t) =-2sint +cost

Substituting in the value of ¢ = % gives you the acceleration:

” o _ E —_ . E E
s(t)—u(t)—a(z) 231n2+cos2

=-2(D)+0=-2

4 92. velocity: 0; acceleration: -1

Begin by taking the derivative of the position function s(¢) to find the velocity function:

(2 +1)@-@n@0)

s =v(t)= P
(t + 1)
_2t*+2-4¢
(t2 + 1)2
_2-2¢
(t2 + 1)2
Substituting in the value ¢ = 1 gives you the velocity:
2
o=22D" _g
((*+1)

Next, take the derivative of the velocity function to find the acceleration function:
2+1)" (—40)—(2-202)2(e2 +1) 2t
(¢2+1) (A0-(2-20)2(¢ +1)

(t2 +1)4
(2 +1)[ (~an)(e2+1)- 4t (2-2¢) ]

(t2 +1)4
_ —4t* — 4t -8t +8¢°

(t2 +1)3
_ 4’12t
(t2 +1)3

a(t) =

Answers and Explanations 3 ’ 7
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Substituting in the value of ¢ = 1 gives you the acceleration:
43 -12(D) -
o= 412D _ 8
(D*+1)

4 93. compressing; speed: 8 ft/s
Begin by taking the derivative of the equation of motion to find the velocity function:
x(t)=8sin(2t)

x'(t)=v(t)= 8(cos(2[))(2)

v(t)=16cos(2t)

Att=2Z you have

§1

u(%): 16cos(2%)
s}
=-8 ft/s

The velocity is negative, so the spring is compressing. Because the speed is the abso-
lute value of the velocity, the speed is 8 feet per second.

Answers
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494. maximum height: 25 ft; upward velocity: 8\/3 ft/s; downward velocity: —8\/5 ft/s

One way to find the maximum height of the stone is to determine when the velocity of
the stone is zero, because that’s when the stone stops going upward and begins falling.
(The stone follows a parabolic path, so you can also use the formula to find the vertex,
but try the calculus way instead.)

Finding the derivative of the position function gives you the velocity function:
s =40t -16¢t*
v=s"=40-32t

Set the velocity function equal to zero and solve for time t:

40-32t=0
40 _
32!

_5

t=%

Substituting this time value into the position equation gives you
_a0(5)_16(3) -
s—40(4) 16(4) -25

Therefore, the maximum height of the stone is 25 feet.



To answer the second part of the question, use algebra to find at what points in time
the stone is at a height of 20 feet:

40t -16t* = 20
-16t*+40t-20=0
4t* -10t+5=0
Using the quadratic formula with a = 4, b = =10, and ¢ = 5, you get the solutions
t= %(5— \/3 ) and f = %(5 +5 ) Substituting these values into the derivative gives you

the velocity at these times:

0, =40-32(%(5- /5|
=40-8(5-5)
=85

u2=40—32(%(5+\/§))

=40-8(5+./5)

s=40t-16t2

t=1(5-+5) t=%(5+\/5)

The velocities are approximately equal to 17.89 feet per second and -17.89 feet per
second. The signs on the answers reflect that the stone is moving up at the first time
and down at the second time.

495- maximum height: 6.25 ft; velocity on impact: -20 ft/s

One way to find the height of the stone is to determine when the velocity of the stone
is zero, because that’s when the stone stops going upward and begins falling. (The
stone follows a parabolic path, so you can also use the formula to find the vertex, but
try the calculus way instead.)

Answers and Explanations 3 ’ 9
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Finding the derivative of the position function gives you the velocity function:
s =20t —16t*
v=s"=20-32t

Set the velocity function equal to zero and solve for time t:

20-32t=0
(=20_5
3278

Substitute in this value to find the height:

5)_90(5)_16(5)" =25 _
s(g)_zo(S) 16(8) =5 6251t

To find the velocity of the stone when it hits the ground, first determine when the
stone hits the ground by setting the position equation equal to zero and solving for ¢

20t -16t2=0

46(5-4)=0
—0 5
t=0, 4

into the

I3

Because ¢t = 0 corresponds to when the stone is first released, substitute ¢ =

nS
gucla velocity function to get the final velocity:
D e
co
<= b=20-32 (%)
=-20 ft/s

2 | 2
496. downward on {O, \/§ ], upward on ( \/§ , ]

Note that because the velocity is the rate of change in position with respect to time,
you want to find when the velocity is positive and when the velocity is negative.
Assume that when the velocity is positive, the particle is moving upward, and when
the velocity is negative, the particle is moving downward.

Begin by taking the derivative of the position function to find the velocity function:
y=t>—4t+5
v=y =3t*-4
Set the velocity function equal to zero and solve for time t:
3t2-4=0

-+ [4_4 2

Use only the positive solution based on the given interval for t.
2

NE

Now take a point from the interval | 0, 2 and a point from [

NE

, oo] and substitute



497.

498.

them into the velocity function to see whether the velocity is positive or negative on
those intervals. Using ¢ = 1, you have v(1) = 3(1)> -4 <0, and using ¢ = 10, you have
v(10) = 3(10)% - 4 > 0; therefore, the particle is moving downward on the interval

{0, LJ and upward on the interval [L oo}

V3 V3’

downward on [O, §); upward on (%, oo)

4

Note that because the velocity is the rate of change in position with respect to time,
you want to find when the velocity is positive and when the velocity is negative.
Assume that when the velocity is positive, the particle is moving upward, and when
the velocity is negative, the particle is moving downward.

Begin by taking the derivative of the position function to find the velocity function:

y=4t>—6t-2
v=y =8t-6
Then find when the velocity is equal to zero:
8t-6=0
BE
Now take a point from the interval (0, %) and a point from (%, oo) and substitute them
into the velocity function to see whether the velocity is positive or negative on
those intervals. If you use ¢ = %, you have u(%) = 8(%)—6 <0, and if ¢ = 1, you have
v(1) = 8(1) - 6 > 0; therefore, the particle is moving downward on the interval [0, %)

and upward on the interval (%, oo).

-25,25

Let x and y be the two numbers so that x — y = 50. The function that you want to
minimize, the product, is given by

P(x,y)=(x)(y)
Solve for x so you can write the product in terms of one variable:
x—y=>50
x=50+y
Then substitute the value of x into P:
P=(0+y)(y)
=y%+50y
Next, find the derivative, set it equal to zero, and solve for y:
P’ =2y+50
0=2y+50
-25=y

Answers and Explanations 32 ’
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Using y = =25 and x = 50 + y gives you x = 25, so the product is
P = (25)(-25) = -625

You can verify that y = —25 gives you a minimum by using the first derivative test.

499. 20, 20

Let x and y be the two positive numbers so that xy = 400. The function that you want to
minimize, the sum, is given by

S(x,y)=x+y
You can write the product in terms of one variable:

xy =400

_ 400
Y=

Then substitute the value of y into the sum function:
S(x) = x+@ — X +400x "

Next, find the derivative of the function:

g8 S’(x) =1-400x
25‘, -1-400
< x?
_ x2-400
x2

Setting the derivative equal to zero gives you x* — 400 = 0, and keeping only the positive
solution, you have x = 20. You can verify that this value gives you a minimum by using
the first derivative test.

Using x = 20 and xy = 400 gives you y = 20.

500. 15m x 15 m

If you let x and y be the side lengths of the rectangle, you have the following equation
for the perimeter:

2x+2y =60
The function that you want to maximize, the area, is given by
A(x,y) = xy

You can write this as a function of one variable by using 2x + 2y = 60 to get y = 30 — x.
Substituting the value of y into the area equation gives you
A(x)=x(30-x)

=30x — x?
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Take the derivative and set it equal to zero to find x:

A =30-2x
0=30-2x

2x =30
x=15m

You can verify that this gives you a maximum by using the first derivative test.

Using 2x + 2y = 60 and x = 15 meters, you get y = 15 meters.

501. 56,250 ft2

Let x and y be the lengths of the sides of the pen as in the following diagram:

y

From the diagram, you have the following perimeter formula:
5x+2y=1,500

Answers
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The function you want to maximize, the area, is given by
A(x,y) =xy

You can write this as a function of one variable by using the equation 5x + 2y = 1,500 to

get y =750 —%x. Substituting the value of y into the area equation gives you

A(x)=x(750—%x)

=750x — % x?
Take the derivative of this function, set it equal to zero, and solve for x:
A" =750-5x
0="750-5x
5x =750

x =150
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You can verify that this value gives you a maximum by using the first derivative test.
Using 5x + 2y = 1,500 and x = 150 gives you y = 375; therefore, the area is

A = (150)(375) = 56,250 ft>

502. 16 3

6—2x

6-2x

If a square with side x is removed from each corner of the piece of cardboard, you have
the following volume, where 0 < x < 3:
V=(6-2x)(6-2x)x

By distributing, you have
V=(6-2x)(6-2x)x
=(36-24x+4x”)x
=4x*-24x*+36x
You want the maximum volume, so take the derivative of this function:

V' =12x%—48x + 36

Answers
501-600

Then set the derivative equal to zero and solve for x:

12x*-48x+36=0

12(x*-4x+3)=0

12(x-3)(x-1)=0

x=31

Because x = 3 makes the volume zero, you know that x = 1 gives you a maximum,
which you can verify by using the first derivative test.
Using V = (6 - 2x)(6 — 2x)x and x = 1 gives you the volume:

V() =#HHA)

=16 ft*



Answers and Explanations 325

203/4 cm x 2034 cm x 103/4 cm

Open top

X

If you let x be a length of one side of the base and let y be the height of the box,
the volume is

V=x(x)(y)
16,000 = x2y
The square base has an area of x2, and the box has four sides, each with an area
of xy, so the surface area is given by
S(x,y)=x"+4xy

You can write this as a function of one variable by using x%y = 16,000 to get
y= 16,000

7 -

Substituting the value of y into the surface area formula gives you

S(x)=x*+ 4x(—16’0200 )
X
=x%+64,000x" =
o3
You want the minimum surface area, so take the derivative of this function: és'
§” = 2x —64,000x 2 <o
_ 2x* - 64,000
XZ

Then set the derivative equal to zero and solve for x:
2x*-64,000=0
2x* = 64,000
x = /32,000

x =203/4
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Use x = 203/4 to find y:
_ 16,000
(204’
_ 16,000
(400)(4°*)

_ 40
VEE

_ (40)41/ 3

- 4

=(10)4"3

=103/4
Therefore, the dimensions are 203/4 cm x 203/4 cm x 103/4 cm (approximately 31.75 cm x
31.75 cm x 15.87 cm).

Note that you can easily use the second derivative test to verify that x = 203/4 gives
you a minimum because S" > 0 for all x > 0.

506 [4F)(4-5)

You want to find the maximum distance. The distance from a point (x, y) to the point
(1, 0) is given by

D(x,y) =(x=D* +(y-0)*
=x*-2x+1+y’

Rewrite the equation of the ellipse as y? = 8 — 8x? and substitute the value of y? into the
distance equation:

D(x)=x*-2x+1+8-8x>
=9-2x-7x?

Tip: You can take the derivative of this function and use the first derivative test to find
a maximum, but it’s easier to use the square of the distance, which gets rid of the radi-
cal. For a function that satisfies f(x) > 0, its local maxima and minima occur at the same
x values as the local maxima and minima of its square, [f(x)]% Obviously, the corre-
sponding y values would change, but that doesn’t matter here!
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The square of the distance is
S=9-2x-7x*
And the derivative of this function is
S =-2-14x
Setting the derivative equal to zero and solving gives you -2 — 14x = 0, or -2 = 14x,
which has the solution x = —l. You can verify that x = —% gives you a maximum by

7
using the first derivative test.
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505. [

1

Using x = - and y? = 8 — 8x?, find the y coordinate:
2
o)
2_g_8
Y =8-79
2 _ 384
T

k‘

8
y= +\/49 +

Therefore, the two points that are farthest from (1, 0) are the points (_71 %) and

5]

7
-24 6 )
17 ' 17
You want to find the minimum distance. The distance from a point (x, y) to the origin is
D(x,y) = J(x=0)* +(y - 0)*
= Jx2+y?
Using y = 4x + 6, the distance is
D(x) = Jx* +(4x+6)
= V17x% +48x+36

Tip: You can take the derivative of this function and use the first derivative test

to find a minimum, but it’s easier to use the square of the distance, which gets rid of
the radical. For a function that satisfies f(x) > 0, its local maxima and minima occur at
the same x values as the local maxima and minima of its square, [f(x)]2. Obviously,
the corresponding y values would change, but that doesn’t matter here!
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Using the square of the distance, you have
S =17x*+48x+36

The derivative is

S’ =34x+48

Setting the derivative equal to zero gives you 34x + 48 = 0, which has the solution x = _1—274

You can verify that this value gives you a minimum by using the first derivative test.

Using x = and y =4x + 6, find the y coordinate:

17

y= 4( 1274)+6

96 . 102
=17 "7
_6

17

Therefore, the point closest to the origin is (%74, %)
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506. 3/5in.<6/5n.

— Printed Area —

[1

You want to maximize the printed area. Let x and y be the length and width of the
poster. Because the total area must be 90 square inches, you have A = xy = 90.

The poster has a 1-inch margin at the bottom and sides and a 3-inch margin at the top,
so the printed area of the poster is

A(x,y)=(x-2)(y-4)
Using y = %{—0, the printed area is

—(x—2(920_

A = (x 2)(x )
-90-4x-180 ¢

X

—98-4x-180

X

Find the derivative of the function for the printed area:

Answers
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_ 2
A/(x)=_4+1‘:;20=w

Set the derivative equal to zero and solve for x: —4x2 + 180 = 0 so that x2 = 45. Keeping
the positive solution, you have x = /45 = ./(9)(5) = 3./5.

Using the first derivative test, you can verify that x = 3\/§ gives you a maximum. From

the equation y = 9—)? you get the y value:
90 _ 30 _ 305
Y=3E "B 5 o
Therefore, the dimensions are 3+/5 inches x 6+/5 inches (approximately 6.7 inches x
13.4 inches).

507. _\/gand\/g

You want to locate the maximum slope of f(x) = 2 + 20x® — 4x5. The slope of the tangent
line is given by the derivative

f’(x)=60x*-20x"

At a point p, the slope is
s(p) =60p® —20p*
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$396.23

You want to maximize this function, so take another derivative:
s’(p) =120p-80p°®
To find the critical numbers, set this function equal to zero and solve for p:
120p-80p® =0
40p(3-2p*)=0

- 3
p—O,i\/;

Take a point from each interval and test it in s'(p) to see whether the answer is positive or
negative. By taking a point from the interval (—oo, - \/% j, you have s'(p) > 0; by using a

point from (— %, 0), you have s'(p) < 0; in (0, \/%j, you have s'(p) > 0; and in (\/E, oo), you
have s'(p) < 0. Because s(p) approaches —» as x approaches +, the maximum value
must occur at one (or both) of p = i\/%.

Substituting these values into the slope equation gives you
2 4
3 |- 3] _ 3 =
s(\/;]—GO(\/;j 20(\/;J 45
3 3) 3)'
s(—\/;jzm(— 5] —20(—\/;j _45

Therefore, the maximum slope occurs when x = % and when x = —\/g .
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If you let x be the length of the base and let y be the height, the volume is

V =(@2x)(x)y
20 = (2x)(x)y
20 = 2x?y

The area of the base is 2x2, and the box has four sides, each with an area of xy. With
the base material at $20 per square meter and the side material at $12 per square
meter, the total cost is

C(x,y) =20(2x*)+12(4xy)

= 40x* +48xy
You can write this as a function of one variable by using the volume equation to get
y= 2—02 = 1—‘3 The cost becomes
2x°  x

C(x) = 40x +48x(1—9)
X

=40x% +480x7"
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You want the minimum cost, so find the derivative of this function:
C’ =80x —480x >
_ 80x° — 480

xl

Setting this equal to zero, you get 80x3 - 480 = 0, which has the solution x = /6 ~1.82

meters. Substituting this value into the cost function C(x) = 40x? + 480x"! gives you the
minimum cost:

C(¥6)=40(¥6)" +480(¥6)
~ $396.23

1

509. 2om

NN

B>

You want to maximize the total area. If x is the length of wire used for the square each

Answers
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side of the square has a length of & T meters, so the area of the square is ( 1 ) You'll

have (20 — x) meters of wire left for the triangle, so each side of the triangle is (Z()T—x)

meters. Because the triangle is equilateral, its height is @(203_ x) meters, so the area
of the triangle is %bh = %( 203_ X )(@( 203_ X )j Therefore, the total area of the square

and the triangle together is

(] 3 25

_X—G f(zo x)?

where 0 < x < 20.

Find the derivative of this function:
A(x)= —+£2(20 x)(-D)

=X */—(20 x)
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Then set the derivative equal to zero and solve for x:

%x f(zo x)=0
1, 1043 B
g% 9 T1g*70
9 . 8043 43
73X~ g g X =0
43 803
ﬁ“ 72 X= 12
o[ 9+443 | _80v3
72 T2
_ 80\3
9+4.3

It’s reasonable to let x = 0 (the wire is used entirely to make the triangle) or x = 20 (the wire
is used entirely to make the square), so check those values as well. Here are the areas:

A(0)=9 1 ¥B 900y = B (400) ~19.25

16 736 36
A(20) = 21% £(20 20)* =400 — 25

(80\/— jz ,
A(giO%j 9+;‘6f g;[zo (91021/?/??)] ~10.87

The maximum occurs when x = 20.

5 ’0. % meters

Answers
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i

ENN
N
(=]

|
>

You want to minimize the total area. If x is the length of wire used for the square, each
side of the square has a length of Z meters, so the area of the square is ( 7] ) You’ll

have (20 - x) meters of wire left for the triangle, so each side of the triangle is (20—_X)

meters. Because the triangle is equilateral, its height is %( 203_ X ) meters, so the area

of the triangle is = bh (203 X )(@(ZOT—X)) Therefore, the total area of the square

and the triangle together is
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(203x)\/2§(203—x)
(

where 0 < x < 20.

Find the derivative of this function:
A(x)= —+£2(20 x)(-D

- kx f(zo x)

Set the derivative equal to zero and solve for x:
1y ‘/— ¥2(20-x)=0

8
1 10f 3,
g§¥ 9 *t1g*=0

9 _ 8043 4J'x 0

o X —

72 72 72
43 8043

ﬁ“ 72 YT

(9%[):%

_ 80\3
9+43

It’s reasonable to let x = 0 (the wire is used entirely to make the triangle) or x = 20 (the
wire is used entirely to make the square), so check those values as well. Here are the
areas:

A(0)=2 + 3B (20-0)" = Y3 (400) ~19.25

16 736 36
20* B _ 400 _
A(20) 16+ 36 (20 20) 16 =25
[ 8043 )2 )
808 ) _\9+4V8)  Blo (808 V) jgg
9+43 16 36 9+43 :
Therefore, the minimum occurs when
= Qioﬁf? = 8.70 meters
5 ’ ’. 2035 feet from the bright light source
1+35
5k

N k

|

1

| |
I




Let x be the distance of the object from the brighter light source and & be the strength
of the weaker light source. The illumination of each light source is directly propor-
tional to the strength of the light source (5k and k) and inversely proportional to the
square of the distance from the source (x and 20 - x), so the total illumination is

5k kR
(X)) =5+—""—
= 20—
where 0 < x < 20.
Taking the derivative of this function gives you

on_—10k ., 2k
I = __2k
==+ Go-x)°

Set this derivative equal to zero and simplify:
—-10k(20 - x)* b 2kx®
x*20-x)*  x*(20-x)*
2kx? =10R(20 - x)*

x*=5(20-x)*
Then solve for x. Taking the cube root of both sides and solving gives you
x*=5(20-x)*
x=35(20-x)

x =2035-35x
x+36/x =2035
x(l+§/§)=20§/§
2085 _ 1969 1t

1+35
Note that you can use the first derivative test to verify that this value does in fact give
a minimum.
512. 12
y
3
(xy)
y
-2 X X
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You want to maximize the area of the rectangle. From the diagram, the area of the
rectangle is

A(x,y) =(2x)2y) =4xy

Using the equation of the ellipse, solve for x:
2

X Y _
=1

2
P
"9
2
Xl
=1

x?=4-

2
Keeping only the positive solution, you have x = /4 — % (although you can just as

easily work with the negative solution). Therefore, the area in terms of y becomes

an=1(1-4r)

Take the derivative by using the product rule and the chain rule:

. 4 5\ 1(4_4 2\"(_8
A =4(4-55') +4y{5(4‘§y) [-57)

=) 1/2 16 2
§$ :4( _%yz) - 4y 72
Al 9(4——y2)
co 9

<D

Then set the derivative equal to zero and solve for y:
144 -32y%* =0
144 = 32y

14 _

32
9 _
i\/;—y



_32

Keeping the positive solution (either works), you have y = \/— 5 , which gives you
the following x value:

]

)

=4-2
-2
Therefore, the area of the rectangle is

A=4\/2_(¥j=12
_32

Note that you can verify that the value y = does indeed give a maximum by
. . - J_ 2
using the first derivative test.

513. 0.84771

f
Use the formula x,,,; = x,, - (x,) with f(x) = x% + 4x - 4, f'(x) = 3x? + 4, and x, = 1. Note

F(x,)

f f(x.
that the formula gives you x, = x, — ﬁ, X3 =Xy— ,(XZ) , and so on. Therefore,
you have F(x) £(x,)

M’ +4M-4 _6
x2 = ——2 = =
3D +4 7
6 6
=| +4|5|-4
s (B
x; =3 7 535 = 0.84774
3(7) 4
7
x, = 0.84774 - (0.84774)% + 4(0.84774) — 4 ~0.84771
3(0.84774)2 + 4
X, = 0.84771— (0.84771)% + 4(0.234771) -4 ~0.84771
3(0.84771)% + 4
514. 2059767
f(x,,) i
Use the formula x,,,; = F(x.) with £(x) = x* - 18, f'(x) = 4x%, and x, = 2. Note that
f(xl) f(xz)

the formula gives you x, = x; — and so on. Therefore, you have

Fla) T TP (x)
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_o D'-18 _33_ 46

4(2)* 16
(2.0625)* —
=2.0625—~—"—+<——— = 2.0597725
4(2. 0625)3

5 (2.0597725)" -
4(2. 0597725)

(2.0597671)" —
4(2.0597671)3

x4 =2.059772 = 2.0597671

x5 =2.0597671— = 2.0597671

515. _1.2457342

f
Use the formula x,,,; = x, — (x,) with f(x) = x° + 3, f'(x) = 5x*, and x, = -1. Note that

F(x2)
the formula gives you x, = x, — :,(();1 )) X3 =Xy — % and so on. Therefore, you have
I C)iEE NP 2
’ 5(-D* T

(-1.4)° +3
,=-14-20 T2 9761849
5(-1.4)"

(-1.2761849)° + 3
= -1.2761849 - ~-1.2471501
5(-1.2761849)"

(~1.2471501)° + 3

— _1.2471501—
s 5(—1.2471501)"

=~ —1.2457342

516. 0.73909

Newton’s method begins by making one side of the equation zero, labeling the other
side f(x), and then picking a value of x, that’s “close” to a root of f(x). There’s certainly
a bit of trial and error involved; in this case, you could graph both y = cos xand y = x
and look for a point of intersection to get a rough idea of what the root may be.

Answers
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f(x,
Use the formula x,,; = x, — f’((x )) with f(x) = cos x —x and f'(x) = —sin x — 1. Note that
f f
the formula gives you x, = x, _flx) X3 =Xy — (x2) , and so on. You also have to

Fx) 7277 F(xy)
decide on a value for x,. Notice that £(0) = 1 - 0 = 1, which is close to the desired value
of 0, so you can start with the value x, = 0. Therefore, you have

cos(0)—-(0) _ 1

2= 7" sin(0)-1
X, = 1—% ~0.75036
x, =0.75036 - <21 :&3%63(2)7_5?36) ~0.73911
x5 =0.73911- XGRS QTP —0.73909
. 073909 COS(0.73909) ~(0.73909) _ o 00

—sin(0.73909) — 1

The approximation is no longer changing, so the solution is 0.73909.
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517. 1.69562

Newton’s method begins by making one side of the equation zero, labeling the other
side f(x), and then picking a value of x, that’s “close” to a root of f(x). In general, a bit
of trial and error is involved, but in this case, you're given a closed interval to work
with, which considerably narrows down the choices!

f
Use the formula x,,, = x, — f,(();” )) with f(x) = x* = x* - 2 and f'(x) = 3x’- 2x. Note that

f(x1) f(xz)

the formula gives you x, = x, — m X3 =Xy — - ( ) and so on. You can choose any
1

value in the interval [1, 2] for x|, but x, = 1 makes the computations a bit easier for the
first step, so use that value:

o1 O - -2
2 3(D2-2(1)

3’-(3)-2_47
=3- 33 —2(3) 21 ~2.23810

(2.23810)° —(2.23810)* -2

— 223810 ~1.83987
X 3(2.23810)? —2(2.23810)
2y = 1.83987— (183987 —(1.83987)° ~2 ) 70960
3(1.83987) — 2(1. 83987)
170965 - (LT0968)' ~(1.T0968) -2 <o,
3(1.70968)7 —2(1. 70968) '
2, =1.69577 (L8957 ~(1.695T7)° 2 _, cosc,
3(1.69577)7 —2(1. 69577) 4=
59
xy = 169562 (1:69562)° ~(1.69562)° ~2 _ ) 1ooe 23

3(1.69562)% — 2(1.69562)

The approximation is no longer changing, so the solution is 1.69562.

518. 1.22074

Newton’s method begins by making one side of the equation zero, labeling the other
side f(x), and then picking a value of x, that’s “close” to a root of f(x). There’s certainly
a bit of trial and error involved; in this case, you could graph both y =+x+1 and y = x?
and look for a point of intersection to get a rough idea of what the root may be.

_ f(xn) . _ 2 ’ _ ].
Use the formula x,,, = x, — ] with f(x)=vVx+1-x*and f'(x) = XS] 2x. Note

' (x,
: _ flx) f(xz) ;
that the formula gives you x, = x;, f’(xl ), X3 = X3 —m, and so on. Notice that

f(1)=1+1-12 =2 -1, which is close to the desired value of 0, so you can start
with x, = 1:
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O T Sl O L

L=
1
— 1L s
2JMD+1 M
_ 2
%y = 125158 1/(1.25158)+1 A25158)° 00

(A 5EeT JL2158)

_ 2
x, =1.22120— V(1‘22}20)+ A-221200° _; 29074
15122120

2 J(1.22120) +1
\/7_ 2
o = 122074 - NAZOTDFT-L2074)" o0

1
— L 91.22074
2 /(1.22074) +1 (1.22074)

The approximation is no longer changing, so the solution is 1.22074.

4
y
y=2+x

6 -

B

4

3_
= f_
= _
=9
25 I A X
<15 1 2

Because the given function has values that are strictly greater than or equal to zero on
the given interval, you can interpret the Riemann sum as approximating the area that’s

underneath the curve and bounded below by the x-axis.

You want to use four rectangles of equal width to estimate the area under f(x) = 2 + x?
over the interval 0 < x < 2. Begin by dividing the length of the interval by 4 to find the

width of each rectangle:

Then divide the interval [0, 2] into 4 equal pieces, each with a width of

intervals [O, l}, [l, 1} [1, 3}, and [i, 2}. Using the left endpoint of each interval to

2712 2 2
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520.

521.

10.43

22.66

calculate the heights of the rectangles gives you the values x = 0, x = %, x=1,and x = %
The height of each rectangle is f(x). To approximate the area under the curve, multiply
the width of each rectangle by f(x) and add the areas:

03 v

-1 2+02]+%{2+(%)2}+%[2+(1) ]+ %{2+(%) }

Because the given function has values that are strictly greater than or equal to zero on
the given interval, you can interpret the Riemann sum as approximating the area that’s
underneath the curve and bounded below by the x-axis.

You want to use five rectangles of equal width to estimate the area under f(x) = ¥/x + x
over the interval 1 < x < 4. Begin by dividing the length of the interval by 5 to find the
width of each rectangle:

Apo4-1_3

5 5

Then divide the interval [1, 4] into 5 equal pieces, each with a width of 3, to get the

5’
; 87[8 11711 14][14 17 17 ; ;
intervals [1, 5 ], [ =g ], [ 505 ], [ 55 }, and [ 5 4] Using the left endpoint of each
interval to calculate the heights of the rectangles gives you the values x = 1, x = %, gg
o
X = 1—51, X = %, and x = % The height of each rectangle is f(x). To approximate the area §s|
<5

under the curve, multiply the width of each rectangle by f(x) and add the areas:

3 3r(8), 3 (11}, 3,(14), 3 ,(17

b AT ]

=10.43

Because the given function has values that are strictly greater than or equal to zero on
the given interval, you can interpret the Riemann sum as approximating the area that’s
underneath the curve and bounded below by the x-axis.

You want to use seven rectangles of equal width to estimate the area under f(x) =
4 In x + 2x over the interval 1 < x < 4. Begin by dividing the length of the interval by 7 to
find the width of each rectangle:
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Then divide the interval [1, 4] into 7 equal pieces, each with a width of %, to get the

R R
me”’as[ 7“7’7 ot ol e e 2t o 1 e e il [ R
the left endpoint of each interval to calculate the heights of the rectangles gives you

the values x = l,x—$,x—$,x—%,x—$,x—¥, andx:2—75. The height of each

rectangle is f(x). To approximate the area under the curve, multiply the width of each
rectangle by f(x) and add the areas:

301123 ¢(10), 3 (13}, 3 ,(16). 3 ,(19). 3 ,(22), 3 (2

_3 3[ 4110 . o(10\]. 3[ 4113 . o(13)]. 3[ 4116 . o(16

= 3[am1+2(1)]+ {4111 +2(7)}+7[41n7+2 1) +7[41n—+2(7)}
( 2

‘;’[41n19+2(19” 3{41n2+2

= 22.66

7 7 7

522. 2.788 x 1010

Because the given function has values that are strictly greater than or equal to zero on
the given interval, you can interpret the Riemann sum as approximating the area that’s
underneath the curve and bounded below by the x-axis.

You want to use eight rectangles of equal width to estimate the area under f(x) = e* + 4

over the interval 1 < x < 9. Begin by dividing the length of the interval by 8 to find the
width of each rectangle:

Ax=—9g1=1

Answers
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Then divide the interval [1, 9] into 8 equal pieces, each with a width of 1, to get the inter-
vals [1, 2], [2, 3], [3, 4], [4, 5], [5, 6], [6, 7], [7, 8], and [8, 9]. Using the left endpoint of each
interval to calculate the heights of the rectangles gives you the values x =1, x=2,x =3,
x=4,x=5,x=6,x="7,and x = 8. The height of each rectangle is f(x). To approximate the
area under the curve, multiply the width of each rectangle by f(x) and add the areas:

1F(1)+1F(2)+1F(3)+1F(4)+1F(5)+1f(6)+1F(7)+1f(8)
= [es(l) +4]+[e3(2) +4}+[es(3) +4}+[e3(4) +4}+[e3(5) +4}+[e3(6) +4}
+[e3(7) +4}+[e3(8) +4J

~2.788x10"

523. 2

Because the given function has values that are strictly greater than or equal to zero on
the given interval, you can interpret the Riemann sum as approximating the area that’s
underneath the curve and bounded below by the x-axis.
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-8.89

You want to use four rectangles of equal width to estimate the area under f(x) = 1 + 2x
over the interval 0 < x < 4. Begin by dividing the length of the interval by 4 to find the
width of each rectangle:

Ax = % =1
Then divide the interval [0, 4] into 4 equal pieces, each with a width of 1, to get the
intervals [0, 1], [1, 2], [2, 3], and [3, 4]. Using the right endpoint of each interval to
calculate the heights of the rectangles gives you the values x =1, x =2, x =3, and x = 4.
The height of each rectangle is f(x). To approximate the area under the curve, multiply
the width of each rectangle by f(x) and add the areas:

1£(D) +1£(2) + 1£(3) + 1£(4)
=[1+2)]+[1+22)]+[1+2(3) ]+ [1+2(4)]
=24

In this example, the given function has values that are both positive and negative on
the given interval, so don’t make the mistake of thinking the Riemann sum approxi-
mates the area between the curve and the x-axis. In this case, the Riemann sum
approximates the value of

( the area of the region above the x-axis] ( the area of the region below the x-axis]

that’s bounded above by the function that’s bounded below by the function

You want to use five rectangles of equal width over the interval 2 < x < 6. Begin by
dividing the length of the interval by 5 to find the width of each rectangle:

AX="g==3

Then divide the interval [2, 6] into 5 equal pieces, each with a width of i, to get the

~ 147[14 187118 227[22 26 [Ee] i i i
intervals [2, H H: 505 ],[ 505 ],[ 55 }, and 5 . Using the right endpoint of
each interval to calculate the heights of the rectangles gives you the values x = %,

- 18 22 26 and x = 6. The height of each rectangle is f(x). (Note that a

x_?yngyngy

“negative height” indicates that the rectangle is below the x-axis.) To find the Riemann
sum, multiply the width of each rectangle by f(x) and add the areas:

(1) +4r(18)+ £1(2) 4 £1(2)4 4 1(6)

515 515 515 515 5
_4114 . 14| 4118 . 18| 4122 . 22| 4|26 . 26| 4rc..
—5[551n5}+5[551n5}+5[5sm5]+5[551n5]+5[65m6]

=~ -8.89
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3.24

525.

In this example, the given function has values that are both positive and negative on
the given interval, so the Riemann sum approximates the value of

[the area of the region above the x-axis] (the area of the region below the x-axis]

that’s bounded above by the function

that’s bounded below by the function

You want to use six rectangles of equal width over the interval 0 < x < 5. Begin by
dividing the length of the interval by 6 to find the width of each rectangle:

_5-0_5
Ax——6 =%

Then divide the interval [0, 5] into 6 equal pieces, each with a width of é, to get the

intervals [0,

eI

L E][E 22 5] ol

66 6° 6 F’S]' Using the right end-

point of each interval to calculate the height of the rectangles gives you the values

5 _10
61

_ 15
xX= 6 X6

20

X=—F, X=-o, X=7,x=2

6 ’

265’ and x = 5. The height of each rectangle is f(x).

(Note that a “negative height” indicates that the rectangle is below the x-axis.) To find
the Riemann sum, multiply the width of each rectangle by f(x) and add the areas:

6 16/ 6 \6

B840

6

§)+§f(&)+§f(§)+% (5)

6/ 616/ 616

AT AR AT

=3.24

526.

1.34

Answers
501-600

7/

$

I I
1,951
121372743

Because the given function has values that are strictly greater than or equal to zero on
the given interval, you can interpret the Riemann sum as approximating the area that’s
underneath the curve and bounded below by the x-axis.

You want to use eight rectangles of equal width to estimate the area under f(x) =

_X
x+1

over the interval 1 < x < 3. Begin by dividing the length of the interval by 8 to find the

width of each rectangle:
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527.

0.29

Then divide the interval [1, 3] into eight equal pieces, each with a width of l, to get
5||56||6 7]]7 9119 10]|10 11 11 .

the intervals [1 ] [4 4} [ ] [Z’ 2], |:2, Z}’ [Z’ T]’ [T’ T}’ and [T’ 3:|. Using

the right endpoint of each interval to calculate the height of the rectangles gives you

thevaluesx—§ x=8 x= 7x 2x—2x 10,1 and x = 3. The height of each

4 4 4 4 4’ 4’
rectangle is f(x). To approximate the area under the curve, multiply the width of each
rectangle by f(x) and add the areas:

A ) ) ) ) o

At A A e

1 11, +l[3}
4111/ 41 |74 3+1

4
~1.34

-IAI»—‘
N

In this example, the given function has values that are both positive and negative on
the given interval, so don’t make the mistake of thinking the Riemann sum approxi-
mates the area between the curve and the x-axis. In this case, the Riemann sum
approximates the value of

the area of the region above the x-axis the area of the region below the x-axis
that’s bounded above by the function

Answers
501-600

that’s bounded below by the function

You want to use four rectangles of equal width over the interval 0 < x < 3. Begin by
dividing the length of the interval by 4 to find the width of each rectangle:

Then divide the interval [0, 3] into 4 equal pieces, each with a width of 3 , to get the
intervals [O, 3 ], [ 3 6 } [ 69 ] and [%, 3]. Recall that to find the mldpomt of an inter-

4 4’4
val, you simply add the left and the right endpoints together and then divide by 2 (that
is, you average the two values). In this case, the midpoints are x = 3 x=2 x= 15 and

8’ 8’ EX
X = 281 The height of each rectangle is f(x). (Note that a “negative height” indicates

that the rectangle is below the x-axis.) To find the Riemann sum, multiply the width of
each rectangle by f(x) and add the areas:

I8} 383

:ijees(g)}%{zws@)}%[ms(%)} ilzen(®)]
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528. 0.32

In this example, the given function has values that are both positive and negative on
the given interval, so the Riemann sum approximates the value of

(the area of the region above the x-axis] [the area of the region below the x-axisj

that’s bounded above by the function that’s bounded below by the function
You want to use five rectangles of equal width over the interval 1 < x < 5. Begin by
dividing the length of the interval by 5 to find the width of each rectangle:

Apo5-1_4

5 5

Divide the interval [1, 5] into 5 equal pieces, each with a width of 5 to get the intervals
9 13|13 17| |17 21 dl 2L 5 Recall th find the midpoi f

[l,g], [E’F}[?’?}[F’?} an [5, ] ecall that to find the midpoint of an

interval, you simply add the left and the right endpoints together and then divide by 2

(that is, you average the two values). In this case, the midpoints are x = %, X = 1—51,
X = 155 3, x= 159 ,and x = 2—; The height of each rectangle is f(x). (Note that a “nega-

tive height” indicates that the rectangle is below the x-axis.) To find the Riemann sum,
multiply the width of each rectangle by f(x) and add the areas:

) o 22 )

NG UTIRER Tt e

=0.32
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529. 160.03

Because the given function has values that are strictly greater than or equal to zero on
the given interval, you can interpret the Riemann sum as approximating the area that’s
underneath the curve and bounded below by the x-axis.

You want to use six rectangles of equal width over the interval 1 < x < 3. Begin by divid-
ing the length of the interval by 6 to find the width of each rectangle:

Then divide the interval [1, 4] into 6 equal pieces, each with a width of > to get the

3113 5|15 7 7 . .
intervals [1, 5}, [5, 2}, [2, 5}, [f’ 3} [3, 5}, and [5, 4}. Recall that to find the midpoint

of an interval, you simply add the left and the right endpoints together and then divi7de

by 2 (that is, you average the two values). In this case, the midpoints are x = X=



=9 1113 _15
x—4,x—4,x— 4,amdx— 4
Riemann sum, multiply the width of each rectangle by f(x) and add the areas:
L5V, 1 (7, 1,(9),1,(11 13 15
Ef(Z)+§f(Z)+§f(4)+2f(4)+2f(4)+2f(4)

_1 5/4 1 7/4 1 9/4 1 11/4 1 13/4
_5[36 +2]+§[3e +2]+§[3e +2]+§[3e +2]+§[3e +2]+
=~160.03

The height of each rectangle is f(x). To find the

[3e15/“+2J

N|—

A
y=x+x (5, 545)
(1,2)
2 - [
1 2 3 4 5

Because the given function has values that are strictly greater than or equal to zero on
the given interval, you can interpret the Riemann sum as approximating the area that’s
underneath the curve and bounded below by the x-axis.

You want to use eight rectangles of equal width over the interval 1 < x < 5. Begin by
dividing the length of the interval by 8 to find the width of each rectangle:

AX="g==5

Then divide the interval [1, 5] into 8 equal pieces, each with a width of > to get the

3173 91025105 313 7107 411497 andl 2
1ntervals[1, 2},[2,2], [2, 2}, [2,3“3, 2], [2,4“4, 2], and[2,5}. Recall that to

find the midpoint of an interval, you simply add the left and the right endpoints
together and then divide by 2 (that is, you average the two values). In this case, the

5 ._71 ._9 11 13 15 17 _19 :
mldpomtsarex—4,x 4,x 4,x 4,x—4,x 4,x—4,andx—4.Thehe1ght

of each rectangle is f(x). To approximate the area under the curve, multiply the width
of each rectangle by f(x) and add the areas:

1,(5),14(7 11 3\, 1,(15\, 1,(17), 1(19
G E a3 e (o ar ()2 ()20 0(F)
L s s v 19,9 1 il 11y 1) 13 130, 1) 15, 15
‘2[ 4*4}*2[\& 4}*2[\/1*4}*2{ 4*4}*2[ 4+4}+2{ 474
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53 S (2T

To begin, you split the interval into n pieces of equal width using the formula
Ax=b-a
Y=

, where a is the lower limit of integration and b is the upper limit of integra-

tion. In this case, you have

You also want to select a point from each interval. The formula x; = a + (Ax)i gives you
the right endpoint from each interval. Here, you have

3i

X; :a+(Ax)i:1+7

Substituting those values into the definition of the definite integral gives you

jm 3 rCeonx=tim 3 [i+5 (3]

(3 [ 3i
=lim (—) 1+=
naw; n n

332 i3 (T s’ (%)

To begin, you split the interval into n pieces of equal width using the formula

Ax=2 ; 4 where a is the lower limit of integration and b is the upper limit of integra-

tion. In this case, you have

Ax==0_=
n n

Answers
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You also want to select a point from each interval. The formula x; = a + (Ax)i gives you
the right endpoint from each interval. Here, you have

i

- RN 1
x;=a+(Ax)i=0+ el

Substituting those values into the definition of the definite integral gives you

im o -tim | im’(2) 2]

533. l@g{(“%)Z(H%)}i

n
To begin, you split the interval into n pieces of equal width using the formula
Ax = b%a, where a is the lower limit of integration and b is the upper limit of integra-

tion. In this case, you have

Ax:ﬁ:i
n n
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You also want to select a point from each interval. The formula x, = a + (Ax)i gives
you the right endpoint from each interval. Here, you have

X; —a+(Ax)z—1+4’

Substituting those values into the definition of the definite integral gives you

. X TN L 4i 4i\ |4
mgf(x,.)m_m;[(nn) (1+ )}n

534. LILEZ [tan( )+sec(zr’l)}

To begin, you split the interval into n pieces of equal width using the formula

Ax=b= a4
n
integration. In this case, you have
T/ _—
a0 x
Xx=<= =
n 4n

You also want to select a point from each interval. The formula x; = a + (Ax)i gives
you the right endpoint from each interval. Here, you have

L

X;=a+(Ax)i= in

Substituting those values into the definition of the definite integral gives you
i |
llme(X )Ax = llmZ{tan(4 )+sec(4n)] in
7 i
= lLIEZ 4n [tan(4 )+Sec(4n)]

535, um3i(2)|a{ar ) o(arH) (402 us]

To begin, you split the interval into n pieces of equal width using the formula

Ax = b%’ where a is the lower limit of integration and b is the upper limit of

Answers
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integration. In this case, you have

axo6=4_2
n n

You also want to select a point from each interval. The formula x, = a + (Ax)i gives
you the right endpoint from each interval. Here, you have

X; :a+(Ax)i:4+%
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Substituting those values into the definition of the definite integral gives you

lim ) f(x)Ax
n—eo 4=

536. " xdx

Recall that in the limit representation of a definite integral, you divide the interval over
which you're integrating into n pieces of equal width. You also have to select a point from
each interval; the formula a + (Ax)i lets you select the right endpoint of each interval.
Begin by looking for the factor that would represent Ax. In this example, Ax = %; if you
ignore the n in this expression, you're left with the length of the interval over which
the definite integral is being evaluated. In this case, the length of the interval is 3.
Notice that if you consider 4 +%, this is of the form a + (Ax)i, where a = 4.

You now have a value for a and know the length of the interval, so you can conclude
that you're integrating over the interval [4, 7]. To produce the function, replace each

expression of the form 4 + % that appears in the summation with the variable x. In this

.\ 6
example, you replace (4 + %) with x® so that f(x) = x5. Therefore, the Riemann sum
could represent the definite integral J:x6dx.

53 7- J;/Ssecxdx

Recall that in the limit representation of a definite integral, you divide the interval over
which you're integrating into n pieces of equal width. You also have to select a point from
each interval; the formula a + (Ax)i lets you select the right endpoint of each interval.

Answers
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Begin by looking for the factor that would represent Ax. In this example, Ax = ,;—n; if

you ignore the n in this expression, you're left with the length of the interval over
which the definite integral is being evaluated. In this case, the length of the interval

. T R . . |73
is 3. Notice that if you consider 3,7

You now have a value for a and know the length of the interval, so you can conclude

that you're integrating over the interval [O, %
expression of the form é—ﬂn that appears in the summation with the variable x. In this
example, you replace sec (éln) with sec x so that f(x) = sec x. Therefore, the Riemann

R /3
sum could represent the definite integral J.O secxdx.

this is of the form a + (Ax)i, where a = 0.

}. To produce the function, replace each
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539.

540.

Recall that in the limit representation of a definite integral, you divide the interval over
which you're integrating into n pieces of equal width. You also have to select a point from
each interval; the formula a + (Ax)i lets you select the right endpoint of each interval.

Begin by looking for the factor that would represent Ax. In this example, Ax = %; if you

ignore the n in this expression, you're left with the length of the interval over which
the definite integral is being evaluated. In this case, the length of the interval is 1.
Notice that if you consider 6 + # this is of the form a + (Ax)i, where a = 6.

You now have a value for a and know the length of the interval, so you can conclude
that you're integrating over, the interval [6, 7]. To produce the function, replace each
expression of the form 6 +% that appears in the summation with the variable x. In this

example, you replace 6 +% with x so that f(x) = x. Therefore, the Riemann sum could

7
represent the definite integral J.G xdx.

/2 .
JO (cosx +sinx)dx

Recall that in the limit representation of a definite integral, you divide the interval over
which you're integrating into n pieces of equal width. You also have to select a point from
each interval; the formula a + (Ax)i lets you select the right endpoint of each interval.

Begin by looking for the factor that would represent Ax. In this example, Ax = Zﬂ_n; if

you ignore the n in this expression, you're left with the length of the interval over

which the definite integral is being evaluated. In this case, the length of the interval

2

You now have a value for a and know the length of the interval, so you can conclude
T

i 2
expression of the form 5_7:1 that appears in the summation with the variable x. In this

is % Notice that if you consider [O, E], this is of the form a + (Ax)i, where a = 0.

that you're integrating over the interval [0, ] To produce the function, replace each

example, you replace cos(’zin) +sin (2’—;:) with cos x + sin x so that f(x) = cos x + sin x.

2
Therefore, the Riemann sum could represent the definite integral ‘[0”/ (cos x +sin x)dx.

JOS Jx+x3dx

Recall that in the limit representation of a definite integral, you divide the interval over
which you’re integrating into n pieces of equal width. You also have to select a point
from each interval; the formula a + (Ax)i lets you select the right endpoint of each
interval.

Begin by looking for the factor that would represent Ax. In this example, Ax = %; if you

ignore the n in this expression, you're left with the length of the interval over which
the definite integral is being evaluated. In this case, the length of the interval is 5.
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5i

Notice that if you consider — Py , this is of the form a + (Ax)i, where a = 0.

You now have a value for a and know the length of the interval, so you can conclude
that you're integrating over the interval [0, 5]. To produce the function, replace each

expression of the form 7’ that appears in the summation with the variable x. Notice

that you can rewrite the summation as llmz 5 i’ @ =lim z 5 5' (?11 ) that
n—oo i n‘ n—oo i

means you can replace % + (7) with Vx + x*® so that f(x) = vx + x*. Therefore, the
. .. . 5 3
Riemann sum could represent the definite integral J.O Nx +x°dx.

541. 6

To begin, you split the interval into n pieces of equal width using the formula
Ax = b%, where a is the lower limit of integration and b is the upper limit of
integration. In this case, you have
Apo2-0_2
n n

You also want to select a point from each interval. The formula x; = a + (Ax)i gives you
the right endpoint from each interval. Here, you have

- =0+ 2l =20
x;=a+(Ax)i=0+ =

Substituting those values into the definition of the integral gives you the following:

[} +2x)dx = 1im 2 F(x)Ax
0 - n—oo 4 !

o3
%.? 2 2
25 -tm 3 1+2(%) 3
= 1m22[1+ﬂ}
n—eo i n

I
—_
Il

M-
—
+
S 3
+ =

n n 1
Note that formulas Zk =kn and Zi = w were used to simplify the summations.
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543.

196

[\C¥e}

To begin, you split the interval into n pieces of equal width using the formula

Ax=2 ; @ where a is the lower limit of integration and b is the upper limit of integra-

tion. In this case, you have

ax—4=0_4
n n

You also want to select a point from each interval. The formula x, = a + (Ax)i gives you
the right endpoint from each interval. Here, you have

4i

- oL _
x;=a+(Ax)i=0+ el

Substituting those values into the definition of the integral gives you the following:

4 . I
|/ (1+3x*)dx =lim ;f(x,-)Ax

=192(1) +4
=196

n(n+1)
2

Note that the formulas > k = kn and ) i :[
1 i=1

2
] were used to simplify the
summations. i=

To begin, you split the interval into n pieces of equal width using the formula

Ax = b r_z @ where a is the lower limit of integration and b is the upper limit of integra-

tion. In this case, you have

AXx = ﬂ = §
n n
You also want to select a point from each interval. The formula x; = a + (Ax)i gives you
the right endpoint from each interval. Here, you have
3i

X; =a+(Ax)i=1+7
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Substituting those values into the definition of the integral gives you the following:

[['(4-x)dx = lim 21 Fx)Ax

Z z n(n+1
Note that the formulas Zk =kn and Zi = % were used to simplify the
summations. i=1 i=1

544.

nNo|wo

To begin, you split the interval into n pieces of equal width using the formula
b-a

Ax = P where a is the lower limit of integration and b is the upper limit of integra-
tion. In this case, you have
Ax = 3-0_3
n n

Answers
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You also want to select a point from each interval. The formula x; = a + (Ax)i gives you

the right endpoint from each interval. Here, you have

_3i

— F_ . Ol
x;=a+(Ax)i=0+ n

Substituting those values into the definition of the integral gives you the following:

3 L
jo (2x* - x—4)dx = lim Z:, F(x)Ax

n = i=1 i=1
i iliﬁ[n(n+l)(2n+l)]_§ n(n+1)]_4n1
nse | n 6 n 2
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545.

w|oo

n(n+1) o, n(n+1)(2n+1)
5 ,andgz _Twereused

Note that the formulas ' k=kn, Y i =
i=1 i=1

to simplify the summations.

To begin, you split the interval into n pieces of equal width using the formula
b—a
Ax =

, where a is the lower limit of integration and b is the upper limit of integra-

tion. In this case, you have

You also want to select a point from each interval. The formula x, = a + (Ax)i gives you
the right endpoint from each interval. Here, you have

2i

X; :a+(Ax)i:1+7

Substituting those values into the definition of the integral gives you the following:

3 ) L
[ (x* +x=5)dx = m;f(xi)m

_ 2[ 4%, 6i 4 58
IRl i
2 4 n 9 6 n . n é%

=nl_>mﬁ ?;l +H;l—;3
2| 4 (n(n+1)(2n+1)) g( n(n+1)
—nﬂloﬁl? 6 +H 2 -3n
:nlw[%n(n+13§2n+l) GH(Z:—I) —6}
=%(2)+6—6
_8

3

Note that the formulas ik =kn, ii = n(n2+ 1), and i = w were used to
i=1 i=1

i=1
simplify the summations.
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546. iix

Part of the fundamental theorem of calculus states that if the function g is continuous
on [a, b], then the function f defined by

F(x)=] g(D)dt (wherea<x<b)

is continuous on [a, b] and is differentiable on (a, b). Furthermore, f'(x) = g(x).

To find the derivative of the function f(x) = _[OX 1+ 4t dt, simply substitute the upper
limit of integration, x, into the integrand:

f'(x)=+1+4x
547. 2+x%)*

To find the derivative of the function f(x) = _LX (2+t%)*dt, simply substitute the upper
limit of integration, x, into the integrand:

F(x)=(2+x%)*
548. x3 cos x

To find the derivative of the function f(x) = _[Oxt3 cos(t)dt, simply substitute the upper
limit of integration, x, into the integrand:

f'(x)=x>cosx

Answers

501-600
U
TN
S
&

Part of the fundamental theorem of calculus states that if the function g is continuous
on [a, b], then the function f defined by

f(x)= LX g(t)dt (wherea<x<b)

is continuous on [a, b] and is differentiable on (a, b). Furthermore, f'(x) = g(x).

To use the fundamental theorem of calculus, you need to have the variable in the
upper limit of integration. Therefore, to find the derivative of the function

f(x)= '[: edt, first flip the limits of integration and change the sign:
Fo=[ e dt
= —Jj eldt
Then substitute the upper limit of integration into the integrand to find the derivative:

F(x)=-(e")

X

=—e
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551.

—cos®x

Part of the fundamental theorem of calculus states that if the function g is continuous

on [a, b], then the function f defined by
f(x)= j g()dt (wherea<x<b)

is continuous on [a, b] and is differentiable on (a, b). Furthermore, f'(x) = g(x).

To use the fundamental theorem of calculus, you need to have the variable in the
upper limit of integration. Therefore, to find the derivative of the function

f(x)= _Lomx (1-t*)dt first flip the limits of integration and change the sign:
FCO=[" -t
. jos‘“*(l —t)dt

Note also that to find %J.h(x) g(t)dt, you can use the substitution u = (x) and then

apply the chain rule as follows:
%J:(X)g(t)dt = %j: g(Hdt
= %(j g(t)dt)g—z
= (@)%
= (¢ (h(x)))du

All this tells you to substitute the upper limit of integration into the integrand and
multiply by the derivative of the upper limit of integration. Therefore, the derivative

of F(x) = [ (1-tH)dt is
F(x)=- (1 —(sinx)? )(cos x)
=—cos x(1-sin® x)
=—cos x(cos® x)

=—cos’x

Note that the identity 1 — sin®x = cos? x was used to simplify the derivative.

Part of the fundamental theorem of calculus states that if the function g is continuous
on [q, b], then the function f defined by

F(x)=] g(t)dt (wherea<x<b)

is continuous on [a, b] and is differentiable on (a, b). Furthermore, f'(x) = g(x).
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To use the fundamental theorem of calculus, you need to have the variable in
the upper limit of integration. Therefore, to find the derivative of the function

f(x)= le(xz )e' dt, flip the limits of integration and change the sign of the integral:

+1

4
f(x) = J.ln(x2+1)e1 dt
_ _J~ln(x2+1)e[ dt
4

Note also that to find %f:m g(t)dt, you can use the substitution u = h(x) and then

apply the chain rule as follows:
A" gtrar =L [ g(tyar
- %(f:g(t)dt)%
= (g W) 4
= (g (h(x))) 4

All this tells you to substitute the upper limit of integration into the integrand and mul-

tiply by the derivative of the upper limit of integration. Therefore, the derivative of
ln(x2+1)

f(x)= —L e'dr is
- (x*+ 1)(%)
=-2x

Answers
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552. sinx(coszx+sin(cosx))

Part of the fundamental theorem of calculus states that if the function g is continuous
on [a, b], then the function f defined by

f(x)= j g()dt (wherea<x<b)

is continuous on [a, b] and is differentiable on (a, b). Furthermore, f'(x) = g(x).

To use the fundamental theorem of calculus, you need to have the variable in
the upper limit of integration. Therefore, to find the derivative of the function

f(x)= _Eosx(tz + sint)d[, first flip the limits of integration and change the sign:
f(x)= J'Closx(t2 +sint)dt
= —J‘msx(t2 + sint)dt
1

Note also that to find %f:m g(t)dt, you can use the substitution
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u = h(x) and then apply the chain rule as follows:
h(x) u
A" gyt =L [" g(yat

-4 (j g(t)dt)%

(o du

- (g (ll)) dx

_ ’ du

= (g'(h(x)))

All this tells you to substitute the upper limit of integration into the integrand and mul-
tiply by the derivative of the upper limit of integration. Therefore, the derivative of

f(x)= —chosx(tz +sin t)dt is
£'(x) =—(cos’ x +sin(cos x) ) (- sinx)

= sinx(cos2 x+sin(cosx))

553. (1]

Part of the fundamental theorem of calculus states that if the function g is continuous
on [a, b], then the function f defined by

F(x)={ g(t)dt (wherea<x<b)

is continuous on [a, b] and is differentiable on (a, b). Furthermore, f'(x) = g(x).

To use the fundamental theorem of calculus, you need to have the variable in the
upper limit of integration. Therefore, to find the derivative of the function

f(x)= Ll/x sin®(t)dt, first flip the limits of integration and change the sign:
F(x) = jll/xsinz(t)dt

= —Ll/x sin®()dt

Answers
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Note also that to find %j:(x)g(t)dt, you can use the substitution u = h(x) and then

apply the chain rule as follows:
h(x) u
A" gy =L [" g(a
_d ([ du
T du (-[a g(t)dt) dx
(g du
- (g (U)) dx
, du
=(g'(h(x)) 5¢

All this tells you to substitute the upper limit of integration into the integrand and mul-
tiply by the derivative of the upper limit of integration. Therefore, the derivative of

F(x)= - jl” *sin?(f)dt is
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o)

x2

554. S

X+X

Part of the fundamental theorem of calculus states that if the function g is continuous
on [a, b], then the function f defined by

£(x) = j g(dt (where a<x <b)

is continuous on [a, b] and is differentiable on (a, b). Furthermore, f'(x) = g(x).
Note also that to find %J‘hm g(t)dt, you can use the substitution u = h(x) and then

apply the chain rule as follows:
% " gDt = % [ g(oar
- % (f: g(t)dt)%
= (g/(w)
= (g (h(x))) 4

All this tells you to substitute the upper limit of integration into the integrand and mul-

=)
o tiply by the derivative of the upper limit of integration. Therefore, the derivative of
%'i f(x) =J.X3;dt is
=3 Uttt
’ _ 2
F(x) = (e +(3x?)

_3x?

s oxtx?

__3

x+x"

555 3x*  sec’x

J3+x3 3+tanx

Part of the fundamental theorem of calculus states that if the function g is continuous
on [q, b], then the function f defined by

F(x)=] g(t)dt (wherea<x<b)

is continuous on [a, b] and is differentiable on (a, b). Furthermore, f'(x) = g(x).

To use the fundamental theorem of calculus, you need to have the variable in the
upper limit of integration. Therefore, to find the derivative of the function
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f(x)= f;x 1 dt, first split the integral into two separate integrals:

3+t
0 1 x° 1
f(x)-_[tanx\/ngHJo \/3+tdt

Then flip the limits of integration and change the sign of the first integral:

1 ® ]
fo=J Mdnjo NETA

tanx 1 x* 1
——di+| ——=—=dt
JO N3+t -[0 N3+t

Note also that to find %J.h(x)g(t)dt, you can use the substitution u = h(x) and then
apply the chain rule as follows:

A" g(0rdr =L [" g(0yat
= % (j: g(t)dt)%
= (g/(w) 2L
=(g'(h(x))) &4

All this tells you to substitute the upper limit of integration into the integrand and mul-
tiply by the derivative of the upper limit of integration. Therefore, the derivative of

feo=-]" ar+ [ —Ldris

0 3+t 3+t
/ 1 2 1 2 L
F(x)=] -—L 3 S
(x) ( mj(sec x)+ 3+x3( X ) %E
3x2 sec’x <3

- J3+x? B+tanx

556 ot b et

16x*+1 1,296x* +1

Part of the fundamental theorem of calculus states that if the function g is continuous
on [a, b], then the function f defined by

f(x)=[ g(®)dt (wherea<x<b)

is continuous on [a, b] and is differentiable on (a, b). Furthermore, f'(x) = g(x).

To use the fundamental theorem of calculus, you need to have the variable in the
upper limit of integration. Therefore, to find the derivative of the function

X 2 —
f(x)= f:x ; 7 _& dt, first split the integral into two separate integrals:
6x $2 _
=] ;4+}dt
| 6x ¢ 1
= dt+ | ——dt
20t 41 JO t'+1
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Then flip the limits of integration and change the sign of the first integral:
O | |
f(x)_jm4+ldt+j0 i
2x -] 6x ¢ 1
=— dt + dt

US| J.O t'+1

6;«1L

Note also that to find %J.:(X)g(t)dt, you can use the substitution u = h(x) and then
apply the chain rule as follows:

% :"‘) g(t)dt = % [ g(oyar
= [l sar) &
= (g'(w) %
= (g/(n(x)))9u

All this tells you to substitute the upper limit of integration into the integrand and mul-
tiply by the derivative of the upper limit of integration. Therefore, the derivative of

2x p? 1 6x 2 1 o
)= t4+1dt+jo s

Flx) = _( (2x)? -1 ](2)+[ (6x)> -1 J@

(2" +1 (6x)" +1

2 2
=_2 4x 4—1 +6 36x 4—1
16x° +1 1,296x" +1

5517. 2x (5% )1

~In5

Answers
501-600

Part of the fundamental theorem of calculus states that if the function g is continuous
on [q, b], then the function f defined by

f(x)= Jj g(t)dt (wherea<x<b)

is continuous on [a, b] and is differentiable on (a, b). Furthermore, f'(x) = g(x).

To use the fundamental theorem of calculus, you need to have the variable in the
upper limit of integration. Therefore, to find the derivative of the function

f(x)= _[lzg X5’ dt, first split the integral into two separate integrals:
— x* t
f(x) = jlgs dt
= 5'dt+ [ 5'dt
logs x 0
Then flip the limits of integration and change the sign of the first integral:

fo=[ s+ [5a

= —'[;"g”S'dHsz 5'dt
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Note also that to find %J:(X)g(t)dt, you can use the substitution u = h(x) and then
apply the chain rule as follows:

% :(") g(t)dt = % [ g(yar
= ([l sar) g2
= (g'(w))du
= (g/(n(x))) du

All this tells you to substitute the upper limit of integration into the integrand and mul-
tiply by the derivative of the upper limit of integration. Therefore, the derivative of

O =] 5'dr+ [ 5'dtis

F(x) = 5 (—x L )+ 5+ (2x)

= wms 257

=2x(5"2)—ﬁ

558. 10

Using elementary antiderivative formulas gives you

'[135dx=5x|:13 0o
~5(3)-5 £3
= 5(3)-5(1) =7
=10 <3

559. &

Using elementary antiderivative formulas gives you

/4 . 4
jo cosxdx = smx|;/

T .
=sin——sin0
4

-0

SRS

560. 1

Using elementary antiderivative formulas gives you

J”M sec?tdt = tan t|g/4
0

= tan(%)—tan(O)
=1
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561. 1

Using elementary antiderivative formulas gives you

/3 /3
J; sec x tan xdx = sec x|0

=secZ —sec(

3
1 1
COS% cos0
=2-1
=1

562. 12

N

Using the basic antiderivative formula for an exponential function gives you

2,0 _ 4% [
J.14 dx=ml
4° 4!
“In4 Ind

12

In4

563.

r\9|=10

Using elementary antiderivative formulas gives you

L3

Answers
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"(x —sinx)dx = x—2+cosx
0 2

0

:[%+cosn) (0+cos0)

oo

5
564. 5

Using elementary antiderivative formulas gives you




Rewrite the radical using exponential notation:

J.lg 23/xdx = J.lg 2xY3dx

Then use elementary antiderivative formulas:

8

4/3
f 2xdx =2| X

),

33 \[°
)

1
=%(x4/3)s
-3

N

1
-3 (84/3 _14/3)
=3@16-1)

_45
2

566. -

ENE

Using elementary antiderivative formulas gives you

/2 g )2
J;M(csczx—l)dx=(—cotx—x)|”/4
== T_T)_(— T_T
(ot -g)-(-eorz -]

0- —(—1—%)

1-

ESERECE

567. -

Using elementary antiderivative formulas gives you

9 2

, 4
J‘;(l+2y—4y3)dy:[y+2%— yT)

0
2

=(y+y*=y")|
=(2+2°-2*)-(0+0%-0")
=2+4-16

=-10
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Answers
501-600
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568.

=2 EN

Begin by rewriting the square root using an exponent:
1 ! 12
J'O(\/;+x)dx—J.O(x +x)dx

Then use elementary antiderivative formulas:
1

'fol(xl/2+x)dx= x_+x7

s

2
3/2 1___3/20_2
1 2)[30 +2j

569.

2
Integrate each piece of the function over the given integral. Here’s the piecewise
function:
X, -3<x<0
f(x)=
) cos X, 0<x£%

And here are the calculations:

Answers
501-600

0

0 /2 2 . 2
j xdx+f cosxdx =2 +smx|"/
-3 0 2 0

[o_ c3 Z}(Sm%_sm@)

570. 2

The given integral is

f3|x—2|dx

Begin by splitting up the integral by using the definition of the absolute value function:

(x-2),  x22
x-2/-{
—(x-2), x<2

So to evaluate f3|x —2|dx, use the function —(x - 2) over the interval [-3, 2] and use the
function (x — 2) over the interval [2, 4].



Therefore, the integral becomes
4 2 4
[ |x=2]dx = [ ~(x—2)dx+ [ (x—2)dx
= (2—x)dx+j4(x—2)dx

ot
{2(2) z Q[ 3- 3 H [(472—2(4>j—(272—2(2>ﬂ

—(4-2)- ( - )+(8 8)—(2-4)

=29
2

571. 4 iy c

7

Add 1 to the exponent and divide by that new exponent to get the antiderivative:

xde =L~ +C
74

:%x7/4+C

572. ->.c

6x6

First move the variable to the numerator:
J.%dx = ij’7dx
X

= 5'|.x’7dx

Then integrate by adding 1 to the exponent while dividing by that new exponent:

5[xTdx = 5( )+c

=—i6+C
6x

573. XT4+X3—x+C

Find the antiderivative of each term:

x¥+3x%2-1 dx=X—4+3x—3—x+C
I Jdx =2 +3%

4
=XT+x3—x+C

574- 3sinx+4cosx+C

Use elementary antiderivative formulas:

J.(Scosx—4sinx)dx =3sinx+4cosx+C
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Answers
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575. 4x + C

This problem can be a bit difficult, unless you remember the trigonometric identities!
In this problem, simply factor out the 4 and use a trigonometric identity:

I(4coszx+4sin2x)dx =_[4(C032x+sin2x)dx
= [4(Dax
:'[4dx
=4x+C

576. tanx-x+C

Use a trigonometric identity followed by elementary antiderivatives:
jtanz xdx = j(secz X —l)dx

=tanx-x+C

577. x.xix:cC

Find the antiderivative of each term:

I(3x2+2x+l)dx=3%3+2x72+x+C

=x3+x’+x+C

Answers
501-600

578. 2B xS 4C

7

Use elementary antiderivative formulas:

7/3 5
j(2x4/3 +5x4)dx :% X +5(x—j+C

3 % 5
2

=7x7/3+x5+C

579- 4x+x72+tanx+C

Begin by using a trigonometric identity to replace tan®x. Then simplify:
I(5+x+tar12 x)dx = _[(5+x+sec2 x—l)dx

=[(4+x+sec®x)dx
I )

2
:4x+x7+tanx+C



580. %x”/(’#C

Begin by rewriting the radicals using exponential notation. Then use an elementary

antiderivative formula and simplify:
J.G\/Ei/;dx = J.le/zxmdx
= ijS/ Sdx

X116

36 et

58’. 2*/—x iC

Rewrite the integrand using exponential notation and factor out the constant. Then use

elementary antiderivative formulas:

J.\/S_xdx =J.\/§\/)?dx
=J§Jx1/2dx

3/2
=\/§3§—+C

¥y
=—2\3/§x3/2+C

582. 601

Begin by writing the radical using exponential notation:

\/7dx _[‘/_ dx
=‘/4—.[x1/6 dx
=§/4—Jx’1/6dx

Then use an elementary antiderivative formula:

5/6

Q/Ijx’l/sdx =§4X _+cC
5/
6

= 6Q‘E_{LTXS/S+C
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Answers
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583.

584.

585.

586.

587.

1
3x+C

Use a trigonometric identity in the numerator of the integrand and simplify:

e 2 2
1 sin xdlejcoszxdx
3cos’x 37 cos?x

:%Jldx

_1
—3x+C

5 4
X, 3x
st C
Begin by multiplying out the integrand. Then integrate each term:

J’xz(x2 +3x)dx = f(x4 +3x3)dx

Begin by breaking up the fraction and simplifying each term:
x2+x+1 ( x2 x 1 )
——a—dx=|| = +=+—F |dx
I x* -[ xt xt Xt
= J.(x’2 +x e xt )a’x
Then find the antiderivative of each term:
-1 -2 -3
J(x?+x+x)dx =X+ X+ X v C

-1 -2 3
1 1 l ¢

2 3,15
X+gxT+Ex +C

Expand the integrand and use elementary antiderivative formulas:
j(1+x2)2dx = J(1+x2)(1+x2)dx
= [(1+2x* +x*)dx
2

_ v 2.3, 1.5
—x+3x +5x +C

3x+cotx+C

Use a trigonometric identity on the integrand and simplify:



588.

589.

590.

_[(Z—Cotzx)dx = J(2—(csc2x—1))dx
= j(S—Csc2x)dx

=3x+cotx+C

2Jx —2x%+C

3

5

2

2,32

3

x4+

Begin by splitting up the fraction and writing the radical using exponential notation:

x  x
= J‘(x’l/z —4x)dx

J'\/;;4x2dx:J‘(L/2_4x2 jdx

Then use elementary antiderivative formulas and simplify:
2

J(x *ﬁ—4xyk_.1 ~4%-+C
Yo
=2Jx -2x*+C
3,43
5 XX+ c
Begin by writing the cube root using exponential notation and multiplying out the
integrand:
_[(3/)7+1)2 dx = j(x‘/3 +1)(xl/3 +1)dx
= j(xz/3 +2x'? +1)dx
Then use elementary antiderivative formulas:
5/3 4/3
[(x* +2x"° +1) dx = ’g +2X 4 x+C
IR
=353 3,43
=X A X Cc
6 76
7 X+ c

Begin by rewriting the radicals using exponential notation and then distribute:

j¢¥@+g%de=ij(1+xbs}u
:jx1/2(1+x’1/3)dx

= J.(xl/2 +xl/6)dx

Next, use elementary antiderivative formulas for each term:

x4 xV8)dx =X 3/2 7/6

_g/g
=3X*7

xS +C
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59’. -cscx+C

Rewrite the integrand. Then use trigonometric identities followed by using a basic anti-
derivative formula:

Icosx _ COSX( 1 )

sin® x sinx \ sinx
= jcotxcsc xdx
=-cscx+C

592. —%+§x4+C

4
Begin by splitting up the fraction and simplifying the integrand:

J’ X+ 5x dx = J( ) dx
x?
= J x’2 +5x° )dx
Then use elementary antiderivative formulas:

I(x’2+5x3)dx={—_ll XT4+C
1

+5
5 4
+ZX +C

593. AT AN

13 6
Begin by splitting up the fraction and simplifying the integrand:

'fx+1dx 'f( TR }/7)dx

= J.(x‘i/7 +x'l/7)dx

Answers
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Then use elementary antiderivative formulas:

I(x6/7+x1/7)dx—%3//7 x;ﬁ +C
173 13/7+Z;x +C

594. —cotx+x+C

Begin by splitting up the fraction and using trigonometric identities to rewrite the
integrand:

1+sm X 1 sin® x
J sin® x dx J’(sinzijsinzyc)dx
:j(csczx+l)dx
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595.

596.

5917.

598.

Now apply elementary antiderivative formulas:

J(csc2x+1)dx
=—cotx+x+C
x> X
ZX—T—?'FC

Multiply out the integrand and then use elementary antiderivative formulas on each
term:

J.(l—x)(2+x)dx = J(Z—x—xz)dx
xZ

3
—9,_X" _ X"
=2x 5 3 +C

tanx-x+C

Begin by multiplying out the integrand. Then simplify and use elementary antideriva-
tive formulas:

jsecx(secx cosx)dx = J.(sec X - secxcosx)dx

(se x— cosx)dx

J(sec X— l)dx

=tanx-x+C

2
X —
T 3x+C

Answers
501-600

Factor the numerator out of the integrand. Then simplify and use elementary antideriv-
ative formulas:

Jx 5x+6d _J‘(X 2)(x=3) ;.

~2)
= [(x=3)dx
2
=X _
=5 3x+C
x°_x
3~y Xt C
Begin by factoring the numerator. Then simplify and use elementary antiderivative
formulas:
2
el (x+D)(x*-x+1)
| (x+D dx

= (xz—x+l)dx

—
w

E 2
=X _ X
=5 +x+C
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599. 20 26 _5 (38, ¢

13 19

When finding the antiderivative, don’t be thrown off by the decimal exponents; simply
add 1 to the exponent of each term and divide by that new exponent for each term to
get the solution:

3.8

'f(4x1‘6 )dx PRSI Shilye

26 38
—4X x’
26 38
/o /o
%gx %x3'8+C

600. _ 30 _10.c

11x!' x®

Begin by splitting up the fraction and simplifying:

5+x 5 X
22 dx = —Z—|d
I 2T X I(xz.l +x2.1) X

=[(5x*" +x)ax

Then use elementary antiderivative formulas. To get the final answer, turn the
decimals in the denominators into fractions and simplify:
-0.1

-'-(SJc’z’l+x’l'l)dx:5{;'1l +C
- 115x0“ 10 +C
60 ’. %x9/2 _%x3/2+%x4/5+C

Start by bringing all variables to the numerator. Then use elementary
antiderivative formulas:

j(x7/2—xl/2+#jdx:f(x7/2 —x? +x’l/5)dx

9/2 3/2 4/5
=X X X _.C

Y2 % %

_2 92 2 32,5 45
—9x 3x +4x +C

Answers
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602. Leosx+c

2

Use a trigonometric identity and simplify:

sin2x .. :J‘2smxcosx dx
4cosx 4cosx

:%Isinxdx

=-Leosx+cC

2
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003.

604.

605.

600.

x+C
Start by using a trigonometric identity for 1 + cot?x, followed by rewriting csc?x as
—5—. Then simplify:
sin” x
jsinz x(1+c0t2 x)dx = Isin2 x(csc2 x)dx
- J'sin2 x( L jdx
sin® x
= [1dx
=x+C
4x -2 lz +C
X X
Begin by splitting the fraction into three terms:
4x* +5x -2 4x* 5 2
(B o[ 35 o
= I(4+ 5x 7% -2x7° )a’x
Then use elementary antiderivative formulas and simplify:
-1 -2
J'(4+5x’2 —2x’3)dx = 4x+5_L1—2{—2+C
—4x-2 4 lz +C
X x
Tx+C
Begin by factoring the 3 out of the first two terms of the integrand. Then use a trigono-
metric identity: I
oR
j(3$iﬂ2x+3c052x+4)dx =l
gzc
=J(3(sin2x+coszx)+4)dx «©
=[(3()+4)dx
= [1dx =7x+C
X’ 5,0
3 X+ C

Begin by factoring the numerator. Then simplify and use elementary antiderivative
formulas:
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x(x2—25)
(x+5)

x(x+5)(x-5)
-[ (x+5) dx

= _[x(x—S)dx
= J(x2 —5x)dx

_x’_5 0
=3 2x +C

J‘x —25xd _J‘

xX+5 dx

607. tanx + C

in®
Begin by writing tan?x as 3% Then simplify:
cos® x

.2
J’tan X dx J‘( 51n2x '12 jdx
sin® x cos” x sin“ x

dx

J.coszx
= J.sec2 xdx

=tanx+C

608. sinx +cosx + C

Use a trigonometric identity on the numerator of the integrand, factor,
and simplify:

2 s 2
.[ COS2X gy - [COS” X —sin" X ;.
cosx +sinx cosx +sinx
J-(cosx smx)(cosx+smx)d
cosx +sinx

= _[(cos x —sinx)dx

Answers
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=sinx+cosx+C

609. —cotx-2x+C

Begin by using a trigonometric identity on the numerator of the integrand. Then
split up the fraction and rewrite both fractions using trigonometric identities:

J‘COSZde J‘ZCOS X— ldx
sin” x sin® x

_ cos® x 1
—J(Z sinx sin? xjdx
:I(Zcotzx—csc x)dx

Notice that the first term of the integrand does not have an elementary
antiderivative, so you can use a trigonometric identity again to simplify
and then integrate:



j(2c0t2x—csc2x)dx
ZJ(Z(CSCZX—I)—CSCZX)dX
=J(csc2x—2)dx

=-cotx-2x+C

6’0. sinx +C

Begin by factoring cos x from the numerator and use a trigonometric identity to
simplify:

2
J'cosx+cosxtar1 X gy =

cosx(1+tan2 x)
sec? x J

5 dx
sec’x
cosx(sec2 x)
_jeomrlecta)
sec’x
= jcos xdx

=sinx+C

6 ’ 7. the net change in the baby’s weight in pounds during the first 2 weeks of life

The net change theorem states that the integral of a rate of change is the net change:

[P F(x)dx = F(b) - F(a)

Because w'(f) is the rate of the baby’s growth in pounds per week, w(f) represents the
child’s weight in pounds at age t. From the net change theorem, you have

[ w(Ddt = w(2) - w(0)

Therefore, the integral represents the increase in the child’s weight (in pounds) from
birth to the start of the second week.

6 ’2. the total amount of oil, in gallons, that leaks from the tanker for the first 180 minutes after
the leak begins.

Because r(f) is the rate at which oil leaks from a tanker in gallons per minute, you can
write r(f) = -V'(f), where V(?) is the volume of the oil at time . Notice that you need the
minus sign because the volume is decreasing, so V'(f) is negative but r(f) is positive. By
the net change theorem, you have

[ ryde ="Vt
= —[V(180)-V/(0)]
—V(0)—V(180)

This is the number of gallons of oil that leaks from the tank in the first 180 minutes
after the leak begins.
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6 ’3. the total bird population 6 months after they’re placed in the refuge

Because p'(?) is the rate of growth of the bird population per month, p(f) represents the
bird population after  months. From the net change theorem, you have

J, P'ydt = p(6) = p(0)

This represents the change in the bird population in 6 months. Therefore,
100 + _[j p'(t)dt represents the total bird population after 6 months.

6 ’4. the net change of the particle’s position, or displacement, during the first 10 seconds

Because s'(f) = v(f), where s(?) is the position function of the particle after ¢ seconds, you have
[ ooyt = s(10) - 5(0)

This represents the net change of the particle’s position, or displacement, during
the first 10 seconds. Notice that because the velocity is in meters per second, the
displacement units are in meters.

6 ’5. the net change in the car’s velocity, in meters per second, from the end of the third second
to the end of the fifth second

Because v'(f) = a(f), where v(?) is the velocity function of the car after t seconds,
you have

[} a(dt = v(5)~v(3)

This represents the net change in the car’s velocity, in meters per second, from
the end of the third second to the end of the fifth second.

6 ’6. the total number of solar panels produced from the end of the second week to the end of
the fourth week

Answers
601-700

Because P'(?) is the rate of production per week, P(f) represents the total number of
solar panels produced after t weeks. By the net change theorem, you have

[[P©dt=P0)-P@)

This represents the total number of solar panels produced from the end of the
second week to the end of the fourth week.

6 1 7. the net change in the charge from time ¢, to time £,

I(?) is defined as the derivative of the charge, Q'(¢) = I(f), so by the net change
theorem, you have

[ 10de = Q) -0t

This represents the net change in the charge from time ¢, to time #,.



018.

619.

620.
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the net change in income in dollars during the first 10 years at the job

I(6) = I'(H), where I(f) represents your total income after ¢ years, so by the net change
theorem, you have

[ rodt =110y~ 10)

This represents the net change in income in dollars during the first 10 years at the job.

the net change in the amount of water in the pool from the end of the 60th minute to the end
of the 120th minute

Because w'(f) is the rate at which water enters the pool in gallons per minute, w(f) rep-
resents the amount of water in the pool at time t. By the net change theorem, you have
120

, w'(t)dt =w(120)-w(60)

This represents the net change in the amount of water in the pool from the end of the
60th minute to the end of the 120th minute.

Note that displacement, or change in position, can be positive or negative or zero. You
can think of the particle moving to the left if the displacement is negative and moving
to the right if the displacement is positive.

Velocity is the rate of change in displacement with respect to time, so if you integrate
the velocity function over an interval where the velocity is negative, you're finding how
far the particle travels to the left over that time interval (the value of the integral is
negative to indicate that the displacement is to the left). Likewise, if you integrate the
velocity function over an interval where the velocity is positive, you're finding the dis-
tance that the particle travels to the right over that time interval (in this case, the
value of the integral is positive). By combining these two values — that is, by integrat-
ing the velocity function over the given time interval — you find the net displacement.

Answers
601-700

To find the displacement, simply integrate the velocity function over the given interval:

s(5)-s(0) = [ (2t - 4)yae

5
_(2t%
—(T 4“)

0

=(5"-4(5))-(0-0)
5




3 78 Part ll: The Answers

621].

wlno

To find the displacement, simply integrate the velocity function over the given interval:

S()-s2) =) (t*~1-6)dt

4
3 2

2
_(4%_4* (2> _2%_
—[3 ! 6(4)) (3 A 6(2)]
64 o, 8
=3 32 3+14
56 54

3

2

wlno

622. 0

To find the displacement, simply integrate the velocity function over the given interval:
s(n)-s(0)= Jchostdt = 2sint|;
=2sinz —-2sin0

~2(0)-2(0)

=0

To find the displacement, simply integrate the velocity function over the given interval:
s(%)—s(%) = _[_ﬂ//zs(sint—cost)dt
. /2
= (—cost—smt)Lr/6
(— %—sin%)—(—cos(%)—sin(%)j
=B, 1
(0-1)-(=2+1
_\3-3
2

Answers
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13

To find the displacement, simply integrate the velocity function over the given interval:
25

s25)~s(D = [ (" ~4)ar =(2’Tw—4tjl

2 3 2
=20/(25) -4(25)—(§-4)
250 1002
_ 248 _
=218 _g6
- 40

3

Note that displacement, or change in position, can be positive or negative or zero. You
can think of the particle moving to the left if the displacement is negative and moving
to the right if the displacement is positive.

Velocity is the rate of change in displacement with respect to time, so if you integrate
the velocity function over an interval where the velocity is negative, you're finding how
far the particle travels to the left over that time interval (the value of the integral is neg-
ative to indicate that the displacement is to the left). Likewise, if you integrate the veloc-
ity function over an interval where the velocity is positive, you're finding the distance
that the particle travels to the right over that time interval (in this case, the value of the
integral is positive). By combining these two values, you find the net displacement.

Unlike displacement, distance can’t be negative. In order to find the distance traveled,
you can integrate the absolute value of the velocity function because you're then inte-
grating a function that’s greater than or equal to zero on the given interval.

INEGIL

Find any zeros of the function on the given interval so you can determine where the
velocity function is positive or negative. In this case, you have 2f-4 = 0 so that t = 2.
Because the velocity function is negative on the interval (0, 2) and positive on the
interval (2, 5), the distance traveled is

[[~@t-ydt + [} 2t~ 4)ar

= (- +4t)‘z +(¢* —4t)‘
= [—(22)+4(2)—(0+0)}+[(52 ~4(5))-(2? —4(2))}
=4+9

=13

5
2
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9 Units
N
Ve ~N
t=2 — > > > —> —> —>> —> —> 0 (=5

- <«— <«— < 01t=0

- J/
VT

4 Units

626. 5

Unlike displacement, distance can’t be negative. In order to find the distance traveled,
you can integrate the absolute value of the velocity function because you're then
integrating a function that’s greater than or equal to zero on the given interval.

4
[|¢*~2-6|dt
2
Find any zeros of the function on the given interval so you can determine where the
velocity function is positive or negative. In this case, you have # - -6 = 0, or (¢-3)

(t + 2) = 0, which has solutions ¢ = 3 and t = -2. Because the velocity function is negative
on the interval (2, 3) and positive on the interval (3, 4), the distance traveled is

(- e-)are [t -t-6)a
9 3
+1 +6t)
2

[3
&
=(—3—3+3—2+6(3))—(—£+2—2+6(2)]+[4—3—4—2—6(4)]—(3—3—3—2—6(3)j
313 33 32 372
5

4

S
+? 5 GtJ

3

027. 4

Answers
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Unlike displacement, distance can’t be negative. In order to find the distance traveled,
you can integrate the absolute value of the velocity function because you're then inte-
grating a function that’s greater than or equal to zero on the given interval.

I”|2005t|dt
0

Find any zeros of the function on the given interval so you can determine where the

velocity function is positive or negative. In this case, you have 2 cos >0 on (O, %

and 2 cos t<0on (l T ) Therefore, the distance traveled is

2 b
/2 T

.[ 2cost+_f —2costdt
0 /2

n
/2

_ . E_ . _ . _ . l
—(251n2 251n0) (2811177 251n(2)j

:23int|g/2 - 2sint|

=2+2
=4
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Unlike displacement, distance can’t be negative. In order to find the distance traveled,
you can integrate the absolute value of the velocity function because you're then
integrating a function that’s greater than or equal to zero on the given interval.

wj2
L{/G|sint —cost|dt

Find any zeros of the function on the given interval so you can determine where the
velocity function is positive or negative. In this case, you have sin t - cos ¢ = 0 so that

sin f = cos f, which has a solution t = % on the given interval. Note that on the interval

(%, Z) you have sin ¢t - cos t < 0 and that on the interval (
Therefore, the distance traveled is

T 2) sint—cost> 0.

=4 . d =2 . d
_L/G —(sint—cost)dt + L/4 (sint —cost)dt

= (cost+sint)|i:;6 +(—cosz‘—sint)|¢/2

(COSi+SlH4) (COST-FSID |:(COS +sm;§) (COS%+SiH§)i|
2.\ B N
=St Tty {(0“) (7 TH
2B B2
=gty Tty
431
2

Unlike displacement, distance can’t be negative. In order to find the distance traveled,
you can integrate the absolute value of the velocity function because you're then inte-
grating a function that’s greater than or equal to zero on the given interval.

J; Ve

Find the any zeros of the function on the given interval so you can determine where
the velocity function is positive or negative. In this case, you have vt —4 = 0 so that
Jt =4, or t = 16. Notice that on the interval (1, 16), you have vt —4 < 0, whereas on the
interval (16, 25), you have v/t —4 > 0. Therefore, the distance traveled is

[~ (e ~a)de+ [7 (2 -4)ar

1
1 (g 32 )
—( 3 +4tj1 + 3t 4t

[ (16)*? + 4(16) - (——+4)} [ (25)%'% —4(25) - %(16)3/2—4(16))}
=128 46410, 230100128 . 64

25

16
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630. 3%

3

Because the derivative of the position function is the rate of change in position with
respect to time, the derivative of the position function gives you the velocity function.
Likewise, the derivative of the velocity function is the rate of change in velocity with
respect to time, so the derivative of the velocity function gives you the acceleration
function. It follows that the antiderivative of the acceleration function is the velocity
function and that the antiderivative of the velocity function is the position function.

First find the velocity function by evaluating the antiderivative of the acceleration
function, a(¢) = t + 2:

v(t) = [(t+2)dt

t2
=7+2t+C

Next, use the initial condition, v(0) = -6, to solve for the arbitrary constant of
integration:

02
v(0)= 5t 20+C
02
—6= 5t 2(0)0+C
—-6=C
Therefore, the velocity function is

t2
o(0) =L-+21-6

To find the displacement, simply integrate the velocity function over the given interval,
0<t<8:
81,2
s(8)=s(0) = || Sti+20-6)dr

8

=(lt3+t2—6t)

=]
o ’ ’
2g = £(8)" +8”~6(8)~(0+0-0)
_304
3

631. ==

First find the velocity function by evaluating the antiderivative of the acceleration
function, a (f) = 2t + 1:

v(t) = [(2t+Ddt
=t’+t+C

Next, use the initial condition, v (0) = -12, to solve for the arbitrary constant of

integration:
v(0)=0*+0+C
-12=0*+0+C

-12=C
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632.

w

&

Therefore, the velocity function is
v(t) =t +t-12

Next, find the displacement by integrating the velocity function over the given interval,
0<t<h:

S(5)-s(0) = [} (¢*+£-12)dt

5
3 2
:(%+%‘12f)

2
=5—+57-12(5)—(0+0—0)

0

First find the velocity function by evaluating the antiderivative of the acceleration
function, a (f) =sin t + cos &

v(t) = j(sint+ cost)dt
=—cost+sint+C

Next, use the initial condition, u(%) =0, to solve for the arbitrary constant of
integration:

—_ T

( )— cos4+sm4+C
0=-— ”+sm4+C
_=V2 2
0= 5 +75 +C
0=C

Therefore, the velocity function is

Answers
601-700

v(t) =—cost+sint

Next, find the displacement by integrating the velocity function over the given interval,

—GStST[
( )
6

J‘” —cost+sint)dt
/6

=(-sint- cost)| o6

= —sinn—cosn—(—sinﬂ—cosﬂ)

6 6
:_0+1_(_l_£j



384 Part ll: The Answers
633. 31

3

Because the derivative of the position function is the rate of change in position with
respect to time, the derivative of the position function gives you the velocity function.
Likewise, the derivative of the velocity function is the rate of change in velocity with
respect to time, so the derivative of the velocity function gives you the acceleration
function. It follows that the antiderivative of the acceleration function is the velocity
function and that the antiderivative of the velocity function is the position function.

Note that displacement, or change in position, can be positive or negative or zero. You
can think of the particle moving to the left if the displacement is negative and moving
to the right if the displacement is positive. But unlike displacement, distance can’t be
negative. To find the distance traveled, you can integrate the absolute value of the
velocity function because you're then integrating a function that’s greater than or
equal to zero on the given interval.

Begin by finding the velocity function by evaluating the antiderivative of the accelera-
tion function, a(f) = t + 2:

o(t) = [(t+2)dt

[2
=?+2t+C

Next, use the initial condition, v(0) = -6, to solve for the arbitrary constant of
integration:

v(0) =% + 20+C
—6= 7 +2(0)+C
-6=C
Therefore, the velocity function is

u(t) = —+2t 6

To find the distance traveled, integrate the absolute value of the velocity function
over the given interval:

Answers
601-700

8 t2
L‘7+21—6 dt

Find any zeros of the function on the glven interval so that you can determine where the
velocity function is positive or negative: ?+2[ 6 =0, or £ + 4t - 12 = 0, which factors as

(t + 6)(t-2) = 0 and has the solutions of ¢ = -6, t = 2. Notice that on the interval (0, 2), the
velocity function is negative and that on the interval (2, 8), the velocity function is posi-
tive. Therefore, the distance traveled is
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634.

235

jj—(%mt—ajdt+j:(§+2r—6)dt
(%—t2+6tjo+(%+t2—6t)2
K ~2246(2) )—(0)}{ —6(8) - (—+22 6(2) ﬂ
344
3

Begin by finding the velocity function by evaluating the antiderivative of the
acceleration function, a (f) = 2t + 1:

v(t) = [t +Dydt
=t*+t+C

Next, use the initial condition, v (0) = -12, to solve for the arbitrary constant of
integration:

v(0)=0*+0+C

-12=0%+0+C

-12=C
Therefore, the velocity function is

v()=t*+t-12

To find the distance traveled, integrate the absolute value of the velocity function over
the given interval:

°1¢2 4t —12ar
Ji

Find any zeros of the function on the given interval so you can determine where the
velocity function is positive or negative: £ + f— 12 = 0 factors as (¢ + 4)(t - 3) = 0 and has
the solutions ¢ = -4, t = 3. The velocity function is negative on the interval (0, 3) and
positive on the interval (3, 5), so the distance traveled is

Answers
601-700

j;—(tz+t—12)dt+j35(tz+t—12)dt

3 3
=(— - +12t)

- + —+——12tj
o
:(_?5_3 12(3)j (0)+[[% 57—12(5)) [ +3——12(3>H
_235

6

0o

N|°°N
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035. W2-B3+1
2
Begin by finding the velocity function by evaluating the antiderivative of the accelera-
tion function, a (f) = sin t + cos t:
u(t) = f(sin t+cost)dt
=-—cost+sint+C

Next, use the initial condition, v (%) =0, to solve for the arbitrary constant of

integration:
T)—-_ T 4 sinZ
0(4) cos4+sm4+C
—-_ T, gsinZ
0= cos4+sm4+C

=2 V2
0= 5 tg t c
0=C
Therefore, the velocity function is
v(t) =—-cost+sint

To find the distance traveled, integrate the absolute value of the velocity function over

the given interval, % <t<r:

_f:/6|—cost +sint|dt

Find any zeros of the velocity function on the given interval so you can determine
where the velocity function is positive or negative:

—cost+sint =0
sint =cost

_z
t=7

Answers
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The velocity function is negative on the interval ( ) and positive on the interval

E
- ] ) 6’ 4
(Z, T ), so the total distance traveled is

J://64_(_cost+sint)dt+I:/4(—cost+sint)dt

:(sint+cost)|:;: +(—sint—cost)|

n
/4

4 4 6 4 4
_ 4R -B+1
B 2

:(sinﬂ+cos£)—(sin£+cos%)+[(—sinn—cosn)—(—sinﬂ—cosﬂ)}
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636.

G

Recall that the area A of the region bounded by the curves y = f(x) and y = g(x) and by
the lines x = @ and x = b, where fand g are continuous and f(x) > g(x) for all x in [q, b], is

b
A= j (F(x)-g(x))dx
More generically, in terms of a graph, you can think of the formula as
A= Ib ((top function) — (bottom function) )dx
Note that lines x = @ and x = b may not be given, so the limits of integration often corre-
spond to points of intersection of the functions.

Begin by finding the points of intersection by setting the functions equal to each other
and solving for x:

x'=x?
x'—x?=
x2(x2—1)=0
x=0,%1

Because x? > x* on the interval [-1, 1], the integral to find the area is
J_ll(xz —x4)dx

The integrand is an even function, so it’s symmetric about the y-axis; therefore, you
can instead integrate on the interval [0, 1] and multiply by 2:

le(xz —x* )dx = 2'[01(x2 —x* )dx
This gives you the following:

et 55 -

The following figure shows the region bounded by the given curves:

1

(3
0

Answers
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(1,1) (1.1)
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637.

=

Begin by finding the points of intersection by setting the functions equal to each other
and solving for x:

x=+/x
xt=x
x2—x=0
x(x-1)=0

x=0,1

To determine which function is larger on the interval (0, 1), take a point inside the
interval and substitute it into each function. If you use x = %, then the first curve gives
youy = %, and the second curve gives you y = \/% = % Therefore, v/x > x on (0, 1). That
means the integral for the area of the bounded region is

Jolo =)= [ (12 - x)

_ 2x3/2 _x_Z
B 2

-(0-0)

1

0

D= wno
D= w

638. sin1+l

2

Because cos x + 1 > x on [0, 1], the integral to find the area is
1

1 . x2
J})(cosx+1—x)dx =| sinx+x—=-

ne
e —1 0
O~
Sl =sinl+1-1-(0+0-0)
i 2
<©

:sinl+%

639.

w|oo

Recall that the area A of the region bounded by the curves x = f(¥) and x = g(¥) and by
the lines y = @ and y = b, where fand g are continuous and f(y) 2 g(y) for all y in [a, b], is

b
A= [ (f()-g(y))dy
More generically, in terms of a graph, you can think of the formula as

A= J:((Fightmost curve) — (leftmost curve))dy
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640.

W

Note that lines y = a and y = b may not be given, so the limits of integration often corre-
spond to points of intersection of the curves.

In this case, you could integrate with respect to x, but you’d have to solve each equa-
tion for y by completing the square, which would needlessly complicate the problem.

Begin by finding the points of intersection by setting the expressions equal to each
other and solving for y:

yi-y=3y-y?
2y* —4y =0
2y(y-2)=0
y=0,2

To determine which function has larger x values for y in the interval (0, 2), pick a
point in the interval and substitute it into each function. Soif y = 1, thenx=12-1=0
and x = 3(1) - 12 = 2. Therefore, the integral to find the area is

[(3r=5")=(* =) Jay

- [iav-2)ay

2

(9,2 2Y°
—[ZY R
0
» 2(2)°
a2y =22 (0-0)
_g_16
=8 3
_8
3

In this case, you can easily solve the two equations for x, so integrating with respect to
y makes sense. If you instead solved the equations for y, you’d have to use more than
one integral when integrating with respect to x to set up the area.

Answers
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Begin by solving the first equation for x to get x = y* — 1. Because ﬁ >y*—1onthe
interval [0, 1], the integral to find the area is

W =(*=0))dy = [ (" -y +1)ay

(2,32 1.3 )
—(3y 3V Y

1

0

+1

W wlno
W=
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641. 15

Notice that you can easily solve the two equations for x, so integrating with respect to
y makes sense. If you were to solve the first equation for y in order to integrate with
respect to x, you'’d have to use more than one integral to set up the area.

Begin by solving the second equation for x to get x = y + 7. Then find the points of inter-
section by setting the expressions equal to each other and solving for y:

y+7=1+y*
0=y*-y-6
0=(-3r+2)
y=3,-2

To determine which curve has the larger x values for y on the interval (-2, 3), pick a
point in the interval and substitute it into each equation. If y = 0, then x =1 + 0= 1 and
x =0+ 7="7. Therefore, the integral to find the area is

fz[(y+7)—(1+y2)]dy
= [ [y+6-yJay
y’ y
54
2 3 N2 _on3

_125
6

The following figure shows the region bounded by the given curves:

y
eg
[<b)
ng y=x-1
co
<® 3 x=1+y2
2_
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642.

643.

=

ool

Begin by finding the point of intersection of the two curves by setting them equal to
each other and solving for y:

y*=3y-2
y*-3y+2=0
-Dy-2)=0
y=12

Notice that 3y — 2 > y? for y in the interval (1, 2). Therefore, the integral to find the area
of the region is

Ji[@y-2-(y*)]ay

2

y Y

[3 rr |
NOW (2) NS D°
3 XD- J ( T"z(l)_T]

1]
= 7 N

In this case, integrating with respect to y makes sense. You could integrate with
respect to x, but you’d have to solve x = 2y? for y and then use two integrals to com-
pute the area, because the “top function” isn’t the same for the entire region.

Begin by isolating x in the second equation to get x = 1 — y. Then find the points of
intersection by setting the expressions equal to each other and solving for y:

1-y=2y? =

0=2y*+y-1 ggl

D e

0=Cy-D(y+D 22
y:%,—

To determine which curve has the larger x values for y in the interval (— , %) pick a

point in the interval and substitute it into each equation. So if y = 0, then x = 2(0)? = 0 and
x + 0 = 1. Therefore, x = 1 —y is the rightmost curve and x = 2)? is the leftmost curve,
which means the integral to find the area is
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Y

[_1

2

C(=D? 2(-D)° J
3

044. 36

Begin by finding the points of intersection by setting the functions equal to each other

and solving for x:

ne 2
gﬁ 2x=8—-x
|
s x*+2x-8=0
<©
(x+4d)(x-2)=0
x=-4,2

To determine which function is larger on the interval (-4, 2), take a point inside the inter-
val and substitute it into each function. If you let x = 0, then y = 2(0) =0 and y = 8 - 0? = 8.
Therefore, 8 — x% > 2x on (-4, 2), so the integral for the area of the bounded region is



ji[(s )—(Zx)]dx
:_[2 (—x —2x+8)dx

—X3 ’
= =X _ 42
( 3 X +8Xj

:—_(?3—22+8(2) [ (GO 4)]

—4

__8_ _64
=-3 4+16 3+16+32

=60-24
=36

The following figure shows the region bounded by the given curves:

In this example, integrating with respect to y makes sense. You could integrate with
respect to x, but you’d have to solve both x = 2 — y? and x = y* — 2 for y and then use two
integrals to compute the area, because the “top function” and the “bottom function”
aren’t the same for the entire region. (You could actually reduce the region to a single
integral by using symmetry, but that isn’t possible in general.)
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Begin by finding the points of intersection by setting the expressions equal to each
other and solving for y:

2-y*=y?-2
4 =2y*
2=y?
2=y
To determine which curve has the larger x values for y in the interval (—\/f N2 ), take a point

inside the interval and substitute it into each function. So if y = 0, then x = 2-0? = 2 and
x =02 -2 = -2; therefore, 2—)* > > -2 on (—/2,+/2). That means the integral to find the area is

[al(2=y")-(v*~2)Jay
By symmetry, you can rewrite the integral as
2] * (-2 )ay

Now you can evaluate the integral:

3 V2
2jf(4-2y2)dy=2[4 —%]

0

=2 4J’—2(f) —-(0-0)

_16+2
3

The following figure shows the region bounded by the given curves:

y

x=2—-y? 2_l<rx=y2—2

Answers
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646.

647.

72

W=

Begin by finding the points of intersection by setting the functions equal to each other
and solving for x:

14-x*=x*-4
18 = 2x?
9=x?
3=x

To determine which function is larger on the interval (-3, 3), take a point inside the inter-
val and substitute into each function. If x =0, theny=14-0>=14and y = 02— 4 = 4.
Therefore, 14 — x> > x? on the interval (=3, 3), so the integral for the area of the bounded
region becomes

J:[(M—x?)—(xz —4)de

The integrand is an even function, so it’s symmetric about the y-axis; therefore, you
can instead integrate on the interval [0, 3] and multiply by 2:

IS [(14—x2)—(x2—4)]dx

2j —2x? +18
2x3 ?
=2( 3 +18x]0

_ 2[ ‘2(33)3 + 18(3)—(0+0)]

= 2(~18+54)
=72

Answers
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In this example, integrating with respect to y makes sense. You could integrate with
respect to x, but you’d have to solve 4x + y? = =3 for y and then use two integrals to
compute the area, because the “top function” isn’t the same for the entire region.

3 T To find the points of
intersection, set the expressions equal to each other and solve for y:

2
Begin by solving the second equation for x to get x = Y

4y +y*=-3
yi+4y+3=0
(y+D(y+3)=0
y=-1,-3

To determine which curve has larger x values for y in the interval (-3, 1), pick a point
inside the interval and substitute it into each function. So if y = -2, then x = -2 and

2
X = # = _T7 Therefore, the integral to find the area is
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=- ( D+ -1+ ) }‘(%(‘3>+1%<—3>3+(‘§) J}

648.

[}

Begin by finding the points of intersection of the two curves by setting them equal to
each other and solving for y:

3§y =1+.y
3+y=3+3\y
y=3y
y?=9y
y2-9y =0
y(y-9)=0
y=0,9

To determine which curve has the larger x values for y on the interval (0, 9), pick a

value in the interval and substitute it into each equation. So if y = 1, then x = 1+/1 =2

and x = % = % Therefore, the integral to find the area is

I[”\f [3”]) j(1+y (1+3 )jdy
(-
b

_ 2 3/2
=209y~ L9y’

NoJ©o
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649.

650.

T_
2+ a
Notice that the functions y = x —% and y = cos x intersect when x = % On the interval
(0, %), you have cos x > (x—%), and on the interval (%, n), you have x —% > COS X.
Therefore, the integrals to find the area of the region are
IW COSX—(X—E) dx+J.ﬂ (x—ﬂ)—cosx dx
0 2 /2 2
X2 /2 X2 §
= X T X Ty |
—[smx 5 +2x} +[(2 zx) smx}
0 /2
oMz iz(z\ (22 o) [ Lz) (=)
‘1‘2(2) +2(2)+K 5~ g 0 2(2) (2) 1
2
=924
=2+ 7
9
2

Begin by finding the points of intersection by setting the functions equal to each other
and solving for x:

x?—x=2x
x*-3x=0
x(x2—3)=0
x:O,i\/g

To determine which function is larger on the interval (—/3, 0), take a point in the
interval and substitute it into each function to determine which is larger. If x = -1,
theny = (-1)3 - (-1) = 0 and y = 2(~1) = -2; therefore, x> — x > 2x on (—/3,0). In a sim-
ilar manner, check which function is larger on the interval (O, J§) By letting x = 1,
you can show that 2x > x3 — x on (0, \/37) Therefore, the integral to find the area of
the region is

[ [0 =x)-@0)Jax+ [*[ 2~ (x° - x) Jax

Answers
601-700

= _ﬁ[xs—Bdex+_[f(3x—x3)dx
V3
(] 54
4 2 5 2 4 .
—0-mn_[(9_-9).(9_9
-0-0-(§-3)+(3-9)
18 18 _ 18



398 Part ll: The Answers

The following figure shows the region bounded by the given curves:

y
3_
| y=2x
2_
7 =x3—x
. y
3 Y \3
1T I | TTT
-2 1 A 1 2 X
—9
-3

Notice that you can easily solve the two equations for x, so integrating with respect to
y makes sense. If you were to solve the second equation for y in order to integrate with
respect to x, you'd have to use more than one integral to set up the area.

Solve the first equation for x to get x = —y. Then find the points of intersection by
setting the equations equal to each other and solving for y:

—y=y'+4y
=)
gg 0=y*+5y
|
gs 0=y(y+5)
© y=0,-5

To determine which curve has larger x values on the interval (=5, 0), pick a point in the
interval and substitute it into each equation. If y = -1, then x = =(-1) = 1 and x = (-1)? +
4(-1) = -3. Therefore, the integral to find the area is

[(-y-(v2+4y))dy =] (-y-y*-4y)ay

=[5 (- -5y)dy

- (-5° 55"
o[- )
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4
3
Begin by setting the expressions equal to each other and solving for y to find the
points of intersection:
y+3
Jy+3= 5
2y+3=y+3
4(y+3)=y*+6y+9
0=y*+2y-3
0=(+3)-D
y=-3,1
To determine which curve has larger x values for y on the interval (-3, 1), take a point
in the interval and substitute it into each equation. So if y = -2, then x =v/-2+3 =1 and
X = _22+ 3_ % Therefore, the integral to find the area of the region is
1 +3
jg[\/(y+3) (%5 de
=[ { (y+3)" - (y BJ]dy
1
2(y +3)*?
[ (r+3) L3 yj
-3
—(2¢qy32_1_3 _1
-(2-1-3)-[o-1o+3m)
_4
3
242 -1

Begin by finding the point of intersection on the interval [ 19 } by setting the func-
tions equal to each other and solving for x: sin x = cos x has a solution when x = Z'

To determine which function is larger on each interval, pick a point in the interval and

substitute it into each function. On the interval [— T } you have cos x > sin x, and on

the interval [Z’ 5}, you have sin x > cos x. Therefore, the integrals required to find the

area of the region are
/4 . /2.
J" (cosx —sinx)dx + -[”/4 (sinx —cosx)dx
T

—(smx+cosx)| —(cosx+sinx)|”/2

-r/4

((FH- - Hoor- (48]

=22 -1

Answers and Explanations 399
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The following figure shows the region bounded by the functions.

y

V= cosx y=sinx

Pt

Sl
&~la—

Na

654. 102

3

Begin by finding the points of intersection of the two curves by setting the expressions
equal to each other and solving for y:

yi=\y
yi=y
yi-y=0
y(¥*-1)=0
y=0,1
To determine which expression has larger x values for y on the interval (0, 1), pick a point
in the interval and substitute it into each equation. So if y = % then x = (%)2 = % and
X = \/% = % For y on the interval (0, 1), you have ﬁ > y?. Similarly, you can show that

y*> \/)7 for y on the interval (1, 2). Therefore, the integrals to find the area of the region are

TNy =y )y + (v =)y

1

_| 2 3/2_)’_3
‘(BY 3]0

2

Answers
601-700

655. 1=

Begin by finding the points of intersection of the two curves by setting the expressions
equal to each other:

yi-y=4y
y2-5y=0
y(y-5)=0

y=0,5
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To determine which curve has the larger x values for y on the interval (0, 5), take a
point in the interval and substitute it into each equation. Soif y = 1, thenx=12-1=0
and x = 4(1) = 4. Therefore, the integral to find the area of the region is

[Tay-(y*-y)]ay=[ 5y-yay

5y y®
T2 T3

_ 55 (5)°
3

2
125
6

5

0

656. 18

Notice that you can easily solve the two equations for x, so integrating with respect to
y makes sense. If you were to solve the second equation for y in order to integrate with
respect to x, you'd have to complete the square to solve for y, which would needlessly
complicate the problem. ,

Begin by solving both equations for x to get x = Y 2_ 6 and x =y + 1. Then set the

expressions equal to each other and solve for y to find the points of intersection:
y' -6
2
2y+2=y*-6
-2y-8=0
Y-Hy+2)=0
y=4,-2

y+1l=

To find which curve has the larger x values for y on the interval (-2, 4), take a point

in the interval and substitute it into each equation. So if y = 0, then x = 0-6_ -3 and
x =0 + 1 = 1. Therefore, the integral to find the area of the region is

oo
Ao (3]

Ffreicro

:[_+4y 1, J

(16+16——(64)) (2 8+6(8))
18

Answers
601-700
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657. 3
2
Begin by finding all the points of intersection of the three functions. To do so, solve
each equation for y and then set the functions equal to each other. Solving the second
equation for y gives you y = —%, and solving the third equation for y gives you
y = 3 - 2x. Set these two functions equal to each other and solve for x:
=3-2x
3x _
2—3
x=2
Likewise, finding the other points of intersection gives you x = —% sothatx=01is a
solution and gives you x = 3 — 2x so that x = 1 is a solution.
Notice that on the interval (0, 1), the region is bounded above by the function y = x and
below by the function y = —%. On the interval (1, 2), the region is bounded above by
the function y = 3 — 2x and below by the function y = —%. Therefore, the integrals to
find the area of the region are
1 x 2 X
J'O(x—(—f))dx+.[ [(3—2x)—(—§”dx
3
—.f xdx+_[ ( —gx)
2
_ 3 2 3.2
(3 ) ( 1) 1
3
-i{lo--(-3))
=3
2
n
58 058. 3
|
(2]
<3 Begin by finding the points of intersection by setting the functions equal to each other.
Square both sides of the equation and factor to solve for x:
Jxtd=Xt4 + 4
X4+4= x*+8x+16
4
4x+16=x"+8x+16
0=x>+4x
0=x(x+4)

x=0,-14
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To determine which function is larger on the interval (-4, 0), pick a point inside the
interval and substitute it into each equation. So if x = -3, then y =+-3+4 =1 and

y = *32+ 4 _ % Because Vx +4 > XTM on (-4, 0), the integral to find the area is

jf’4[(x+4)1/2 —XT”:ldx

=ﬂ[(x+4)‘/2—§—2]dx

0
(2x+4)%* X2
—[—3 7 2x

—4

659. 18

To find the points of intersection, begin by noting that y = |2x| = 2x on the interval [0,
). To find the point of intersection on [0, 8), set the functions equal to each other and

solve for x:
2x=x*-3
0=x*-2x-3
0=(x-3)(x+1)
x=3,-1

Because the interval under consideration is [0, 8), use the solution x = 3.

Likewise, on (-, 0), you have y = |2x| = —2x. Again, find the point of intersection by
setting the functions equal to each other and solving for x:

2x=x%*-3
0=x*+2x-3
0=(x+3)(x-1)
x=-3,1

Answers
601-700

Because the interval under consideration is (e, 0), keep only the solution x = -3. (You
could have also noted that because both y = |2x‘ and y = x? - 3 are even functions, then if
there’s a point of intersection at x = 3, there must also be a point of intersection at x = -3.)

On the interval (=3, 3), you have |2x| > x* —3. Therefore, the integral to find the area is

J:(|2x|—(x2—3))dx

By symmetry, you can rewrite the integral as

2J03(2x - (x2 —3))dx
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Finally, simplify and evaluate this integral:
3 2
2.[0 (3+2x—x )dx
3

3
=2(3x+x2—%J

0

2[3(3)+32—3§—(0+0—0)}

2[9+9-9]
18

The following figure shows the region bounded by the given curves:

y
y=|2x|
6 -
5 |
4 -
3
_ y=x2-3
-
1 /T T T 1 }
1/2 3

660.

Answers
601-700
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Begin by finding the points of intersection on the interval [0, %} by setting the
functions equal to each other:

cosx =sin2x

Use an identity on the right-hand side of the equation and factor:
cosx =2sinxcosx
0=2sinxcosx—cosx
0=cosx(2sinx-1)
Now set each factor equal to zero and solve for x: cos x=0and 2sinx-1=0, or

sinx = % On the interval [0, %}, you have cos x = 0 if x = % and sinx = % if x = % On

the interval 0, % , you have cos x > sin(2x), and on (%, %), you have sin(2x) > cos x.

Therefore, the integrals to find the area are



'f(:/ﬁ [cos x —sin(2x

)

]dx +.f://:[sin(2x) —cosx}dx

/6
+(——cos(2x) —sinxJ

/2

2 2
0 /6
cos(ﬂ) —cos| %
T 3) | o COS(O) —COSTT i T 7(3)_ inZ
(51n0+ 5 + 5 sing D) sin-e

I
e,
5
S
+
(W)

The following figure shows the region bounded by the given curves:

y

y=C0SX  y=sin(2x)

| & o
2

ol —f--------3
wla

66 7. E+ln(l)

4 8

Begin by finding the point of intersection by setting the functions y = 2> and y = 3 — 5¢*
equal to each other and solving for x:

2e%* =3 -5¢*
2e** +5e*-3=0
(2¢*-1)(e*+3)=0

e’ = %, -3
Because e* = -3 has no solution, the only solution is x = ln(%). Note that ln(%) <0, so the

line x = 0 bounds the region on the right so that the upper limit of integration is b = 0.

To determine which function is larger on the interval (ln(%), 0), pick a point inside the

interval and substitute it into each equation. On the interval (ln(%), O), notice that
2e> > 5e*. Therefore, the integral to find the area is

Answers and Explanations 4 05

Answers
601-700
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J.l:(l/z)[Ze” —(3 —5e* )]dx

0
= (e“ -3x+5e* ) w2

Answers

_13 1
=7 +ln( 8)
662. -
< 9
Recall the definition of volume: Let S be a solid that lies between x = @ and x = b. If A(x)
is the cross-sectional area of S in the plane P_that goes through x and is perpendicular
to the x-axis, where A is a continuous function, then the volume of S is
V= AQo)dx
Here’s the region that’s being rotated. Because the cross-sectional slice is a circle, you
have A(x) = n(y)? = n(f(x))%
y
1 -
| '
o _ y=x
EI | x=1
b=y < s
o T T 1 T T 1 N7
-1 1 X

Note that when y = 0, you have 0 = x* so that x = 0 is the lower limit of integration.

The integral to find the volume is



0063.

2n

Recall the definition of volume: Let S be a solid that lies between y = cand y = d. If A(y)
is the cross-sectional area of S in the plane Py that goes through y and is perpendicular
to the y-axis, where A is a continuous function, then the volume of S is

v =["A(y)dx

Here’s the region that’s being rotated. Because the cross-sectional slice is a circle, you

have A(y) = n(x)? = n(g(»))>

y
O
T x=+siny
x
2

In this case, the limits of integration correspond to y = 0 and y = n. Because
g(y) = fsin y- the integral to find the area becomes

2
n.[;(«/siny ) dy = nfon sinydy
=7 (—cosy)|g
=-—r(cosm —cos0)
=-n(-1-1)
=2r

Answers and Explanations 4 0 7
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064. 2

15

Recall the definition of volume: Let .S be a solid that lies between x = a and x = b. If A(x)
is the cross-sectional area of S in the plane P,_that goes through x and is perpendicular
to the x-axis, where A is a continuous function, then the volume of S'is

V= AGx)dx

Because the cross-sectional slice is a circle in this case, you have A(x) = n(¥)? = n(f (X))~
Here, the limits of integration correspond to the lines x = 3 and x = 5. Because y = g
the integral to find the volume is

ELS(%)de = njjx”dx

665. nln3

Recall the definition of volume: Let S be a solid that lies between x = @ and x = b. If A(x)
is the cross-sectional area of S in the plane P_that goes through x and is perpendicular
to the x-axis, where A is a continuous function, then the volume of S is

V=] AGx)dx

Because the cross-sectional slice is a circle in this case, you have A(x) = n(y)? = n(f (x))%

Here, the limits of integration correspond to the lines x = 1 and x = 3. Because y = %,
the integral to find the volume is X

. 2
ﬂff[%j dx = nJ‘f%dx
=7rln|x||?

=7(In3-Inl)
=rln3

Answers
601-700

066. -

Recall the definition of volume: Let .S be a solid that lies between x = a and x = b. If A(x)
is the cross-sectional area of S in the plane P_that goes through x and is perpendicular
to the x-axis, where A is a continuous function, then the volume of S'is

V= AGx)dx
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Here’s the region that’s being rotated. Because the cross-sectional slice is a circle, you

have A(x) = n(y)? = n(f (x))%

y
y=cscx
1
i &
b b X
4 2
In this case, the limits of integration correspond to the lines x = % and x = % Because

y = csc x, the integral to find the volume is

/2

ﬂj://j(CSC x)dx=n (—cotx)‘n/4

2 4
=-r(0-1)

=7

= —n(cotl—cotﬂ)

Recall the definition of volume: Let S be a solid that lies between x = a and x = b. If A(x)
is the cross-sectional area of S in the plane P_that goes through x and is perpendicular
to the x-axis, where A is a continuous function, then the volume of .S is

b (21—}
V= AGx)dx §2|
Because the cross-sectional slice is a circle in this case, you have A(X) = n(y)? = n(f(x))?. Eé
Begin by isolating y in the first equation:
y= —x4+ 4
-1
= 4x+l

If you let y = 0 in this equation, you get x = 4, which corresponds to the upper limit of
integration. Therefore, you have the following integral:

2
n.[;(—%x+1) dx = nj:(%x? —%x+1)dx

2
=n(%—47+4—(0—0+0)j
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668. =

105

Recall the definition of volume: Let S be a solid that lies between y = cand y = d. If A(y)
is the cross-sectional area of S in the plane P, that goes through y and is perpendicular
to the y-axis, where A is a continuous function, then the volume of S is

v =["A(y)dx

Here’s the region that’s being rotated. Because the cross-sectional slice is a circle, you

have A(y) = n(x)? = n(g(»))%
y

D

P x=yo )R

Begin by setting the expressions equal to each other and solving for y in order to find
the limits of integration:

_ 523
gg 0—y2 y
é,‘ 0=y*(1-y)
<3 y=0,1

Therefore, the integral to find the volume is

() ay = (' -2y ey )y

5 6 7
=gl LY Y
‘”[5 3*7]
0
L[ 1,1
‘”(5 3*7)
T
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Recall the definition of volume: Let S be a solid that lies between x = a and x = b. If A(x)
is the cross-sectional area of S in the plane P_that goes through x and is perpendicular
to the x-axis, where A is a continuous function, then the volume of .S is
V= AGx)dx
Because the cross-sectional slice is a circle in this case, you have A(x) = n(y)? = n(f (X))~
To get the lower limit of integration, find where the function y = +/x —1 intersects the
line y = 0. Set the equations equal to each other and solve for x:
0=+vx-1
0=x-1
1=x
Therefore, x = 1 and x = 5 are the limits of integration. Because y = +/x —1, the integral
becomes
5 2 5
7[.[1 (\/x—l ) dx = ﬂ.[l (x-Ddx
5
2
e
1
(B s ) (L
(%55
=87
4482
15

Recall the definition of volume: Let S be a solid that lies between x = a and x = b. If A(x)
is the cross-sectional area of S in the plane P,_that goes through x and is perpendicular
to the x-axis, where A is a continuous function, then the volume of .S is

V= AGx)dx

In this case, the cross-sectional slice has the shape of a washer. When the
cross-sectional slice is a washer, you can find A(x) by using

A = n(outer radius)® — z(inner radius)?
2 2
:ﬂ(rout) _ﬂ(rin)

where the outer radius, r_ ,, is the distance of the function farther away from the line of
rotation and the inner radius, r. , is the distance of the function closer to the line of

' Uin?

rotation at a particular value of x.

Answers and Explanations 4 ’ ’
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First find the limits of integration by finding the points of intersection of the two
curves. Set the functions equal to each other and solve for x:

2
—4-_X_
2=4 7}
2
X _
e 2
x%=
x =122
2 2
On the interval (—2\/5, 2x/§), you have 4—% >2sothatr, = 4—xT andr, =2.

Therefore, the integral to find the volume is
& 2 Y
,Tg;{(zt_xﬂ _zz},x

22 2,1 4
w[ (122 kot ax

Notice that y =12-2x? + — x* is an even function, so it’s symmetric about the y-axis.

1
16
Therefore, you can instead make zero the lower limit of integration and double the
value of the integral:

22 2, 1 4
njim(12—2x +Ex )dx
:27r'|‘02ﬁ(12—2x2+%x4)dx
242

3 80
:zﬂ(u(zﬁ)-g(zﬁf+81_O(z¢z)5)

448.2
15 "

:27r(12x—2x3 +Lx5)

0

671. 3%

Answers
601-700

Recall the definition of volume: Let .S be a solid that lies betweeny =candy = d. If A(y)
is the cross-sectional area of S in the plane P, that goes through y and is perpendicular
to the y-axis, where A is a continuous function, then the volume of S is

v =["A(y)dx

Because the cross-sectional slice is a circle in this case, you have A(y) = n(x)? = n(g(y))%

Note that y = 8 gives you one of the limits of integration; find the other limit of integra-
tion by setting the functions equal to each other and solving for y:

0=y2/3
0=y

With the limits of integration y = 0 and y = 8 and with g(y) = y*3, the volume of the
region is
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Recall the definition of volume: Let .S be a solid that lies between x = @ and x = b. If A(x)
is the cross-sectional area of S in the plane P_that goes through x and is perpendicular
to the x-axis, where A is a continuous function, then the volume of .S is

v =[ ACx)dx

Because the cross-sectional slice is a circle in this case, you have A(x) = n(y)? = n(f(x))>

Notice that y = yr” — x? intersects y = 0 when x = r and when x = —r, which corresponds
to the limits of integration. Therefore, the integral to find the volume becomes

r 2 r
nj_r(\/rz -x* ) dx = nj_r(rz -x* )dx
Because y = r* — x? is an even function, you can change the lower limit of integration to
zero and multiply by 2 to evaluate the integral:
n j (r2 —x? )dx

= 271J:(r2 —xz)dx

3
= 27r(r2x —%j

= Zn(rz(r) —%j

:47rr3

3

r

0

By rotating the semicircular region, you’ve found the formula for the volume of a
sphere!

Recall the definition of volume: Let S be a solid that lies between x = @ and x = b. If A(x)
is the cross-sectional area of S in the plane P_that goes through x and is perpendicular
to the x-axis, where A is a continuous function, then the volume of .S is

V=] ACx)dx

Answers and Explanations 4 ’3
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Here’s the region that’s being rotated:

YA

y=Cc0Ss X y=sin x

N
NR
(\
>

In this case, the cross-sectional slice has the shape of a washer. When the cross-sectional
slice is a washer, you can find A(x) by using

A = (outer radius)® — z(inner radius)®
2 2
:n(rout) _ﬂ(rin)

where the outer radius, r_,, is the distance of the function farther away from the line of

rotation and the inner radius, r, , is the distance of the function closer to the line of
rotation at a particular value of x.

Begin by finding the point of intersection of the two functions by setting them equal to
each other: sin x = cos x, which has the solution x = % on the interval (0, %) Notice
that on the interval (0, E), you have cos x > sin x so that r_ , = cos x and r, | = sin x, and

4
on the interval (% %) you have sin x > cos x so that r,, = sinxand r,, = sin x.

Therefore, the integrals to find the volume are

ﬂj{:M (cosx)? —(sinx)*dx + nj://f (sinx)? —(cos x)*dx

Answers
601-700

"4 . 2
Because ﬂIO (cos x)* —(sinx)*dx and nj //4 (sin x)? —(cos x)*dx are equal, you can

compute the volume by evaluating the integral on the interval (O, %) and doubling the
answer:

27r_|.;/4 (cosx)? —(sinx)*dx = 27r_|.;/4 cos2x dx

/4

:27r(sin2x)

2l
"y

— 9 SNy _sin0
2 2
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ENE

Recall the definition of volume: Let S be a solid that lies between x = a and x = b. If A(x)
is the cross-sectional area of S in the plane P_that goes through x and is perpendicular
to the x-axis, where A is a continuous function, then the volume of .S is

V= AGx)dx

Here’s the region that’s being rotated. Because the cross-sectional slice is a circle, you
have A(X) = n(y)? = n(f(x))>.

y

1] 1
=~/ 1+x2

-~
T S X

Because the function is bounded by x = 0 and x = 1, these are the limits of integration.

With y = 1 1 5, the integral to find the volume becomes
+x

1 1 2 1 1
ﬂjo(l_l_xz j dX:ﬂjomdx

Now use the trigonometric substitution x = tan 6 so that dx = sec?0dé. Find the new limits

of integration by noting that if x = 1, then 1 = tan 6 so that % = 0. Likewise, if x = 0, then
0 = tan @ so that 0 = 0. Using these new values, you produce the following integral:

" sec’® o _ [Tt _sec’8 o
EJO (1+tan29)2 n'fo (secze)2

= nJ'”M cos?0do
0

Answers
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Now use the identity cos® 0 = %(1 +c0s(20)):

/4

/4 i
7] L1+ cos(20))d0 = %(9 ; %)

0
sin

s
2 _
52— (0+0)

I
B

T
i

2

T
=L 4

8

EN(EY
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675. s

5

Recall the definition of volume: Let .S be a solid that lies between x = a and x = b. If A(x)
is the cross-sectional area of S in the plane P,_that goes through x and is perpendicular
to the x-axis, where A is a continuous function, then the volume of S'is

V=] AGx)dx

In this case, the cross-sectional slice has the shape of a washer. When the cross-sectional
slice is a washer, you can find A(x) by using

A = n(outer radius)* — z(inner radius)?
2 2
:ﬂ:(rout) _ﬂ(rin)

where the outer radius, r_ ,, is the distance of the function farther away from the line of

rotation and the inner radius, r, , is the distance of the function closer to the line of

» Tip?

rotation at a particular value of x.

Begin by finding the points of intersection in order to find the limits of integration. Solve
the second equation for y, set the expressions equal to each other, and solve for x:

3-—x=3+2x-x?

0=3x—-x2
0=x(3-x)
x=0,3

To find out which function is greater on the interval (0, 3) without graphing (and is there-
fore farther away from the line of rotation), take a point in this interval and substitute
that value into each function. Soif x = 1,youhavey=3+2-12=4andy=3-1=2.

Therefore, r_ =3 + 2x - x% and r,, = 3 -Xx, so the integral becomes

nf [(3+2x—x2)2 —(3—x)2}dx

) J[( —2x2+12x+9)—(9—6x+x2)]dx
=T
— -3 8
§8 J ( x*+1 J:)dx
Xyt _x49
( = —x'=x?+9x j O
(35 —3%49(3)? )

5

Recall the definition of volume: Let .S be a solid that lies betweeny =candy = d. lf A(y)
is the cross-sectional area of S in the plane Py that goes through y and is perpendicular
to the y-axis, where A is a continuous function, then the volume of S is

v =["A(y)dx
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0717.

36

35

In this case, the cross-sectional slice has the shape of a washer. When the cross-sectional
slice is a washer, you can find A(y) by using

A = (outer radius)? — z(inner radius)’
2 2
:ﬂ(rout) _n(rin)

where the outer radius, r,, is the distance of the expression farther away from the line

of rotation and the inner radius, r, , is the distance of the expression closer to the line

s Lin?

of rotation at a particular value of y.
The region is being rotated about the line the y-axis, so solve the first equation for x:
Jy=x

Note that you keep the positive root because the region being rotated is in the first
quadrant.

Find the limits of integration by setting the functions equal to each other and solving
for y:

Jy=y?

y=y'
0=y*-y
0=y(y*-1)
y=0,1

For a value in the interval (0, 1), you have \Jy > y® so that r,,, = \Jy and r,, = y*.
Therefore, the integral to find the volume becomes

Al () =) Jay=r(y-y")ay

—o(l_1
‘”(2 5) 28
;I\
_3r D
10 <8

Recall the definition of volume: Let S be a solid that lies between x = @ and x = b. If A(x)
is the cross-sectional area of S in the plane P_that goes through x and is perpendicular
to the x-axis, where A is a continuous function, then the volume of S is

V= AGx)dx
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Here’s the region being rotated:

In this case, the cross-sectional slice has the shape of a washer. When the cross-sectional

slice is a washer, you can find A(x) by using

A = (outer radius)® — z(inner radius)?

=7 (rouw ) =7 (1)’

where the outer radius, r_ , is the distance of the function farther away from the line of

? "out?

rotation and the inner radius, r, , is the distance of the function closer to the line of

rotation at a particular value of x.

Begin by finding the point of intersection by setting the functions equal to each other

and solving for x:
x% =1

x=1

Answers
601-700

The limits of integration are therefore x = 0 (given) and x = 1. Note that r_ , = 2 - x** and
r,, = 2—1 =1 because you're rotating the region about the line y = 2. Therefore, the

integral to find the volume is

ﬂj;|:(2—x2/3 )2 _(2—1)2}1)(:ﬂj'ol(3_4x2/3+x4/3)dx
:,,[3)(_ 12x%° 3x7/3j

5 7
:ﬂ(3—%+§)

7
_36,

35

1

0
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678.

679.

21
20

(81n|2+J§|—J§)n

Recall the definition of volume: Let S be a solid that lies between y = cand y = d. If A(y)
is the cross-sectional area of S in the plane P, that goes through y and is perpendicular
to the y-axis, where A is a continuous function, then the volume of S is

v =["A(y)dx

In this case, the cross-sectional slice has the shape of a washer. When the cross-sectional
slice is a washer, you can find A(y) by using

A = n(outer radius)® — z(inner radius)?
2 2
:n(rout) —71'(7'“1)

where the outer radius, r_ ,, is the distance of the expression farther away from the line

of rotation and the inner radius, r, , is the distance of the expression closer to the line

» in?

of rotation at a particular value of y.

At x = 0, you have y = 022 = 0, which will be the lower limit of integration; y = 1 corre-
sponds to the upper limit of integration.

Solving the equation y = x%? for x gives you x = y*2. Note that because you're rotating
the region about the line x = -1, you have r, , =y*?+ 1and r, =0 + 1 = 1. Therefore, the
integral to find the volume is

A (y72 1) =0+ D? |ay = [} (2575 )ay

_ |4 52 Y_4
)

1

0

Answers
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Recall the definition of volume: Let S be a solid that lies between x = a and x = b. If A(x)
is the cross-sectional area of S in the plane P,_that goes through x and is perpendicular
to the x-axis, where A is a continuous function, then the volume of .S is

V= AGx)dx

Here’s the region being rotated:



4 20 Part II: The Answers

y=secx

w(a

In this case, the cross-sectional slice has the shape of a washer. When the cross-sectional
slice is a washer, you can find A(x) by using

A = n(outer radius)* — z(inner radius)?
2 2
:n-(rout) _ﬂ(rin)

where the outer radius, r_, is the distance of the function farther away from the line of
rotation and the inner radius, r, , is the distance of the function closer to the line of
rotation at a particular value of x.

On the interval (0, %), you have sec x < 4. Because you're rotating the region about the
line y = 4, youhaver_ =4 andr, =4-secx Therefore, the integral to find the volume is

nj”/3[42 -(4 —secx)z}dx

0

ﬂfJ/B(Ssecx —sec? x)dx

/3
= n[81n‘secx+tanx|—tanx |0

= n[Sln‘sec%+tam%‘—tan%—(81n|se00+tan0|—tanO)}

:(81n\2+J§\—J§)n
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680. 332

Recall the definition of volume: Let .S be a solid that lies between y = cand y = d. If A(y)
is the cross-sectional area of S in the plane Py that goes through y and is perpendicular
to the y-axis, where A is a continuous function, then the volume of S is

v =[" A(y)dx

In this case, the cross-sectional slice has the shape of a washer. When the cross-sectional
slice is a washer, you can find A(y) by using
A = (outer radius)® — z(inner radius)®

=7 (row ) =7 (1)’



where the outer radius, r_ , is the distance of the expression farther away from the line

? Tout?
of rotation and the inner radius, r, , is the distance of the expression closer to the line
of rotation at a particular value of y.

Begin by setting the expressions equal to each other to find the points of intersection,
which correspond to the limits of integration:

y'=4
y=-2,2

Because you're rotating the region about the line x = 5, you have r_ , = 5 - y* and
r,. = 5—4 = 1. Therefore, the integral to find the volume is

ol (5-3) ~(5-4)" |ay
=7rjﬁz<24—10y2+y4)dy

=21 (24-10y° + y*)dy

2
3 .5
:27:( 10y” ¥ j
0

3 5
{102 )

Recall the definition of volume: Let S be a solid that lies between x = a and x = b. If A(x)
is the cross-sectional area of S in the plane P_that goes through x and is perpendicular
to the x-axis, where A is a continuous function, then the volume of .S is

V= AGx)dx
Here’s the region that’s being rotated:

y
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In this case, the cross-sectional slice has the shape of a washer. When the cross-sectional
slice is a washer, you can find A(x) by using

A = (outer radius)® — z(inner radius)?
2 2
:n(rout) _ﬂ(rin)

where the outer radius, r_,, is the distance of the function farther away from the line of
rotation and the inner radius, r, , is the distance of the function closer to the line of

rotation at a particular value of x.

Note that the lines x = 0 and x = 1 correspond to the limits of integration. Because
you're rotating the region about the liney = -1, youhaver,  =e*+1landr, =0+1=1.
Therefore, the integral to find the volume becomes

nj;[(e*x +1)’ —(O+1)2}dx

= n_[ol(e’zx +2e* )dx

682. .o

Recall the definition of volume: Let S be a solid that lies between x = @ and x = b. If A(x)
is the cross-sectional area of S in the plane P_that goes through x and is perpendicular
to the x-axis, where A is a continuous function, then the volume of S is

v =[ ACx)dx

Here, you want to find an expression for A(x).

The base is a circle that has a radius of 4 and is centered at the origin, so the equation
of the circle is x2 + y? = 16.

Answers
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(x,y)
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Base

If you consider a cross-sectional slice at point (x, ¥) on the circle, where y > 0, the base
of the square equals 2y; therefore, the area of the cross-sectional slice is (2y)? = 4y2.

2y

2y

Answers
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In order to integrate with respect to x, you can solve the equation of the circle for y?
and write the area as 4y? = 4(16 — x?) = A(x). Because the base of the solid varies for x
over the interval [-4, 4], the limits of integration are —4 and 4. Therefore, the integral to

find the volume is

['4(16-x)dx=[" (64-4x*)dx

:2j:(64—4x2)dx

:2(64x—4—x3j

3

4

0

:2(64(4)—4(;%)3}

1,024
=73
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683. 2563

Recall the definition of volume: Let .S be a solid that lies between x = a and x = b. If A(x)
is the cross-sectional area of S in the plane P,_that goes through x and is perpendicular
to the x-axis, where A is a continuous function, then the volume of S'is

V= AGx)dx

Here, you want to find an expression for A(x).

The base is a circle that has a radius of 4 and is centered at the origin, so the equation
of the circle is x2 + y? = 16.

YA

—Ux v

Base

-

If you consider a cross-sectional slice at point (x, ¥) on the circle, where y > 0, the base
of the equilateral triangle equals 2y and has a height of /3y, therefore, the area of the

triangle is %bh = %(Zy)(\/gy) =J3y%

Answers
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3y

2y
In order to integrate with respect to x, you can solve the equation of the circle for y?

and write the area as v3y* =3 (16 - xz) = A(x). Because the base of the solid varies for

x over the interval [-4, 4], the limits of integration are —4 and 4. Therefore, the integral
to find the volume is



[, (v3(16-x?))ax =23] (16— x* ) dx

—4
4

= 2\/§(16x—%3j

:2\/§[16(4)—%j

= 25643

0684. 96

Recall the definition of volume: Let S be a solid that lies betweeny = cand y = d. If A(y)
is the cross-sectional area of .S in the plane P, that goes through y and is perpendicular
to the y-axis, where A is a continuous function, then the volume of S is

v =["A(y)dx
Here, you want to find an expression for A(y).

y

4x2 +9y? =36

2
/ Base (\X' 4
\\_2

-3

/3 X

If you consider a cross-sectional slice that goes through a point (x, y) on the ellipse,
where x > 0, then one side of the square has length 2x. The area of the square is

(@x)" =4x" :4(%(36‘9y2))=36—9y2 = A()

2x

2x
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Because the base of the solid varies for y over the interval [-2, 2] the limits of integration
are -2 and 2. Therefore, the integral to find the volume is

fz(36—9y2)dy :2jj(36—9y2)dy

:2(36y—3y3)‘z
=2(36(2)-3(2)*)
=96

Note that because 36 — 9y? is an even function of y, the lower limit of integration was
changed to zero and the resulting integral was multiplied by 2 to make the integral a
bit easier to compute.

685.

w|oo

Recall the definition of volume: Let S be a solid that lies between y = cand y = d.
If A(y) is the cross-sectional area of S in the plane Py that goes through y and is
perpendicular to the y-axis, where A is a continuous function, then the volume
of Sis

V=" A(y)dx

Here, you want to find an expression for A(y).

y
4\ x=2-7Y
(0,4))\ x=2 5
(x,y)
Base —
o 0,0 2,0 X
2 S (0,00 (20
=
25
<O
The base of S is the region bounded by the curves x =0,y =0,and x =2 - % If you consider a
cross-sectional slice that goes through a point (x, y) on the line x =2 - %, the cross-sectional

slice is an isosceles triangle with height equal to the base, so the area is

3bh=3(x)(x)=Fx* =%(2—§j =A(y)
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X

Because the base of the solid varies for y over the interval [0, 4], the limits of integration
are 0 and 4. Therefore, the integral to find the volume is

2
11 y Y 1.2
(23] ar=[2oydt)a

_ 1.2 1 3
—(2y 5V togy )

4

0
= 2(4) -3 (4)* + g (4)°
_8

3

686. 16

Recall the definition of volume: Let S be a solid that lies between x = a and x = b. If A(x)
is the cross-sectional area of S in the plane P_that goes through x and is perpendicular
to the x-axis, where A is a continuous function, then the volume of .S is

V= AGx)dx

Here, you want to find an expression for A(x).

<
Answers
601-700

4x2 + 9y? = 36

3 X

ase

\s

g
N
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If you consider a cross-sectional slice that goes through a point (x, y) on the ellipse,
where y > 0, then the hypotenuse of the right triangle has length 2y. If [ is a leg of the
isosceles right triangle, then by the Pythagorean theorem B+lP= (2y)2 so that 2 = 2y2.
Solving the elliptical boundary function for y? gives you y? =9 (36 4x* ) Therefore,
the area of the triangle is

%bh 2(1)(1) lp_ %(Zyz):%(36—4x2)

2y

Because the base of the solid varies for x over the interval [-3, 3], the limits of integra-
tion are -3 and 3. Therefore, the integral to find the volume is
31 2 _of1 A2
[, 5(36-4x)dx =2 5(36-4x* ) dx

3

2

§(36X‘Tj0

2 43)°

g(36(3) J
-16

Note that because y = 36 — 4x? is an even function, the lower limit of integration was
changed to zero and the resulting integral was multiplied by 2 to make the integral a
bit easier to compute.

Recall the definition of volume: Let S be a solid that lies between y = cand y = d. If A(y)
is the cross-sectional area of S in the plane P, that goes through y and is perpendicular
to the y-axis, where A is a continuous function, then the volume of S is

v =["A(y)dx

Answers
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Here, you want to find an expression for A(y).

y
(0,4 x=2- %’
(x y)
Base —
(0,0) (2,0) X




The base of S is the region bounded by the curves x =0,y =0, and x =2 —%. If you

consider a cross-sectional slice that goes through a point (x, ¥) on the line x =2 —X, that

cross-sectional slice is a semicircle with a radius of 2. That means the area of the slice is

2
2 y 2
T 7x) n(Z——
1 2 (2 rx’ 2
A 8 =AW

No|

Because the base of the solid varies for y over the interval [0, 4], the limits of integration
are 0 and 4. Therefore, the integral to find the volume is

2
[t Y _rm(a_ 1 2
§.[o(2_§J dy—§10(4 2y+4y )dy

=%(4y—y2+%y3):
- Ha-@+ @)

688. 4n

To find the volume of a solid obtained by rotating about the y-axis a region that’s under
the curve y = f(x) and above the x-axis from x = a to x = b with cylindrical shells, use
the integral

V= 2nxf(x)dx

More generically, you can use the formula

- 2z [ (shell radius)(shell height)dx
v =2z

To find the shell radius, let x be in the interval [a, b]; the shell radius is the distance
from x to the line of rotation. To find the shell height, let f(x) be the function that
bounds the region above and let g(x) be the function that bounds the region below; the
shell height is given by f(x) — g(x). Note that the limits of integration often correspond
to points of intersection.

Here, the limits of integration are given as x = 1 and x = 3 and the shell height is 1y,
so the integral becomes x

Answers and Explanations 4 29
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2njfx(%)dx:2nfldx

:2ﬂx|l3
=27(3-1)
=4r

68 9. 8n

To find the volume of a solid obtained by rotating about the y-axis a region that’s under
the curve y = f(x) and above the x-axis from x = a to x = b with cylindrical shells, use
the integral

V= 2nxf(x)dx

More generically, you can use the formula

v =2z’ (shell radius)(shell height)dx

To find the shell radius, let x be in the interval [q, b]; the shell radius is the distance
from x to the line of rotation. To find the shell height, let f(x) be the function that
bounds the region above and let g(x) be the function that bounds the region below; the
shell height is given by f(x) — g(x). Note that the limits of integration often correspond
to points of intersection.

Find the other limit of integration by determining where y = x> and y = 0 intersect: x2 = 0
gives you x = 0. The shell height is x? - 0, so the integral becomes

27r_|.02x(x2 )dx = 2nj02x3dx
4 2
= ZHXT .

~5(2-0)

4
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690. =

To find the volume of a solid obtained by rotating about the x-axis a region that’s to the
left of the curve x = f(y) and to the right of the y-axis from y = c to y = d with cylindrical
shells, use the integral

d
V=["2zyf(y)dy
More generically, you can use the formula

v =2z (shell radius)(shell height)dy

To find the shell radius, let y be in the interval [c, d]; the shell radius is the distance
from y to the line of rotation. To find the shell height, let f(y) be the curve that bounds



the region on the right and let g(y) be the curve that bounds the region on the left; the
shell height is given by f(y) — g(¥). Note that the limits of integration often correspond
to points of intersection.

Because y = 1 corresponds to one of the limits of integration, find the other limit of
integration by solving the equation 0 = y'/3, which gives you 0 = y. Then find the volume
using cylindrical shells:

2wy (" )y =21 ] vy

_ 3,73
27r(7y )0
—27‘[(%—0)
_bn
7

The region is being rotated about the line x = -1, which is parallel to the y-axis. To find
the volume of a solid obtained by rotating about the y-axis a region that’s under the
curve y = f(x) and above the x-axis from x = a to x = b using cylindrical shells, use the
following integral:

V= 2nxf(x)dx

More generically, you can use the formula

V=2r Lb (shell radius)(shell height)dx

To find the shell radius, let x be in the interval [a, b]; the shell radius is the distance
from x to the line of rotation. To find the shell height, let f(x) be the function that
bounds the region above and let g(x) be the function that bounds the region below; the
shell height is given by f(x) — g(x). Note that the limits of integration often correspond
to points of intersection.

The line x = 2 gives you one of the limits of integration, so begin by finding the other
limit of integration by determining where the function intersects the x-axis; 0 = x? gives
you 0 = x. Notice that the shell radius is (x + 1), so here’s the integral to find the volume
using cylindrical shells:

2nj02(x +Dx’dx = 271[5(3(3 +x? )dx

2
_ xt X3
4”(7*?)(}
4 3
=2n(27+%—(0+0)j

_40r
3
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692. 2167

To find the volume of a solid obtained by rotating about the y-axis a region that’s under
the curve y = f(x) and above the x-axis from x = a to x = b with cylindrical shells, use
the integral

V= 2zxf(x)dx

More generically, you can use the formula

V =2z’ (shell radius)(shell height)dx

To find the shell radius, let x be in the interval [a, b]; the shell radius is the distance
from x to the line of rotation. To find the shell height, let f(x) be the function that
bounds the region above and let g(x) be the function that bounds the region below; the
shell height is given by f(x) — g(x). Note that the limits of integration often correspond
to points of intersection.

Here’s the region being rotated about the y-axis:

y

y=2x
y=x2—4x

Begin by finding the limits of integration by setting the functions equal to each other

=) and solving for x:

R

i 2x =x*—4x

<3 0=x*-6x
0=x(x-6)
x=0,6

Because 2x > x? — 4x on the interval [0, 6], the shell height is given by 2x — (x? — 4x).
Therefore, the integral to find the volume is

2nj§x[2x—(x2 —4x)}dx
= 271"[;(6)(2 —xs)dx
:2n(2x3—xT4)0

:27:[2(6)3 —qj

=216x

6
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693.

694.

4,0967

9

6257

To find the volume of a solid obtained by rotating about the x-axis a region to the left of
the curve x = f(y) and to the right of the y-axis from y = ¢ to y = d with cylindrical shells,
use the integral

d
V= 2y f(y)dy
More generically, you can use the formula

v =2z’ (shell radius)(shell height)dy

To find the shell radius, let y be in the interval [c, d]; the shell radius is the distance
from y to the line of rotation. To find the shell height, let f(¥) be the curve that bounds
the region on the right and let g(y) be the curve that bounds the region on the left; the
shell height is given by f(y) — g(¥). Note that the limits of integration often correspond
to points of intersection.

Begin by isolating the y in the first equation to get y'/4 = x. Find the lower limit of inte-
gration by solving y'/4 = 0 to get y = 0. Then find the volume using cylindrical shells:

2w (0" Yy =2e] vy

16
= Zn%yg/“

:271'(%(16)09/4 —o)

_ 4,097
9

To find the volume of a solid obtained by rotating about the x-axis a region to the left of
the curve x = f(y) and to the right of the y-axis from y = c to y = d with cylindrical shells,
use the integral

d
V= 2y f(y)dy

Answers
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More generically, you can use the formula

v =2’ (shell radius)(shell height)dy

To find the shell radius, let y be in the interval [c, d]; the shell radius is the distance
from y to the line of rotation. To find the shell height, let f(y) be the curve that bounds
the region on the right and let g(y) be the curve that bounds the region on the left; the
shell height is given by f(y) — g(¥). Note that the limits of integration often correspond
to points of intersection.
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Here’s the region being rotated about the x-axis:

y

2_ 3

51 X=5y -y
4 -
3_
2_

1

O

Begin by finding the limits of integration. To do so, find the points of intersection of the
two curves by setting the expressions equal to each other and solving for y:

0:5y2 _y3
0=y*(5-y)
y=0,5

Note that 5y% — y® > 0 on the interval [0, 5] so that the shell height is 5% — y* - 0, or
simply 5y2 — y®. Therefore, the integral to find the volume is

2 3(5" -y =24 (5"~ )y

Answers
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695.

16m

o [Y Y
- ”(T_?jo
_ 55 _(5)°
(5
_ 6257

2

The region is being rotated about the line x = 4, which is parallel to the y-axis.
To find the volume of a solid obtained by rotating about the y-axis a region that’s
under the curve y = f(x) and above the x-axis from x = a to x = b with cylindrical shells,

use the integral

V=[ 2nxf(x)dx

More generically, you can use the formula

V= 2”.[: (shell radius)(shell height)dx
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To find the shell radius, let x be in the interval [a, b]; the shell radius is the distance
from x to the line of rotation. To find the shell height, let f(x) be the function that
bounds the region above and let g(x) be the function that bounds the region below; the
shell height is given by f(x) — g(x). Note that the limits of integration often correspond
to points of intersection.

Begin by finding the points of intersection by setting the functions equal to each other
and solving for x in order to find the limits of integration:

4x —x* =x?
0=2x%*—-4x
0=2x(x-2)
x=0,2

Note that on the interval [0, 2], you have 4x — x? > x? so that the shell height is
(4x - x%) — (x?). Also note that the region is to the left of the line of rotation x = 4,
so the shell radius is (4 — x). Therefore, the integral to find the volume is

27r'[02(4—x)[(4x—x2)—x2}dx
= 271]02(16)(—12)(2 +2x° )dx

2
= 271(8)(2 —4x3 +lx4)
2 0

=27(32-32+8)
=16x

To find the volume of a solid obtained by rotating about the y-axis a region that’s under the
curve y = f(x) and above the x-axis from x = a to x = b with cylindrical shells, use the integral

V= J: 2nx f(x)dx

More generically, you can use the formula

Answers
601-700

b
V=2r L (shell radius)(shell height)dx

To find the shell radius, let x be in the interval [a, b]; the shell radius is the distance
from x to the line of rotation. To find the shell height, let f(x) be the function that
bounds the region above and let g(x) be the function that bounds the region below; the
shell height is given by f(x) — g(x). Note that the limits of integration often correspond
to points of intersection.

Here, the limits of integration correspond to the lines x = 0 and x = 1, the shell height is
(1 + x + x?), and the shell radius is x. Therefore, the integral to find the volume is

27rj.olx(1+x+x2)dx:27rj01(x+x2+x3)dx
1
~or( g )

_27{1 % IT (0))

13
6
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697. &

To find the volume of a solid obtained by rotating about the y-axis a region that’s under
the curve y = f(x) and above the x-axis from x = a to x = b with cylindrical shells, use
the integral

V= 2zxf(x)dx

More generically, you can use the formula

V =2z’ (shell radius)(shell height)dx

To find the shell radius, let x be in the interval [a, b]; the shell radius is the distance
from x to the line of rotation. To find the shell height, let f(x) be the function that
bounds the region above and let g(x) be the function that bounds the region below; the
shell height is given by f(x) — g(x). Note that the limits of integration often correspond
to points of intersection.

Set the functions equal to each other and solve for x in order to find the other limit
of integration:

4x—x*=4
0=x*-4x+4
0=(x-2)(x-2)
x=2

Here, the shell height is given by 4 — (4x — x%) and the shell radius is x, so the integral to
find the volume is

27r_|.02x<4—(4x—x2))dx
= 271[02(4x—4x2 +x3)dx

2
:271(2)(2—ix3 +lx4)

§§ 37 T4,
Deh _ 2 4,0y, 1 4
2 ~22(22)* - "+ @' -(O)
_sr
3

To find the volume of a solid obtained by rotating about the x-axis a region to the left of
the curve x = f(y) and to the right of the y-axis from y = ¢ to y = d with cylindrical shells,
use the integral

d
V=["2zyf(y)dy
More generically, you can use the formula

v =2 " (shell radius)(shell height)dy
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To find the shell radius, let y be in the interval [c, d]; the shell radius is the distance
from y to the line of rotation. To find the shell height, let f(y) be the curve that bounds
the region on the right and let g(y) be the curve that bounds the region on the left; the
shell height is given by f(y) — g(¥). Note that the limits of integration often correspond
to points of intersection.

Notice that if x = 0, then y =/9-0 =3, so the limits of integration are y = 0 (given)
and y = 3. Solving for x in the equation y = /9 - x gives you x = 9 — )? so that the shell
height is (9 — y?). Therefore, the integral to find the volume is

271]03)/(9—)/2)(1};:2,,(%},2 —%y“) 3

0

The region is being rotated about the line x = 2, which is parallel to the y-axis. To find the
volume of a solid obtained by rotating about the y-axis a region that’s under the curve
y = f(x) and above the x-axis from x = a to x = b with cylindrical shells, use the integral

V= Lb 2nx f(x)dx

More generically, you can use the formula

V=2r I: (shell radius)(shell height)dx

To find the shell radius, let x be in the interval [a, b]; the shell radius is the distance
from x to the line of rotation. To find the shell height, let f(x) be the function that
bounds the region above and let g(x) be the function that bounds the region below; the
shell height is given by f(x) — g(x). Note that the limits of integration often correspond
to points of intersection.

n
Find the limits of integration by setting the functions equal to each other and solving for x: §2|
1-x*=0 E 3
A-x)(1+x)=0
x=1-1

Because the line of rotation x = 2 is to the right of the region being rotated, the shell
radius is (2 — x). Therefore, to find the volume of revolution using cylindrical shells,
you use the following integral:

Zﬂjjl(Z—x)(l—xz)dx

= 27:]1()(3 —2x? —x+2)dx
1

_ 1 4 2 3 1 2
—27r(4x 3x 2x +2x)

-1
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700.  ozx

6

To find the volume of a solid obtained by rotating about the y-axis a region that’s under
the curve y = f(x) and above the x-axis from x = a to x = b with cylindrical shells, use
the integral

V= 2nxf(x)dx

More generically, you can use the formula

v =2z’ (shell radius)(shell height)dx

To find the shell radius, let x be in the interval [a, b]; the shell radius is the distance
from x to the line of rotation. To find the shell height, let f(x) be the function that
bounds the region above and let g(x) be the function that bounds the region below; the
shell height is given by f(x) — g(x). Note that the limits of integration often correspond
to points of intersection.

Here’s the region being rotated about the y-axis:

Y4
P y=5+3x-x?
5_
4_
3_
2_
‘|_
T T I I T %
12 4\ 5
=] 2x+y=5
D
=
<3

Begin by isolating y in the second equation to get y = 5 — 2x. Then set the expressions
equal to each other and solve for x to find the x coordinates of the points of

intersection:
5+43x-x*=5-2x
0=>5x—x>
0=x(5-x)

x=0,5
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Because 5 + 3x — x% > 5 — 2x on the interval [0, 5], the shell height is given by
(5 + 3x = x%) = (5 - 2x). Therefore, the integral to find the volume is

znjosx((5+3x—x2)—(5—2x))dx

= ZHIOS(SXZ -x* )a’x

_ 5x  x*
‘2”(3 4)
_ 5 5%
‘2”(3 1

_ 6257
6

5

0

701. 155,

The region is being rotated about the line x = -1, which is parallel to the y-axis.
To find the volume of a solid obtained by rotating about the y-axis a region that’s
under the curve y = f(x) and above the x-axis from x = a to x = b with cylindrical
shells, use the integral

V=[ 2mxf(x)dx

More generically, you can use the formula

V =2z’ (shell radius)(shell height)dx

To find the shell radius, let x be in the interval [a, b]; the shell radius is the distance
from x to the line of rotation. To find the shell height, let f(x) be the function that
bounds the region above and let g(x) be the function that bounds the region below; the
shell height is given by f(x) — g(x). Note that the limits of integration often correspond
to points of intersection.

Here’s the region being rotated about the line x = -1:

y
i g
:5§ y=x °§J°|°
: 25
:4 | <<~
3
2 -
1
: |
! | | EI_) [ [ I\ %
; 2 y=5-x

x=-1
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Find the point of intersection using y = x, x + y = 5, and substitution to get x + x = 5 so

S
T2

that x = 5. Notice that on the interval (0

5 ), the upper boundary of the region is x and

the lower boundary is y = 0; on (%, 5) the upper boundary of the region is 5 — x and the

lower boundary is y = 0. Because the line of rotation is x = -1, the shell radius is (x + 1).
Therefore, to find the volume using cylindrical shells, you use two integrals:

27 [ (e + D(0)dx + 21 [;2()( +1)(5 - x)dx

:anj/z(xz +x)dx+2n_[:/2(5+4x—x2)dx
(53]

o

5/2 5

3

3
+27r(5x+2x2 _X_j

5/2

) o003 )-{3(3)(3 40 )]

E
2

wl»—
l\Dl»—-

702 « 2n

To find the volume of a solid obtained by rotating about the y-axis a region that’s under
the curve y = f(x) and above the x-axis from x = a to x = b with cylindrical shells, use
the integral

V= 2nxf(x)dx

More generically, you can use the formula

v =2z’ (shell radius)(shell height)dx

To find the shell radius, let x be in the interval [a, b]; the shell radius is the distance
from x to the line of rotation. To find the shell height, let f(x) be the function that
bounds the region above and let g(x) be the function that bounds the region below; the
shell height is given by f(x) — g(x). Note that the limits of integration often correspond
to points of intersection.

In this example, the limits of integration are given as x = 0 and x = /7, and the shell
height is sin(x?) - 0, so the integral becomes

Answers
701-800

Zanxsin(xz)dx

To evaluate this integral, use the substitution u = x? so that du = 2dx, or %du = xdx. You

can find the new limits of integration by noting that if x = /7, then u = (\/;)2 = and
that if x = 0, then u = 0% = 0. Using these values gives you

Zﬂ.[;%sinudu =r (—cosu)|g

=-n(cosnm —cos0)
=2
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703.

704.

2n(e?

n[l—

4 1)

To find the volume of a solid obtained by rotating about the x-axis a region to the left of
the curve x = f(y) and to the right of the y-axis from y = ¢ to y = d with cylindrical shells,
use the integral

d
V= 2myf(y)dy
More generically, you can use the formula

v =2’ (shell radius)(shell height)dy

To find the shell radius, let y be in the interval [c, d]; the shell radius is the distance
from y to the line of rotation. To find the shell height, let f(y) be the curve that bounds
the region on the right and let g(y) be the curve that bounds the region on the left; the
shell height is given by f(y) — g(y). Note that the limits of integration often correspond
to points of intersection.

In this example, the limits of integration are given as y = 0 and y = 2, and the shell
height is e” — 0. Therefore, to find the volume using cylindrical shells, you use

ZnJOZ ye’dy

To evaluate this integral, use integration by parts with u = y so that du = dy, and
let dv = e¥dy so that v = e”:

2nj02yeydy = 27r(yey|z —_[Ozeydy)
2

= 27r(ye" —ey)‘0
(2¢*-€*-(0-1)
(

=2
2 e2+1)

1
&?

To find the volume of a solid obtained by rotating about the y-axis a region that’s under
the curve y = f(x) and above the x-axis from x = a to x = b with cylindrical shells, use
the integral

V= 2zxf(x)dx

Answers
701-800

More generically, you can use the formula

V=2rn I: (shell radius)(shell height)dx

To find the shell radius, let x be in the interval [a, b]; the shell radius is the distance
from x to the line of rotation. To find the shell height, let f(x) be the function that
bounds the region above and let g(x) be the function that bounds the region below; the
shell height is given by f(x) — g(x). Note that the limits of integration often correspond
to points of intersection.
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In this example, the limits of integration correspond to the lines x = 0 and x = 3 and the
shell height is given by e ™ . Therefore, to find the volume of revolution using cylindri-
cal shells, use the following integral:

27r_[jx(e"‘2 )dx

To evaluate this integral, use the substitution u = -x? so that du = —2x dx, or —%du = xdx.

Find the new limits of integration by noting that if x = 3, then u = -9, and if x = 0, then
u = 0. With these new values, the integral becomes

-9 0
—n'jo e'du= 77,"[ Qe”du

-x(e’)

0

-9

The region is being rotated about the line x = -1, which is parallel to the y-axis. To find
the volume of a solid obtained by rotating about the y-axis a region that’s under the
curve y = f(x) and above the x-axis from x = a to x = b with cylindrical shells, use the
integral

v =["2mxf(x)dx

More generically, you can use the formula

V =21’ (shell radius)(shell height)dx

To find the shell radius, let x be in the interval [a, b]; the shell radius is the distance
from x to the line of rotation. To find the shell height, let f(x) be the function that
bounds the region above and let g(x) be the function that bounds the region below; the
shell height is given by f(x) — g(x). Note that the limits of integration often correspond
to points of intersection.

Answers
701-800
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Here’s the region being rotated about the line x = —1:

x=-1

Begin by writing x = y® as x!/* = y. Then set the functions equal to each other to find
the points of intersection, which give you the limits of integration. Cube both sides
of the equation and factor to solve for x:

X3 = x2
x=x5
0=x%-x
0=x(x5—1)
x=0,1

Notice that x!/3 > x2 on the interval [0, 1], so the shell height is (x!/® — x?). For a value
in the interval [0, 1], the distance from x to the line of rotation x = -1 is (x + 1), so the
shell radius is (x + 1). Therefore, the integral to find the volume of revolution using
cylindrical shells is

Zﬂj;(x+l)(xl/3 —xz)dx

=2nj(;(x4/3 —x34x3 —xz)dx

1 28
=2n(§x7/3—lx4+§x4/3—lx3) S
7 4 4 3 0 gs
<<~
_9.(3_1.3 1
‘2”(7 473 3)
25
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706. i 2ms3-

The region is being rotated about the line x = 4, which is parallel to the y-axis. To find the
volume of a solid obtained by rotating about the y-axis a region that’s under the curve
y = f(x) and above the x-axis from x = a to x = b with cylindrical shells, use the integral

V= 2nxf(x)dx

More generically, you can use the formula

v =2z’ (shell radius)(shell height)dx

To find the shell radius, let x be in the interval [a, b]; the shell radius is the distance
from x to the line of rotation. To find the shell height, let f(x) be the function that
bounds the region above and let g(x) be the function that bounds the region below; the
shell height is given by f(x) — g(x). Note that the limits of integration often correspond
to points of intersection.

Because the region being rotated is to the left of the line of rotation x = 4, the shell
radius is (4 — x). To find the volume using cylindrical shells, use the following integral:

27r.[13(4—x)(%)dx :27r'[13(%71)dx
=27 (4In|x| - x)|
~27(4In3-3-(4In1-1))
— 27(41In3-2)
—47(2In3-1)

707. -

The region is being rotated about the line y = 1, which is parallel to the x-axis. To find
the volume of a solid obtained by rotating about the x-axis a region to the left of the
curve x = f(y) and to the right of the y-axis from y = c to y = d with cylindrical shells, use
the integral

d
V=["2zyf(y)dy
More generically, you can use the formula

d
V =2z (shell radius)(shell height)dy

Answers
701-800

To find the shell radius, let y be in the interval [c, d]; the shell radius is the distance
from y to the line of rotation. To find the shell height, let f(y) be the curve that bounds
the region on the right and let g(y) be the curve that bounds the region on the left; the
shell height is given by f(y) — g(y). Note that the limits of integration often correspond
to points of intersection.
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Here’s the region being rotated about the line y = 1:

y

(1,1) L /‘y=1
\ 7
y="x

Begin by isolating x in each equation to get y? = x and y'/® = x. Set these expressions
equal to each other to find the points of intersection, which give you the limits of
integration. Cube both sides of the equation and factor to solve for y:

y2 = yli3
Y=y
y'-y=0
y(¥*-1)=0
y=0,1
Note that y'/3 > 2 for a point in the interval (0, 1), so the shell height is y'/* — y2. Also
note that the region being rotated is below the line of rotation y = 1, so in the interval

(0, 1), the distance from y to the line of rotation is (1 — y), making the shell radius (1 - y).
Therefore, the integral to find the volume using cylindrical shells is

21 (1-y)(y"* - y*)dy

1
—9 O(yl/s_yz_y4/3+y3)dy

Il
Answers
701-800

To find the volume of a solid obtained by rotating about the x-axis a region to the left of
the curve x = f(¥) and to the right of the y-axis from y = c to y = d with cylindrical shells,
use the integral

d
V=["2zyf(y)dy
More generically, you can use the formula

d
V =2z (shell radius)(shell height)dy
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To find the shell radius, let y be in the interval [c, d]; the shell radius is the distance
from y to the line of rotation. To find the shell height, let f(y) be the curve that bounds
the region on the right and let g(y) be the curve that bounds the region on the left; the
shell height is given by f(y) — g(y). Note that the limits of integration often correspond
to points of intersection.

One of the limits of integration, y = 0, is given. Begin by finding the points of intersec-
tion (which will help you find the other limit of integration) by setting the functions
equal to each other. Square both sides and factor to solve for x:

X=~Xx+2
x2=x+2
x2-x-2=0
(x-2)(x+1DH =0
x=2,-1

Notice that x = -1 is an extraneous solution. If x = 2, then y =+/2+2 = 2, which gives you
the other limit of integration.

Solving y = v/x + 2 for x gives you x = y° - 2. Note that y > y? — 2 in the interval [0, 2],
so the shell height is y — (y? — 2). Therefore, the integral to find the volume using
cylindrical shells is

ZEI;y[y—(yZ—Z)}dy
:Zﬂjj(y2+2y—y3)dy
_ 1.3 2 1 4 :
—27r(3y Y -y )

0

=2n(%(8)+4—%(16))

- 16

N

To find the volume of a solid obtained by rotating about the y-axis a region that’s under
the curve y = f(x) and above the x-axis from x = a to x = b with cylindrical shells, use
the integral

709. Jz—n( —Lj

V= 2nxf(x)dx

Answers
701-800

More generically, you can use the formula

=2r b(shell radius)(shell height)dx
V=2 .

To find the shell radius, let x be in the interval [a, b]; the shell radius is the distance
from x to the line of rotation. To find the shell height, let f(x) be the function that
bounds the region above and let g(x) be the function that bounds the region below; the
shell height is given by f(x) — g(x). Note that the limits of integration often correspond
to points of intersection.
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710. zﬂ[

Note that the lines x = 0 and x = 1 correspond to the limits of integration and that the
; e™'2. To find the volume using cylindrical

Nz

shells, use the following integral:
1 1 —x%/2 _ 2 (! —x%/2
27r_[0 X(_\/Z_n' e ]dx = _JZ_n fo xe dx

Now use the substitution u = —%xz so that du = —x dx, or —du = x dx. Find the new limits

of integration by noting that if x = 1, then u =
new values gives you the following:

J1/2 udy —\/2_7rJ.

shell height is ( 1 p-xt/2 —O] or simply

2, and if x = 0, then u = 0. Using these
1/2
0
2n
1/2

P (1—e V2 )

(eI,
V2x (1-
-

21247
59~ 2In2

To find the volume of a solid obtained by rotating about the y-axis a region that’s under
the curve y = f(x) and above the x-axis from x = a to x = b with cylindrical shells, use
the integral

v =[ 2mxf(x)dx

More generically, you can use the formula

V =21 |’ (shell radius)(shell height)d:x

To find the shell radius, let x be in the interval [a, b]; the shell radius is the distance
from x to the line of rotation. To find the shell height, let f(x) be the function that
bounds the region above and let g(x) be the function that bounds the region below; the
shell height is given by f(x) — g(x). Note that the limits of integration often correspond
to points of intersection.

Notice that on the interval [1, 2], you have Jx >Inx, so the shell height is Jx —Inx.
Therefore, the integral to find the volume is

Answers
701-800

27r_[ ( —lnx)dx 27r'[( xlnx)dx

To evaluate fxlnxdx, use integration by parts with u = In x so that du = %dx, and use

2
dv = xdx so that v = XT These substitutions give you

J.xlnxdx =

1l
o, N|><N m|><
—
=
&

=)
=
|
J>|><N Nl
+
a
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Evaluating the integral 27rj12(x3/ * —xInx)dx gives you

271'J.12(x3/2 —xlnx)dx

gt

=2ﬁ(%x5/2 TZInx+xT2j

=27r((%25/2 2 ln2+%)—(§15/2—12 ln1+%)j
=27E(L5/2—21n2+1—%—%)

22”(211/220+7—21 2)

To find the volume of a solid obtained by rotating about the x-axis a region to the left of
the curve x = f(y) and to the right of the y-axis from y = ¢ to y = d with cylindrical shells,
use the integral

d
V=["2zyf(y)dy
More generically, you can use the formula

V= 27rf(shell radius ) (shell height)dy

To find the shell radius, let y be in the interval [c, d]; the shell radius is the distance
from y to the line of rotation. To find the shell height, let f(y) be the curve that bounds
the region on the right and let g(y) be the curve that bounds the region on the left; the
shell height is given by f(y) — g(y). Note that the limits of integration often correspond
to points of intersection.

Here, the limits of integration correspond to the lines y=0and y = % and the shell

height is cos y. To find the volume using cylindrical shells, use the integral

/2
27r_[0 ycosydy

Answers
701-800

To evaluate the integral, use integration by parts with u = y so that du = dy, and let
dv = cos ydy so that v = sin y:

/2
27[[ ycosydy
ysmy|0 0” sinydy)

=2z smy|/+cosy|0 )

=2(
(v

27‘[( sm——OsmO) (cosl—cosO))
(

2
=2z | & - 1)
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712. 1,470 J

First find the force by multiplying mass by acceleration:
F =mg = (50 kg)(9.8 m/s*) =490 N

The force is constant, so no integral is required to find the work:
W =Fd=(490 N)(3 m)=1,470J

713. 9,600 J

The force is constant, so no integral is required to find the work. Enter the numbers in
the work equation and solve:

W = Fd = (800 N)(12 m) = 9,600 J

714. 337.5 ftIb

Let n be the number of subintervals of length Ax, and let x; be a sample point in the
ith subinterval [x, ,, x,].

The portion of the rope that is from x,_, feet to x, feet below the top of the cliff weighs
(0.75)Ax pounds and must be lifted approximately x; feet. Therefore, its contribution
to the total work is approximately (0.75)( x; )Ax ft-Ib. The total work is

W =lim Y (0.75)(x; ) Ax
ps)

:j;°0.75xdx
_0.75 o
=72 X,

=3375ft-1b

715. 253.125 ft.Ib

Let n be the number of subintervals of length Ax, and let x; be a sample point in the ith
subinterval [x. ., x.].

=17
First consider the work required to pull the top half of the rope that is from x,_, feet to
x, feet below the top of the cliff, where x is in the interval [0, 15]. This part of the rope
weighs (0.75)Ax pounds and must be lifted approximately x; feet, so its contribution to
the total work is approximately (0.75)(x,.* )Ax foot-pounds. Therefore, the total work
for the top half of the rope is

Wiep =1im 3 (0.75) (x;] ) Ax
i-1

Answers
701-800

= '[()150.75x dx
_0.75 2|
= —2 X .

=84.375 ft-1b
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The bottom half of the rope must be lifted 15 feet, so the work required to lift the
bottom half is

Wotom = lim 3" (0.75)(15) Ax
n—o im1

= [70.75015)dx

=11.25x],

=168.75 ft-1b
To find the total work required, add the two values: 84.375 + 168.75 = 253.125 ft-Ib.
Note that you can find W,

bottom

on this section of the rope!

without an integral because there’s a constant force

716. 630000t
Let n be the number of subintervals of length Ax, and let x; be a sample point in the
ith subinterval [x, , x,].

A section of cable that is from x,_, feet to x; feet below the top of the building weighs
4Ax pounds and must be lifted approximately x; feet, so its contribution to the total
work is approximately(4)(x,-* )Ax foot-pounds. Therefore, the work required to lift
the cable is

W=lim Y (4)(x; ) ax
i=1

= J()BOO 4xdx

22300
:x|
0

=180,000 ft-1b

The work required to lift the piece of metal is (1, 500 1b)(300 ft) = 450,000 ft-1b.
Therefore, the total work required is 180,000 + 450,000 = 630,000 ft-1b.

717. 22500 ft-Ib

Let n be the number of subintervals of length Ax, and let x; be a sample point in the ith

subinterval [x,_, x,].
The cable weighs ?{gg lf]? =2 Ib/ft. The portion of the cable that is from x, | feet to x, feet

Answers
701-800

below the top of the building weighs 2Ax pounds and must be lifted approximately x;
feet, so its contribution to the total work is approximately 2x; Ax foot-pounds. The
total work is

n—ow

W =lim ) 2x, Ax
i=1

= _[0150 2x dx

_ 2|150

0
= (150)°
= 22,500 ft-1b
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718. 39,200 J

Let n be the number of subintervals of length Ax, and let x; be a sample point in the ith
subinterval [x, , x].

A horizontal slice of water that is Ax meters thick and is at a distance of x; meters from
the top of the tank has a volume of ((4)(2)(Ax)) cubic meters and has a mass of

mass = (density)(volume)
= (1,000 kg/m® )((4 m)(2 m)(Ax m))
=8,000Ax kg

Because mass is not a force, you must multiply it by the acceleration due to gravity, 9.8
meters per second squared, in order to find the weight of the slice in newtons:

(9.8 m/s*)(8,000Ax kg) = 78,400Ax N

The work required to pump out this slice of water is approximately 78,400(x,7 )Ax
joules. Therefore, the total work is

_11m278 400(x; ) Ax

= jo (78,400x)dx

1
=39,200x2 |0
=39,200 J

719. 7.875 itIb

Begin by finding the spring constant, k, using the information about the work required
to stretch the spring 2 feet beyond its natural length:

2
W= | kxdx
0
2 2
0
14=£(2*-(0)
14 = 2k 58
7 Ib/ft = k 2,5'
<<~

Next, find the work required to stretch the spring 18 inches, or 1.5 feet, beyond its
natural length:

W= Iol's7xdx

:%((1 5)2-(0)?)
=7.875 ft-lIb
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720. 151

Begin by using the equation F(x) = kx to find the value of the spring constant. Make
sure you convert the centimeters to meters so you can use the units newton-meters,

or joules.
_p( 9
8N—k(100 m)
800 N. 1 —
9 N-m=~k

Now compute the work, again making sure to convert the lengths into meters.
Because you’re stretching the spring from 12 centimeters beyond its natural length

to 22 centimeters beyond its natural length, the limits of integration are from % to
%; therefore, the integral to compute the work is
W rz/mﬂ&xdx

12/100 9

800 0.22
W 0.12

=%((o.zz)2 ~(0.12)?)
~151J

x2

721.  S(s-1)

Use an integral to find the work:

Answers
701-800
1
3o
&
|
e

722. 252

Begin by finding the spring constant, k, using the information about the initial
work required to stretch the spring 10 centimeters, or 0.10 meters, from its
natural length:
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0.10
W = j kx dx
0

2 10.10

Rx
5 = T .
%((0.10)2)
%((0.10)2)
R
=300
1,000 N-m = k

Now find the work required to stretch the spring from 30 centimeters to 42 centime-
ters, or from 0.15 meters from its natural length to 0.27 meters from its natural length:
W =[""'1,000x dx
0.15

0.27

=500x> |0.15

=500((0.27) ~(0.15)?)
=252

723. 20 4

3

Begin by using the equation F(x) = kx to find the value of &, the spring constant. The
force is measured in foot-pounds, so make sure the length is in feet rather than inches.

151b = k( 6 ft)

12
30ft-lb=~Fk
Therefore, the force equation is F (x) = 30x.
Because the spring starts at its natural length, x = 0 is the lower limit of integration.

Because the spring is stretched 8 inches, or -= 8 feet, beyond its natural length, the

Answers
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12
upper limit of integration is 182 % Therefore, the integral to find the work is
W = IS/IZBOxdx
=15x2 |2/2
- 2\ _ 2
‘15[(3) 0 J
—20 .
=3 ft-1b

724. 2.25]

Begin by using the equation F(x) = kx to find the value of the spring constant. Make
sure you convert the centimeters to meters so you can use the units newton-meters,
or joules. If x is the distance the spring is stretched beyond its natural length, then

m. Therefore, the spring constant is

__5
*=100
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_p[ 5
3ON‘k(loo m)

600 N-m =k

Now compute the work, making sure to convert the distances into meters. Because
you're computing the work while moving the spring from 5 centimeters beyond its
natural length to 10 centimeters beyond its natural length, the limits of integration

are from e to 10

100  100°

10/100

W= 600x dx

5/100

= 300x2|

0.10
0.05

=300((0.1)* - (0.05)°)
=2.25]

725. 400 ft-Ib

Let n be the number of subintervals of length Ax, and let x; be a sample point in the ith
subinterval [x,_, x,]. Let x; be the distance from the middle of the chain.

T

10 ft

J

20 ft

: ]x,-*
] AXx

Notice that when you're lifting the end of the chain to the top, only the bottom half of
the chain moves. A section of chain that is Ax in length and that is x; feet from the
middle of the chain weighs 4Ax pounds and will move approximately 2x; feet.
Therefore, the work required is

W =lim " (2x] ) (44x)
o1

Answers
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=J:08xdx
:4x2|10
0

=400 ft-1b
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726.

7217.

6131

Let n be the number of subintervals of length Ax, and let x; be a sample point in the ith
subinterval [x, , x].

The part of the chain x meters from the lifted end is raised 5 — x meters if 0 < x <5 and
is lifted 0 meters otherwise. Therefore, the work required is

W=lim3(5-x ) (49)Ax
)

= 29[ (5~ x)dx

5

2
=49(5x—x7j

0

=49[5(5)—%]

=6125J~613]

3,397,333 ]

Let n be the number of subintervals of length Ax, and let x; be a sample point in the ith
subinterval [x. ., x.].

-1 7
Consider a horizontal slice of water that is Ax meters thick and is at a height of x;
meters from the bottom of the tank. The trough has a triangular face with a width and
height of 4 meters, so by similar triangles, the width of the slice of water is the same as
the height x;; therefore, the volume of the slice of water is lO(x,-* )(Ax) cubic meters.
To find the weight of the water, multiply the acceleration due to gravity (g = 9.8 m/s?)
by the mass, which equals the density of water (1,000 kg/m?) multiplied by the volume:

(9.8 m/s?)(1,000 kg/m3)((10 m)(x; m)(Ax m)) = (98,000)(x; )(Ax) N

The water must travel a distance of (7 -x; ) meters to exit the tank. Therefore, the total
work required is

W =lim 3 (98,000)(x; )(7-x; ) (Ax)
= [1'98,0000)(7 - x)dx

- 98,000](;‘(7x—x2 )dx

Answers
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4
_ 7.2 1 3
_98,000(2x Ly )0

_ T42 1,3
_98,000(24 34)

_ 10,192,000 ,
3
~3,397,333 J
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728. 169,646 ft-Ib

Let n be the number of subintervals of length Ax, and let x; be a sample point in the ith

subinterval [x, ;, x,].

12t

x* Water level
1

(S S———— .V ¢

A horizontal slice of water that is Ax feet thick and is at a depth of x; feet from the top
of the tank is cylindrical, so it has a volume of (ﬂ(G)Z(AX)) cubic feet. Because water

weighs 62.5 pounds per cubic foot, this slice of water weighs 62.5(367)(Ax) pounds.
The work required to pump out this slice of water is

62.5(367)( x; ) (Ax) ft-1b =2,2507 (x; ) (Ax) ft-1b
Therefore, the total work is
W= 12922250” (x)Ax
= [72,2507(x)dx

:1,1257rx2|j

= 54,0007 ft-1b
~ 169,646 ft-1b

729. 3.000 ft-1Ib

Let n be the number of subintervals of length Ax, and let x; be a sample point in the ith
subinterval [x, ;, x,].

The work required to lift only the bucket is
(5 1b)(100 ft) =500 ft-1b

Answers
701-800

Lifting the bucket takes 50 seconds, so the bucket is losing 1 pound of water per
second. At time ¢ (in seconds), the bucket is x; = 2f feet above the original 100-foot
depth, but it now holds only (50 - £) pounds of water. In terms of distance, the bucket
holds (50 —%xi*) pounds of water when it’s x;” feet above the original 100-foot depth.
Moving this amount of water a distance of Ax requires 50—%)(,-* )Ax foot-pounds of

work. Therefore, the work required to lift the only the water is
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Wopaer = limZ(SO—%xi* )Ax
n—ow o1

_ 100 X
- [ (50—§)dx
9 100
:(SOX—XTJ
0

:(50(100)—%]

=5,000-2,500
=2,500 ft-1b

Adding the work to lift the bucket gives you the total work required: 500 + 2,500 = 3,000
foot-pounds.

Begin by using the information about how much work is required to stretch the spring
from 8 to 10 centimeters to solve for the spring constant and the natural length of the
spring; you do so by setting up a system of equations.

You don’t know the natural length L for the integral involved in stretching the spring
from 8 centimeters to 10 centimeters beyond its natural length, so the limits of integra-
tion for one of the integrals involving work are from 0.08 — L to 0.10 — L. Likewise, the
other integral will have limits of integration from 0.10 - L to 0.12 - L. Therefore, you
have the following two equations for work:

0.10-L

10J= kx dx

0.08-L

.12-L

0
14J= j kx dx
0.10-L

Expanding the first of the two integrals gives you

0.10-L
10= kx dx
0.08-L
9 0.10-L
0.08-L
_k N2 732
10_5[(0.10 L)’ -(0.08-L)" | o2
20 = £[0.0036—0.04L] B
=)
<~
Likewise, expanding the second integral gives you
0.12-L
14 = kx dx
0.10-L
2 0.12-L
0.10-L

14 = %[(O.IZ—L)Z ~(0.10-L)? |
28 = £[0.0044 - 0.04L]

Now solve for the spring constant k. By subtracting 20 = £[0.0036 — 0.04L] from
28 = k[0.0044 - 0.04L], you're left with 8 = k(0.0008) so that & = 10,000.
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Finally, find the natural length of the spring. Substituting the value of k into the equa-
tion 20 = £[0.0036 — 0.04L] gives you 20 = 10,000[0.0036 — 0.04L], and solving for L yields
0.04 m = L. Therefore, the natural length of the spring is 4 centimeters.

731. 5.29 ft

Let n be the number of subintervals of length Ax, and let x; be a sample point in the ith
subinterval [x,_, x,].

A horizontal slice of water that is Ax feet thick and is at a distance of x; feet from the

top of the tank is cylindrical and therefore has a volume of (n(G)Z(Ax)) cubic feet.

Because water weighs 62.5 pounds per cubic foot, this slice of water weighs
62.5(367)(Ax) pounds. The work required to pump out this slice of water is

62.5(367 )(x; ) (Ax) ft-Ib = 2,2507 (x; ) (Ax) ft-1b

You don’t know how many feet of water are pumped out, so you need to solve for the
upper limit of integration in the equation:

13,5007 = [ (2,2507x)dx
13,5007 = 1,1257rx2|z
13,5007 = 1,1257r(d2 —16)

12=d*-16
28 = d?
27 =d
5.29 ft ~d

Because the water level in the tank was reduced, the water is now 5.29 feet from the
top of the tank.

732. 16.67 cm

Begin by using the information about how much work is required to stretch the spring
from 40 to 60 centimeters (0.40 to 0.60 meters) beyond its natural length to solve for the
spring constant and the natural length of the spring; to do so, set up a system of equations.

Because you don’t know the natural length L for the integral involved in stretching the
spring from 0.40 meters to 0.60 meters beyond its natural length, the limits of integra-
tion for one of the integrals involving work are from 0.40 - L to 0.60 — L. Likewise, the
other integral will have limits of integration from 0.60 — L to 0.80 — L. Therefore, you
have the following two equations for work:

Answers
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0.60-L

25]= kx dx
0.40-L
0.80-L
40J= kx dx
0.60-L

Expanding the first of the two integrals gives you
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0.60-L
W= kx dx

0.40-L
f? |20
_ RX
25= 5

0.40-L

k 9
25 = 5[(0.60—L)1 ~(0.40-1)"
50 = k[0.2-0.4L]

Likewise, expanding the second integral gives you

W _ 0.80-L kx dx
0.60-L
2 0.80-L
0.60-L

40 = g[(o.go—L)2 ~(0.60-L)* ]
80 = k[0.28 - 0.4L]

Now solve for the spring constant k. By subtracting 50 = k[0.2 — 0.4L] from 80 = £[0.28 -
0.4L], you're left with 30 = k(0.08) so that & = 375.

Finally, find the natural length of the spring. Substituting the value of k into the equa-
tion 50 = k[0.2 - 0.4L] gives you 50 = 375[0.2 — 0.4L]; solving for L yields L = % meters, so
the natural length of the spring is approximately 16.67 centimeters.

733. 6157521

Let n be the number of subintervals of length Ax and let x; be a sample point in the ith
subinterval.

Here’s a view of the tank underground:

i

Ground level

3m

=
Answers
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And here’s a cross-section of the tank:

<

w =TT
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A horizontal slice of water that is Ax meters thick and is at a distance of x; meters

down from the middle of the tank has a volume of 5(21[1—(36 )2 )Ax = (10,[1—()(,7 )zAx)

cubic meters. To find the weight of the water, multiply the acceleration due to gravity
(g = 9.8 m/s?) by the mass of the water, which equals the density of water (1,000 kg/m?)
times the volume:

(9.8 m/s*)(1,000 kg/m® )(101 N-(x; ) ax msj

The slice of water must travel a distance of (4 +x; ) meters to reach ground level. (Note
that negative x values correspond to slices of water that are above the middle of the
tank.) Therefore, the total work required is

lim 3 (98,000)(4-+x; ) J1-(x; ) Ax
= i=1

= ['98,000(4 + )1 - x7dx
-98,000] [' 4vI—x7ax + [ xi-xax |

Notice that second integral is zero because g(x) = xJ1-x? is an odd function being
integrated over an interval that’s symmetric about the origin. To evaluate

98,000[4_[_11 N dx}, notice that the integral represents the area of a semicircle with
aradius of 1, so the work equals

2
98,000[4jf1 \/l—x2dx} - 392,000[_”(21) J

=196,0007 J
~ 615,752 ]

734. 20.944 ft.1b

Here’s a view of the tank and its cross-section:

4ft
1“1 AN

Answers
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AX
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Let n be the number of subintervals of length Ax and let x; be a sample point in the ith
subinterval. Consider a horizontal slice of water that is Ax feet thick and is at a
distance of x; feet from the top of the tank; let w; be the radius of the slice of water.
Because the tank has a shape of a hemisphere of radius 4, you have the following
relationship:

(%) +(w’) =16
Therefore, the slice has a volume of

1

v.=n(w,-*)2Ax=n(16—(x,~*)2)Ax ft®
And the force on this slice is
2
F :(62.5)71(16—()(,- ) )Ax b

The slice of water must travel a distance of (1 + x,-*) feet to exit the tank. Therefore, the
total work required is

W= mi(ezsy(nxi*)(16—(x,.*)2)Ax
in1
= 6257 (1+x)(16 - x* )dx

= 62.57‘[_“;(16-‘1- 16x —x?-x* )dx
4

- 2_x® _x*
—62.5ﬂ(16x+8x 3 7} )

~ 6257 (16(4) +8(4)? _%_%j

:62.577(%):% ft-1b

~ 20,944 ft-1b

Answers
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735. 14,726 ft-Ib

Here’s a view of the tank and its cross-section:

10 ft

]

N < 6 ft
X,'* -
55—
o _
I Wl-*_i
T u
X,'* °
W,‘* _ )
X,'* N 6

Let n be the number of subintervals of length Ax and let x; be a sample point in the ith
subinterval. Consider a horizontal slice of water that is Ax feet thick and is x; feet from
the bottom of the tank with a width of w,”. This slice has a volume of

V.= n(wi*)zAx ft®

By similar triangles, you have Wi _ %, sow,; = %x,*; therefore, the volume becomes
X

i

v =ﬂ(wi*)2Ax

2
:ﬂ(%xi*) Ax

_ 2571

=5 (x,-*)zAx ft?

The force on this slice of water is
_ 257 (. +\2
F - 62.5(Y(x,. ) )Ax Ib

The distance this slice must travel to exit the tank is (6 - xl-*) feet. Therefore, the total
work required is
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736.

737.

Al

P 36
:(62.5)%]06(6—x)(x2)dx
= (625) 2% [*(6x* - x* ) dx

6
_ 257 3 x?
- (625) 22 2x _Tj 0
257 3 (6)4
_ (62 5)¥[2(6) S8
9,375
==5 ft-1b

~ 14,726 ft-1b

Using the average value formula with a = -1, b = 2, and f(x) = x® gives you

_ 1 2 3
Fove _—2_(_1).[71)( dx

),

(2*-¢0%)

2

w|—

N3 ;|,_.

Using the average value formula witha =0, b = 37”, and f (x) = sin x gives you
_ 1 3n/2
fog = 3%_0.[0 sinx dx

2 3r/2

= g(—cosx) v

0 a—"g

:g—z(cos%r—cosO) E’SI
T <~

- 32(0-1)
2

" 3r
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738. L

T

Using the average value formula with a =0, b = L and f (x) = (sin®x)(cos x) gives you

sin® x ) (cos x)dx

s 1
= %'[;/2 ( sin® x ) (cos x)dx

Next, use the substitution u = sin x so that du = cos x dx. Find the new limits
of integration by noting that if x = % then u = sin% =1, and if x = 0, then
u = sin 0 = 0. With these new values, you get the following:

%J.;/z(sin3 x)(cos X)dx = %J.Olugdu

Using the average value formula with a = 0, b = 2, and f(x) = x*J1+x?
gives you

1 2
faug = mJ.O XZ\/1+X3dX

Begin by using the substitution u = 1 + x® so that du = 3x*dx, or %du = x’dx. You can

also find the new limits of integration by noting that if x = 2, thenu =1 + 23 = 9, and
if x =0, then u = 1 + 0° = 1. With these values, you have the following:

Z—EOJ';xZ\/l+x3 dx 2%_[19%\/5(111

1 e
_ELU du

(=) 9
58 _1f 2™
Bl 61l 3
52 ) 1

_1(qg3/2 _q32
_9(9 1 )
_Lleom
=5Q7-D

- 26
9
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740.

741.

©
=]
w

No|—

Using the average value formula with a = 0, b = In 3, and f(x) = sinh x cosh x, gives you

f, 3sinhcoshxdx

1 In
ws = T30 o

Use the substitution u = cosh x so that du = sinh x. You can find the new limits of inte-

In3 ~In3 3+l 5
gration by noting that if x = In 3, then u = cosh(In3) = £ Ee = 3 _ T and
0 -0
if x = 0, then u = cosh(0) = % =1. With these new values, you have
N u25/3
m3h “U“=m3z|
-z (8-
2In3|\3
__8
9In3

Using the average value formula witha=1,b =4, and f(r) = Lz
gives you +r)
__1 5
favg_4_1L (1+r)2 dr
_1m_5
- BL airy dr

Next, use the substitution u = 1 + r so that du = dr. Find the new limits of integration by
noting that if r=4,thenu=1+4=5,andifr=1,thenu=1 + 1= 2. With these new
values, you find that

105 gu=3rp

-2
u“du
3 2u2

N o

o

~———

)

1]
NOj— wlul wlul wlul wlur wlul

Answers
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466 Part II: The Answers

742. (-2

Using the average value formula witha =0, b = 8, and f(x) = \/)% gives you

14

Next, use the substitution u = x + 2 so that du = dx. You can find the new limits of
integration by noting that if x = 8, thenu=8 + 2=10, and if x =0, thenu =0+ 2 = 2.
With these new values, you find that

%J.zwl4u’l/2du = %(2111/2) ’

2

3(m0-2)

Using the average value formula with a = 0, b = d, and f(x) = 2 + 4x — 3x?

gives you
1 2
Fre mjo(2+4x73x )dx
1 2 3|
=E(2x+2x -Xx )0
1 2
E(2d+2d d*)
=2+2d-d*
Next, set this expression equal to 3 and solve for d:
2+2d-d*=3
0=d*-2d+1
0=(d-D(d-1)
d=1

744. d-4

Answers
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Using the average value formula with a = 0, b = d, and f(x) = 3 + 6x — 9x? gives you
__ 1 e 2
Frg = mjo (3+6x-9x*)dx

=l(3x+3x2—3x3) ‘
d 0

1 2 3
_E(3d+3d -3d )
=3+3d-3d?
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Next, set this expression equal to =33 and solve for d:
3+3d-3d*=-33

1+d-d*=-11
0=d’-d-12
0=(d-4)(d+3)
d=4,-3

Because the interval is of the form [0, d], the only solution is d = 4.

745. . &

Begin by finding the average value of the function on the given interval by
4(x*+1)

using the average value formula witha = 1, b =3, and f(x) = =
X

_16
3
Next, set the original function equal to the average value and solve for c:
2
4(c + 1) 16
c’ 3
c’+1_4
¢z 3
3c? +3 =4c?
3=¢’
+B=c

Answers
701-800

Because —/3 = c isn’t in the specified interval, the solution is ¢ = /3.
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766. -

Begin by finding the average value of the function on the given interval by using the
average value formula witha =4,b=9, and f(x) = T:
X

Frvg :ﬁﬁ%dx
:%Ifx’l/zdx
9
ST
e
_2
5

Next, set the original function equal to the average value and solve for c:

1.2
N
5=2Jc
5_
S
25 _
4 =C
Because ¢ = % is in the given interval, you've found the solution.

747. c:i%

Begin by finding the average value of the function on the given interval by using the
average value formula with a = -2, b = 2, and f(x) = 5 - 3x%

fow =3

Answers
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748.

3 oo

Next, set the original function equal to the average value and solve for c:

5-3c?=1
4=3c?
3=

i
2

+2 —c
V3

_%:c

Both values fall in the given interval, so both are solutions.

Using the average value formula with a = 0, b = % and f(x) = x sin x
gives you
1 LIE B
fag = —.[ xsinxdx
0
=0

/2 .
:zjn x sinx dx
7 Jo

To integrate this function, you can use integration by parts. Notice that for the indefinite
integral J.x sin x dx, you can let u = x so that du = dx and let dv = sin xdx so that
v = —cos x dx. Using integration by parts formula gives you

jxsinxdx = —xcosx+jcosxdx

=-xcosx+sinx+C

/2
Therefore, to evaluate the definite integral % IO ! X sinx dx, you have

/2

T2 . .
gj xsmxdx:z(—xcosxwtsmx)
7T 0 T 0

= %(—%cos(%)+ sin(%)—(0+5in(o))j

-2

o
Answers
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749. %[lln

2
_
16 +1

4

5 +tan! l}

Using the average value formula with a = 0, b = %, and f(x) = x2_+1
gives you x°+1

1

To evaluate this integral, begin by splitting up the fraction:

AN 4]
;[-[0 3c2+1dx+-|.0 x2+1dx}

For the first integral, use a substitution, letting u = x* + 1 so that du = 2x dx, or

%du = x dx. You can also find the new limits of integration for the first integral by

2 2
noting that if x = % then u = (%) +1= 71r_6+1’ and if x = 0, then u = 0% + 1 = 1. With these
new values, you have

4[ eid |
;“0 x2+1dx+-[0 x2+1dx}

=i_ ’f—éﬂl(l) S|
p- J.I 5|7 du+_|.0 x2+1dx

,[”/4 x+1

0 x%+1

2
z
16"
1

[ 1
=% %ln|u| +tan‘1xz/4]

Answers
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750.

751.

752.

753.

2

V2x = x?

To find the derivative of y =2sin™' (x —1), use the derivative formula for sin"! x and the

chain rule:
, 1
y' =2
1-(x-1)*
_ 2
1-(x*—2x+1)
_ 2
2x — x*?
—12x%-3

J=x®—2x° —x2+1

To find the derivative of y = 3cos™(x* + x), you need to know the derivative formula
for the inverse cosine function and also use the chain rule:

y =3 -—L l(4x*+1
1—(x4+x)2 ( )
o -3(4x )
_\/1—(x8+2x5+x2)
-12x* -3

P —2xt x4l

1

2Jtan" x (l+x2)
First rewrite the radical using an exponent:
y=+tan"x = (tan‘1 x)l/2
Then use the derivative formula for tan! x and the chain rule to find the derivative:

<Y ()

_ 1
2Jtan " x (1+x2)

Answers
701-800

1_xsin”x

V1-x?
First rewrite the radical using an exponent:

y=+l-x*sin"' x = (l—xz)l/2 sin”! x
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Find the derivative using the product rule and the derivative formula for sin-! x:
| 2\7V/2 1 2\/2 1
y=5(1-x —2x)sin” x+(1-x —_—
(1) et 10 L
_=xsin"x . V1-x?
V-x2  J1-x?
_1_xsin"x

J1-x?

754. —sinx

1+cos?x

To find the derivative of y = tan™ (cosx), use the derivative formula for tan-! x along
with the chain rule:

y = 1 ~(~sinx) = —sinx

1+(cosx) 1+cos’x

755. tf/tz——l

Find the derivative of y = e
sec’lt

sec!t

using the chain rule and the derivative formula for

To find the derivative of y = csc! %, use the derivative formula for csc™! x along with
the chain rule:

’ —1 2x
y' = e (2
er (er)z_l( ( ))
58 -2
a2l e 1
<R

757. exseclx[seC_IH\/ﬁJ

xsec x

To find the derivative of y =e , use the derivative formula for e* along with the

chain rule and product rule:

xx?-1

-1
=ersee ¥ (sec‘1 x++)
Z-1

-1
y =e "(lsecl x+x+J
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Rewrite the arccosine as the inverse cosine:

= X _ -1 X
y =4arccos 3 4cos 3

Now use the chain rule along with the derivative formula for cos! x:
s
3
2
| X
3)

Yy =4

[y

Next, simplify the term underneath the square root. Begin by getting common
denominators under the radical:

;4 1
9—x?

9

Then split up the square root and simplify:

4| 1
Y73 9— x?
9
3| Jo—x?
NG
3\ Jo—x?
_ 4
9 x?2

759.  sin'x
First, rewrite the radical using an exponent:
y=xsin" x++1-x2

=xsin’1x+(1—x2)1/2

Answers
701-800

Use the product rule on the first term and the chain rule on the second term to
get the derivative:

y =lsin" x+x (1—x2)_1/2(—2x)

=sin'x+

=sin'x
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760. 0

Rewrite % in the given function using a negative exponent:

a1

=cot! x+cot
Y x

=cot! x+cot™ (x’1 )

Use the derivative formula for cot™! x for the first term, and use the same derivative
formula and the chain rule for the second term. Here are the calculations:

| 1
Y _1+x2+1+(x1)2( x)

-1 1 1
= +— - - =
1+ x? 1+(1)2(x2)
x

_ -1 1

- 2

-1 1
1+x?  x%+1

Here’s the given function:

= x
y=tan"' x+
1+ x?

Begin by using the derivative formula for tan! x on the first term and using the
quotient rule on the second term:

, 1 +(1+xz)(1)—x(2x)

Y (1+x2)2
72— 1 1-x°
5 = 4 -—2
=% Lex (14x2)
=)
<<~

Then get common denominators and simplify:
2 2
y = 1+x + 1-x" _ 2

(1+xz)2 (1+)(2)2 (1+xz)2



762. 1

2(1+x%)
Rewrite the radical in the given function using an exponent:
y=tan™ (x—\/1+x2 )

=tan‘1(x—(1+x2)l/2)

Use the derivative formula for tan-! x along with the chain rule:

LR

1 X
= p 1_
[1+x2—2x\/1+x2+1+x2J( \/1+x2J

Now the fun algebra simplification begins:

X
1+ x2 = 2x1+x% +1+x2 1+ x?
_ 1 Vl+x? —x
2+2x2 = 2x\1+ x2 1+ x2
_ 1+ x? —x
21+ x? (l+x2—x\/1+x2)

i ox
2(\/1+x2 (1+x2)—x(1+x2))

_ VI+x?—x
2(1+x2)(\/1+x2 —x)

763.

I

Here’s the initial problem:

1
J. 22 dx
0 x®+1
Because you have the antiderivative formula | —; 1 sdx = %tan'1
x“+a

simply apply that here to find the solution:

X
(a)+C,youcan
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Here’s the given problem:

V3/2 5
.[1/2 1—x? dx

Because you have the antiderivative formula I L gx=sinx+C , you can simply

apply that here to find the solution: J1-x?

J'lﬁ/z 5 dx=5(sin'1x)‘ﬁ/2

N

1/2

765. lsir1’1(3x)+C

3

You may want to write the second term underneath the radical as a quantity squared
so you can more easily see which substitution to use:

dx _ _ dx
Iﬁ—mﬁ_j$—@xf

Now begin by using the substitution u = 3x so that du = 3 dx, or %du = dx. This gives
you the following:

Answers
701-800

dx _1 1 u
Iﬁ-@xf_3jw—fd

1l
=5 sin (u)+C

:%sin’l(Bx)+C
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760.

7617.

768.

N

Here’s the given problem:

V2 sin”! x
=== dx
0 /1 _ x2
Begin by using the substitution u = sin"! x so that du = \/172 dx. Find the new limits of
1-x
integration by noting that if x = %, then u =sin™ % = %, and if x = 0, then u = sin"10 = 0.

With these new values, you get the following answer:

II/Z sin ' x dx = fn/sudu

Here’s the given problem:

/2 cosx
'[O —>5—dx
1+sin® x

Begin with the substitution u = sin x so that du = cos x dx. Notice that if x = % then

u= sin% =1, and that if x = 0, then u = sin 0 = 0. With these new values, you get the
following:
J‘”/Z cos x _r_1
0 1+sin®x 01+u’

-1 1
= tan U‘
0

=tan'l-tan'0

Answers
701-800

tan” (Inx)+C

Start with the given problem:

S S
'[x(1+(lnx)2)
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Use the substitution u = In x so that du = %dx:

J ( 1 5 dx:j1+1u2du

x(1+(Inx) )

=tan"'u+C
=tan”' (Inx)+C

709. 2tan'Vx +C

Here’s the given problem:

'[\/— (1+x)

Begin with the substitution u = «/x so that u? = x and 2u du = dx. Using these substitu-
tions gives you the following:

du

I\/— 1+x _J.u(lzfuz)

1
—of—L g4
fl+u2 “
=2tan'u+C
=2tan"'Jx +C

770.  lec

(Hi

Here’s the given problem:

1
—dx
'[ x/x? =25
Begin by doing a bit of algebra to manipulate the denominator of the integrand:

x:f 1 dx

Ixe;—ZS ¢ \/25(25 j

=I+dx

2 2
i (3] -1
co
Now use the substitution u = 5 so that du = gdx, or 5du = dx:
I dx:js(suS)leﬂq
s[5 -

1 1
S S U

5‘[u\/u2 -1 !
:lsec’1|u|+C

(91

=Lgec|X

‘5‘+C

ol
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771. sec”[x-1|+C

Here’s the given problem:

J+dx
(x-1)vx*-2x
Begin by completing the square on the expression underneath the square root.
x?-2x= (x2 —2x+1)—1
=(x-1)"-1

This gives you

1 < 1 »
j(x—l)x/xz—Zxd j(x—l)\/(x—1)2—ld

Now use the substitution u = x - 1 so that du = dx:

1 I = du
J.(x—l)\/(x—l)z—ld Ju\/uz—l

=sec'u|+C

=sec”'[x-1]+C

The given problem is

3x
_[ € dx
6x

Vl-e

You'd like to have “1 — (a quantity squared)” under the radical so that you can use the

formula J 2 dx =sin™' x +C, so you may want to write the second term under the

radical as a quantity squared and try a substitution to see whether it all works out.
(Of course, you can use the substitution without rewriting, but rewriting may help
you see which substitution to use.)

3x 3x
J. € = dx = Je—2 dx £§
Vl—e™* 1—(63X) =T
V 25
1 <~
Now you can use the substitution u = €** so that du = 3e3*dx, or §du =e3*dx:
e 1 1
———dx =5 |——du
-[ 1_(e3X)2 3.’. /1_u2
1.
=5 sin u+C

= sin”(e™)+C



4 80 Part ll: The Answers

773. %ln|x2+4|+2tan‘l(%)+C

Begin by splitting the integral:

x+4 X 4
dx + | — d
x2+4 -[x 244 * J.x2+4 X

For the first integral, you can use the substitution u = x? + 4 so that du = 2x dx, or

%du = x dx. For the second integral, simply use the tan-! x formula for integration,
which gives you the following:
171 1
zjudu+4sz Y dx
-1 Ll x
=3 ln|u|+4(2 tan' 5 )+C’

_1 2 afx
—Eln|x +4|+2tan (§)+C

776, 1-25+Z
Here’s the given problem:

J’2x3dx

Vdx—x

Begin by completing the square on the expression under the radical:
4x-x*=-x*+4x
~(x*-4x)
—(x*—4x+4)+4
~(x-2)"+4
—4—(x-2)"
This gives you
J’ 2x=3 4. _ 13 2x-3

Vax —x* JAd-(x-2)* @

Now use the substitution u = x — 2 so that u + 2 = x and du = dx. Notice you can find
the new limits of integration by noting that if x = 3, thenu=3-2 =1, and if x = 2, then
u=2-2=0.

Answers
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J- _J»12 u+2
4 - (x 2)

Next, use some algebra to manipulate the expression under the radical:



2(u+2)-3
f (ut )2 du=[ 2L gy
e
4
[t g,
0 u 2
2 1—(5)

Now you can use the substitution w = % so that 2w = u and 2 dw = du. You can again find
the new upper limit of integration by using the substitution w = % and noting that when
u=1,youhave w= % Likewise, you can find the new lower limit of integration by
noting that when u = 0, you have w =0.

J-1 2u+1 _ .[1/2 2(2w) +1

2 1‘(2)

_ (2 dw+1
_J.O 1_w2 dw

Now split the integral:
IW 4w +l dw

= _[1/2 dw+ j1/2+dw

In the first integral, use the substitution v = 1 — w? so that dv = 2w dw and -2 dv =
4w dw. You can again update the limits of integration by using the substltutlon

= 1 -w? To find the new upper limit of integration, note that when w = 7, you have

2
v=1- (%) i To find the new lower limit of integration, note that when w = 0, you

have v = 1 - 02 = 1. Again, use this substitution only for the first integral:

2 4w
P ] ﬁ
J~3/4 1/2

Reverse the bounds in the first integral and change the sign. Then simplify:
=2f v Vo [ J1-17 dw
= 2(21)1/2)|13/4 +sin™ w|;/2
=41- 4\/% +sin™ % —sin™0
=4-23 + %

Whew!

Answers and Explanations 48 ’

Answers
701-800



4 82 Part ll: The Answers

775. 0

Using the definition of hyperbolic sine gives you the following:

0 _-0
sinh0=%=%=0

776.

Sl

Using the definition of hyperbolic cosine gives you the following:

cosh(]nZ) :M

77. 3

35
Using the definition of hyperbolic cotangent gives you the following:

cosh(In6)

sinh(In6)

elnﬁ + e—ln6
2

eln6 _ e—lnG

coth(ln6) =

Answers
701-800

778. -1

Using the definition of hyperbolic tangent gives you the following:

_ sinhl
tanhl_coshl
el—e’! 1
e -1
Telvel i I
e+r e +1
2 e



780.

781.

782.

783.

Using the definition of hyperbolic cosine gives you the following:
1

cosh%

_2
PRIEEpE
_ 261/2

T elvel
_2Je

T e+l

1_
sech2 =

2 cosh x sinh x

The given function is y = cosh? x, which equals (cosh x)2. Using the chain rule
gives you the derivative y’ = 2 cosh x sinh x.

2xcosh(x?)
The given function is y = sinh(x* ). Using the chain rule gives you
¥’ =(cosh(x?))(2x)
=2x cosh(x?)

—%csch(Zx)coth(Zx)

Here’s the given function:
1
y= gcsch(2x)
Use the chain rule to find the derivative:

y = %(—csch(Zx)coth(Zx))(Z)

:—%csch(Zx)coth(2x)

e sech’ (e" )
Here’s the given function:
y= tanh(e" )
Use the chain rule to find the derivative:
y = [sech2 (e")]e"

=e* sech’® (e")

Answers and Explanations 483
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784- coshx sech”(sinhx)

The given function is
y = tanh(sinh x)

Use the chain rule to get the derivative:
y = (s.ech2 (sinhx))coshx

= coshx sech’(sinhx)

785. 5cosh(5x)e™"*")

Here’s the given function:
y= Snn(5)

Use the chain rule to find the derivative:
y’ = () (cosh(5x))(5)

=5cosh(5x) e

786. —40sech” (10x)tanh(10x)

Rewrite the given function:
y =sech”(10x) = [sech(le)J4
Then use the chain rule to find the derivative:
y = 4[sech(10x)]3 (- sech(10x)tanh(10x))(10)
=-40sech”(10x)tanh(10x)

78 7. 2t3sech?J1+t*
N1+t

Here’s the given function:
y= tanh(\/1+t4 )

Use the chain rule to find the derivative:

y'= (sech2 (1+¢* )1/2)(%(1+ t* )_1/2)(4[3)

_2t’sech®\1+t*

NIFY

Answers
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Before taking the derivative, simplify the function:

y =x*sinh(Inx)

:X3 elnx_e—lnx
2

_1 4 1 2
X TaX

Now simply take the derivative using the power rule:

y = %(4){3)—%(2)()

=2x%—x

789. 1 cschX sech

3 3 3

The given function is

y:ln(tanh(%)j

Use the chain rule to find the derivative:
, 1 ( 2 X )( 1 )
y' =————[sech" % |[5
tanh(%) 33

Rewrite and simplify the equation to get the answer:

X

y 1 Cosh§ 1 1 1 1
T3 e x 2x 3| opX X
smh§ cosh 3 51nh§ cosh§

-1 X X
= 3csch?)sech3

790. —%cosh(l—Sx)+C

Here’s the given problem:

Jsinh(l—Bx)dx

Answers and Explanations

485

Answers
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To find the antiderivative, use the substitution u = 1 — 3x so that du = -3 dx,

or —%du =dx’
Isinh(l—Sx)dx =—%J.sinh(u)du
:—%coshu+C
:—%cosh(l—Sx)+C

791. %cosh3(x—3)+C

Here’s the given problem:

J‘cosh2 (x—3)sinh(x-3)dx
To find the antiderivative, begin by using the substitution u = cosh (x - 3) so that
du = sinh (x - 3) dx. With this substitution, you get the following:

[cosh? (x—3)sinh(x—3)dx
= fuzdu
3
=u
=3t C

=%cosh3(x—3)+C

792. In|sinhx|+C

Rewrite the problem using the definition of hyperbolic cotangent:

Icothxdx = J.Csiog‘%dx

Begin finding the antiderivative by using the substitution u = sinh x so that
du = cosh x dx. With these substitutions, you get the following:

Ildu =In|u|+C =In|sinhx|+C
u

793. ltanh(3x—2)+C

3

Answers
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Here’s the given problem:

Isechz(Sx—Z)dx

To find the antiderivative, use the substitution u = 3x — 2 to get du = 3dx so that

%du = dx. With these substitutions, you get the following:
1 1
§J.sech2 (u)du= §tanh(u)+C

=%tanh(3x—2)+C
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794. In|2+tanhx|+C

The given problem is

sech® x
2+tanhx

Begin by using the substitution u = 2 + tanh x so that du = sech? x dx:
Jldu =In|u|+C
u
=In|2+tanhx|+C
1. 1
795. gx31nh(6x)—%cosh(6x)+c
Here’s the given problem:

J.xcosh(Gx)dx

To find the antiderivative, use integration by parts with u = x so that du = dx, and let

dv = cosh(6x) dx so that v = lsinh(6x). This gives you the following:

6
Ixcosh(ﬁx)dx
Y i 1.
—x(gsmh(ﬁx))—J.Esmh(Gx)dx

1, 1
=€xsmh(6x)—%cosh(6x)+C
796- ~3coth X’ +C
2 5

Here’s the given problem:
2
_[xcschz (x_ de
5
x? 2

To find the antiderivative, begin by using the substitution u = = so that du = X dx,
or %du = x dx. With these substitutions, you get the following:

%jcsch%u)du =%(—coth(u)) +C

__5 x?
= 2coth( 5 )+C

Answers
701-800

797' %csch(%j+€

Start with the given problem:

csch(%) coth(%)
J‘ X X" ax

x3

1

To find the antiderivative, begin by using the substitution u = —=; so that du = -2x3,
X
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798.

12

The given problem is
J‘“‘3 coshx

2 cosh? x -1

To find the antiderivative, begin by using the hyperbolic identity cosh? x — 1 = sinh? x:

f‘"3 coshx
2 cosh? x —1
In3
_ cosh x
T2 qinh2 dx
sinh® x

In3
= .[1"2 cothxcschxdx
n

dx

In3

=—cschx|lnz

~(esch(In3)—csch(In2))

( o)
e —lnB e —ln2

1

W\
.ulw
wl_h
—_
ml\'

25
R
9-1 4-1

799. sin™ (l)

4

Here’s the given problem:

J""z coshx

\J9—sinh? x

To find the antiderivative, begin by using the substitution u = sinh x so that du =
cosh x dx. You can find the new limits of integration by noting that if x = In 2, then

1
In2 _ ,-In2 2_

0 0
u=sinh(In2)=¢£ 2e = 22=%,and1fx 0, then u =sinh(0) = %:O.With

these substitutions, you produce the following:

Answers
701-800
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800.

801.

802.

0 9_ u2 0 uz
(-5
_ Ja3/4 1 du
0 u 2
31-(4)
Now use a new substitution w = % so that dw = %du, or 3dw = du. You can again
3
find the new limits of integration by noting that if u = %, then w = é = %, and if
u=0,thenw= % = 0. With these substitutions, you get the following:
V4 3dw o1 V4
—==_=sin" w
ey ;
=sin 1(%)—sm'1 0
_ein-tfL
=sin ( 7] )
3
The given problem is
3
x>-1 x+1
Notice that if you substitute in the value x = -1, you get the indeterminate form %
Now use L'Hopital’s rule to find the limit:
3 2
X+l 3XT a9 13\2
}er_ll x+1 —llll}l 1 _3( 1) =3
4
3
Here’s the given problem:
4
lim %5 =
x=1 x2 —1
Notice that if you substitute in the value x = 1, you get the indeterminate form %
Using L’Hopital’s rule gives you the limit:
Coxt o1 4x® o 4x _4(1) 4
lxlg}xif_l_lxlg}3x2 =lim=—3"=3
o2
[<b)
: »
=8

Start with the given problem:

m—X=2
=2 x°+x—-6
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0

Notice that if you substitute in the value x = 2, you get the indeterminate form o
Use L’Hopital’s rule to find the limit:

x-2 . 1 1

=] = =
PR x—6 e 2x+1 2(2)+1

ul|—

803. -

The given problem is

lim _€Osx
xo{z] 1-sinx
2
Notice that if you substitute in the value x = Z, you get the indeterminate form %
Using L'Hopital’s rule gives you the limit:
lim ~COSX _ jjm =SI0X _ i tanx =
-y 1—sinx 2} —COS X 2\
(3) (3] *(3)

X

804. 0

Start with the given problem:

1-cosx
x>0 tanx

Notice that if you substitute in the value x = 0, you get the indeterminate form % Use
L’Hopital’s rule to find the limit:

lim 1=€08 X _ jj, sinx__ sin0 _0_

x>0 tanx  x-0 gec’x sec?( 1

805. 0

Here’s the given problem:

lim 10X Inx

X0

Notice that if you take the limit, you get the indeterminate form =. Using L'Hopital’s
rule gives you the limit as follows:

llmA —llm—=0

X —>o0 X —>o0 2X

806. -2

Answers
801-900
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Here’s the given problem:

lim —1nx___
cos(%x)

x—1
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807.

808. -

nNo|wo

809. 2

Notice that if you substitute in the value x = 1, you get the indeterminate form 0

Using L'Hopital’s rule gives you 0
1 1
lim—DX__ _jim X = 1 -_2
x—l1 T x—1 . T T T o 4 T
cos(zx) (—sm(zx)jZ 251n(2)

The given problem is

Jim fan~ x

x—0 X

0

Notice that if you substitute in the value x = 0, you get the indeterminate form
L’Hopital’s rule gives you the limit:

o Using

1
-1 2
imian X _pmlex” 1 4
x—-0 X x—0 1 1+ 02

Here’s the given problem:
. 8 x
lg? ( xi-4 x-2 ]

Applying the limit gives you the indeterminate form oo — . Write the expression as a
single fraction by getting common denominators and then apply L’'Hopital’s rule:

8- 2
lim [ 8 __x_) ji 37X (x+2)
x—2° xz -4 x-2 x—2* xz -4

2
= lim X 22x+8
x—2 X —4
_ i —2X—2
_xlg? 2x

_2(2)-2_ 3
T 2(2) 2

2(2)

The given problem is

sin(4x)

x—0 2_)(

Answers
801-900
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Notice that if you substitute in the value x = 0, you get the indeterminate form %
Apply L'Hopital’s rule to find the limit:
in(4 4 4
lim sin(4x) _ lim cos(4x)
x—0 2)(‘ x—0
=2cos(0)
=2

810. o

Here’s the given problem:

lim xInx

x—0"

Applying the limit gives you the indeterminate form 0(-). Rewrite the product as a
quotient and use L’'Hopital’s rule to find the limit:

Yx

x=0" X x—0" =X
= lim —l(xz)
x-0" X
= lim (-x)
x—0*
=0

811. o

Here’s the given problem:

4
lim _ln)g
X

Applying the limit gives you the indeterminate form 2. Use properties of logarithms to
rewrite the expression and then use L’Hopital’s rule to find the limit:

4
lim 410X =limL’§=lim 4__o
X x x—>oo3x x—>m3x

812. 1

The given problem is

. sin x
4= |
=P
=3 Substituting the value x = 0 gives you the indeterminate form 9 Apply L'Hopital’s rule
<& . - 0

to find the limit:
1
2
lim =X 1

x—0 1 = \/1_02 -



813. 0

814.

815. 0
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Here’s the initial problem:

tan! x —%
lim
X0 X —1

Make sure you have an indeterminate form before applying L’'Hospital’s rule, or you
can get incorrect results! Notice that as x — « in the numerator, (tan’1 (x) —%) -

% _% = %, and as x — « in the denominator, (x — 1) — . Therefore, the solution

becomes
tan” (x)-Z%
lim 4 _
X—o0 X —

Here’s the given problem:

tan™! x—%
lim
X—oo 1
1+x3

Applying the limit gives you the indeterminate form 0 Applying L'Hopital’s rule gives

you the following: 0

_ 1
tan'x-ZT —
lim 2 _ lim 1+x:
X —>00 . X—00 _3x
2
1+x (1+x3)
2
1+x3
=lim ( )

- _lim 1+2x% + x8
x>= 3x?43x1

This limit is still an indeterminate form, and you can continue using L’Hopital’s rule
four more times to arrive at the solution. However, because the degree of the numera-
tor is larger than the degree of the denominator, you can find the limit by noting that

3 6 6 2
_lim1+2x—+x=_limx_4=_“mx_=_m

x5 3x? 4+ 3x1 x=e 3y x=e 3

Answers
801-900

The given problem is

lim (secx—tanx)

n
x>
2
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Applying the limit gives you the indeterminate form « — . Rewrite the difference as a
quotient and use L'Hopital’s rule:
lim (secx—tanx)= lim smx)
- COSX COSX

x—>% X_ﬂzf(
- lim (l smx)
Lz \ cosx
2
= lim ( cosx)
oz \ —sinx
2
T
cos %
2 _0_
a T _T_O
sin
2

816.

Start with the given problem:
lim x sin ( l)
X—>o0 X

Applying the limit gives you the indeterminate form (e)(0). Rewrite the product as a
quotient and use L’Hopital’s rule as follows:

sin(%) COS(%)-(—%)
lim — =lim X

X—eo xT X—>o0 1
2

=lim COS(l)
X—o0 X

=cos(0)
=1

817. o

Here’s the initial problem:
lim x’e*
Taking the limit gives you the indeterminate form (-=)(0). Rewrite the product as a
quotient and use L'Hopital’s rule:
3 2
lim x’e* = lim X_ = Jim X

X—>—o0 xo—0 07X x5 _p

-X

Answers
801-900

Applying the limit again gives you the indeterminate form —=. Usmg L’Hopital’s rule
again gives you the following:

2
lim 3x 6x

X——oo _e_x x——eo @ 7%
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If you again take the limit, you get the indeterminate form ——=. Use L’Hopital’s rule one
more time to get the final answer:

lim 6x—llm 6 =0

Xx—o—e @ 7% x>0 _@ ™%

The given problem is
lim (xel/x —x)

Applying the limit gives you the indeterminate form o — . Begin by factoring out x;
then rewrite the expression as a fraction and use L'Hopital’s rule:

/x _
lim x (e"* ~1) = lim ¢! -1

X—o0 X X
1/x 1
. (e )‘?
=lim
T
.XZ
=lime"* =e’ =1

X —o0

The given problem is
3x+1
lim £

X x

2

Substituting in the value x = o« gives you the indeterminate form =, so use L’'Hopital’s
rule:

3x+1
lim o =lim (e )(3)
X X X —>oo 2x

If you again substitute in the value x = o, you still get the indeterminate form =
Applying L’Hopital’s rule one more time gives you the limit:

o G (GO Gt (€00
2 2

X—>oo X X—>e0

Here’s the initial problem:

Answers
801-900

l1-x+Inx
x>l 1+cosmx
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Substituting in the value x = 1 gives you the indeterminate form

—1+L
liml=X+Inx _y; 1+x

x>l 1+cosmx x>l (—sin(nx))(7)

If you again substitute in the value x = 1, you still get the indeterminate form

L’Hopital’s rule again gives you the limit:

el 1
I Coin(ex))(7) ™ —r (cos(mx)) ()
e
n’cos(n)
-4

821. s

Here’s the given problem:

. 1/x
lim (1-5x)

so use L'Hopital’s rule:

0

6. USing

Substituting in the value x = 0 gives you the indeterminate form 1*. Create a new limit

by taking the natural logarithm of the original expression, y =(1- 5x)1/ *, so that

lny:ln(l—Sx)l/X, or lny:@

In(1-
!Yli%lny:!(lggn(—sx)

Then apply L'Hopital’s rule:

-5
In(1-5
lim n( x)zliml_Sx
x—0 x—0 1
_ 5
1-5(0)
-5
Because (1-5x)"" = y and y = €', it follows that
. _ Yx _ . T Iny _ Jlimlny 5
iy (1-5x)"* ~limy <lime® e~

822.

Here’s the initial problem:

Answers
801-900

lim xV*°

X—eo

. Take the limit of the new expression:
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823.

824.

e-15/9

Applying the limit gives you the indeterminate form «°. Create a new limit by taking
the natural logarithm of the original expression, y = xV * so that In y= ln(xl/ x ), or
Iny= ln—f Then take the limit of this new expression:

X

Inx

limlny = lim =~

X—>o0 X0
Apply L'Hopital’s rule:

llmlnx—llmé—hm 5=0

X—>o0 .X' X—0 X—e D x

Because x/* = yand y =e", it follows that

_eozl

. 2 llmlny
limx”* =limy =lime"™ =e*

X—yo0 X—o0 X—o0

Here’s the given problem:

lim (cosx)*”
x—0"

Applying the limit gives you the indeterminate form 1. Create a new limit by taking the
natural logarithm of the original expression, y = (cos x)¥*, so that In y = In(cos x)¥*, or

21
Iny = M. Then take the limit of this new expression:
21
lim In y - lim 2In(cosx)

Apply L'Hopital’s rule:

2( 1 )(—sinx)
_ i _\€osx

x—0* X x—0* 1
=-2tan(0)
=0

21
0 n(cosx)

2/x

Because (cosx)”" =y and y =e", it follows that

. In lim Iny
lim (cosx) =lim y = lim ™ = e~

x—0" x—0" x—0"

=e’=1

The given problem is

o (3x-1\"
}cl—r>2(3x+4)

Answers
801-900

Applying the limit gives you the indeterminate form 1~. Create a new limit by taking the

natural logarithm of the original expression, y = ( g}’: 411 ) ,sothatlny= ln( ?::)x+zll) ,
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3x-1
3x+4
of logarithms to expand the natural logarithm (this step will make finding the

orlny=(x —1)(ln ) Next, rewrite the expression as a fraction and use properties

derivative a bit easier):

(ln 3X—1)
I o 3x+4) . In(3x-1)-In(3x+4)
imIny =lim —— =lim ~

X —>o0 X—>o0 (X—l) X—>o0 (X—l)

Apply L'Hopital’s rule:
lim In(3x-1)-In(3x+4)

X (x-1)"
3 3
—lim3x=1 3x+4

X—>e0 —(X_l)_z
=_£§go(x—1)2[(&c—1;%]

15x% = 30x +15

=-lim 5
x> Qx°4+9x—4
-_15
9
3.X'—1 X71_ _ _lny .
Because x4 =yand y =e"’, it follows that
x-1 .
lim ( S;C;zll ) =limy =lime™ =e™" =5/

825. 1

Here’s the given problem:

lim (2x)"*

x—0"
Substituting in the value x = 0 gives you the indeterminate form 0°. greate a new limit
by taking the natural logarithm of the original expression, y = (2x)", so that
Iny = ln((2x)xz ) or Iny =x*(In(2x)). Then take the limit of the new expression:
In(2x)

lirglnyz lirglen(2x)= lim ——

x=0" X

Apply L'Hopital’s rule:

1
In(2 5-(2 2
lim “(_f)=11m2x—(_2= im X =0
X 2Xx

x—0" x—0" —

Answers
801-900

Because (2x)" =yand y =e™, it follows that
2 lim 1
y=1lim (2x)" =lim y = lim e"™’ e =e'=1
x—0* x—0* x—0"
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826.

827.

Here’s the given problem:
lirgl_ (tan3x)"
Substituting in the value x = 0 gives you the indeterminate form 0°. Create a new limit

by taking the natural logarithm of the original expression, y = (tan3x)", so that
Iny =In(tan3x)”, or Iny = xIn(tan3x). Next, take the limit of the new expression:

limIny = lim xIn(tan3x) = lim M
x—>0* x—>0" X—0* X
Apply L'Hopital’s rule:
3sec’(3x)
In(tan3 _—
lim n( ai x) = lim tanij,zx
x—07 X x—0" —-X

Rewrite the expression and simplify:

3sec’(3x)
—tgr;cix =—lim

lim

x—0"

Because (tan3x)" = y and y = e, it follows that

. . . lim*lny
lim (tan3x)” = lim y = lim " = e
x—

x—0" 0* x—=0"

=e’=1

The given problem is

lim tan xInx

x—0"

Applying the limit gives you the indeterminate form 0(-). Rewrite the product as a
quotient and use L’'Hopital’s rule to get the limit:

lim tanxInx = lim Inx
x—0" x—0* cotx

Yx

= lim ——%— 2=
x-0" —CSC” X q,g
. =7
= lim (—smx sinx) 25
x—=0* X <0
=—lim (M) lim (sinx)
x—0" X x—0*
=-1-0

=0
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828. .

Here’s the initial problem:

lim(1+ l)

X—>o0 ;

Applying the limit gives you the indeterminate form 1*. Create a new limit by taking the

x) , 0 that lny:ln(1+

natural logarithm of the original expression, y = (1+

1
X
rewrite this limit as

Iny =xln(1+

limxln(1+l)
X

X—>o0

). Noting that lim xln(l +;) is an indeterminate product, you can

Next, apply L'Hopital’s rule:

lim

In(1+x7) ; (
= 1m

X—00 x71

1

Because (1+—
X

X—>o0

X

829. «

The given problem is

lim (e" +x)2/x

x—=0*

) =yand y =", it follows that

lim(1+l) =limy =lime™

X0

Applying the limit gives you the indeterminate form 1*. Create a new limit by taking the

natural logarithm of the original expression, y = (e" + x)z/x, sothatlny = ln(e" + x)2 )

orlny = 21n(e" +x)

Answers
801-900

. Then use L'Hopital’s rule on the new limit:
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830.

831.

No|—

21n(e"+x)
limlny = lim—
x—0" X X
()Y
= lim
x—0* 1
=lim —— ( 1)
x=0° (e +x)
B 2(e +1)
e’+0
_22) _
== 4
Because (e" +x)2/x =yand y =e", it follows that
2/x llmlny
lim (e +x) " = = lim y = lim e =e " =e!
x—0 -0 x—0

Here’s the given problem:

2
c( Xt 1
il—gl‘(xz—] lnx]

Applying the limit gives you the indeterminate form o — o, so write the expression as a
single fraction by getting common denominators and then apply L’'Hopital’s rule:

x*(Inx)—x?+1 2x(Inx)+x? ( ) 2x
lim ——————=

=1 (Inx)(x*-1) g i(x2—1)+(lnx)(2x)

Multiply the numerator and denominator by x:
2x*(Inx)—x?
lim %
x-1' x°—=14+2x"Inx
Notice that as x > 1* in the numerator, 2x* (In x) — x> > -1, and as x ~ 1* in the denomi-
nator, x> — 1 + 2x%In x — 0*. Therefore, you get the following answer:
lim 2x21nx—2x2 -
x=1' x°—=1+2x"Inx

Here’s the given problem:

Answers
801-900

1 1
)EL] (lnx X - 1)

Evaluating the limit gives you the indeterminate form  — o, so write the expression as
a single fraction by getting a common denominator and then use L'Hopital’s rule:
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1
lim | -X=1l=Inx 1y, X
| (Inx)(x=1) | =1 L 1) 41nx(1)
X

Multiply the numerator and denominator by x:

x-1' X—1+xInx

Substituting in the value x = 1 gives you the indeterminate form 9, SO you can again use
L’Hopital’s rule:

Iy~ m

ot X—1+xInx  xo1 1+(1)lnx+x(%)

=llgl 1+Inx+1
1 1

T 1+in()+1 2

832. —lcos(Sx)+C

5

Here’s the given integral:

Isin(Sx)dx
If you let u = 5x, then du = 5dx, or %du = dx. Substituting into the original integral,
you get
jsin(u)%du = %Jsin(u)du
1
= g(—cos(u))+C
= —%cos(Sx)+C

833. ﬁ(x+4)lm+C
Here’s the given integral:

[(x+4)"ax

If you let u = x + 4, then du = dx. Substituting into the original integral gives you the
following:
101

Juloodu =4 iC

101
:1—(1)1(x+4)101 +C

Answers
801-900
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834.

835.

836.

%(x3 +1)3/2+C

The given integral is

J.3x2\/x3 +1dx

If you let u = x® + 1, then du = 3x? dx. Substitute into the original integral and solve:

J.\/L_tdu=J.u1/2du

2tan(\/)7)+C

The given integral is
2

Jsec Jx dx = J.sec2\/§de
X X

& =
If you let u = Jx = x"? then you get du = L x?dx = —L_dx, or equivalently,
2 2x
2du = de. Substitute into the original integral:
Jx
2J.sec2 (u)du=2tan(u)+C
=2tan ( Ix ) +C

6
6 ¢
35(4+5x)" |

Here’s the given integral:

(4+5x)
If you let u = 4 + 5x, then you get du = 5dx, or %du = dx. Substitute into the original
integral:
61, 6, -8
jug gdu = g_[u du
_6(u” o=
557 ) o2
6 25
= — <
35u’ *®
=— 6 +C
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83 /. Lsinto+cC

8
Start by rewriting the given integral:

fsin%)cos@d@ = I(sin9)70050d0

If you let u = sin6, then du = cos 6 df. Substitute into the original integral to find the

answer:
'fu7du =%8+C
%(sm@) +C
%sm 0+C

838. 0

Recall that tan@ is an odd function; that is, tan(—0 ) = —tan6. Likewise,
tan® (—0) = —tan® 0 so that tan®(0) is also an odd function. Because this function is
symmetric about the origin and you’re integrating over an interval of the form [-a, a],

you get _[1/33 tan®0de = 0.

Here’s an alternate approach: Begin by saving a factor of the tangent and use an
identity to allow you to split up the integral:

[ tan’0d0 = " tantano do
j 1+sec 0 tan0do
= j (tanQ +tan0 sec? 9)d9
-n/3
= jm tan0do + J.ﬂ/s tanOsec’0do
-n/3 -r/3
To evaluate the first integral, rewrite the tangent:

j”/ tan0do = j [ sind g
-/ 7/3 coS 0O

Then use the substitution u = cos8 so that du =—-sin6d6, or —du = sin6d6. You can

find the new limits of integration by noting that if = % orif 6= —%, you have
1.

cos{§ ) =eos|-5) =3

x . 172
Lr//ss gg;% o = I‘/Z “u

Because the upper and lower limits of integration are the same, you have the following
for the first integral:

[ Lau=0
v2 u

Answers
801-900
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839.

840.

The second integral is

/3 2
LT/B tan6O sec” 6doO

To evaluate the second integral, use the substitution u =tan6 so that du = sec?0do.

Notice that you can find the new limits of integration by noting that if 6 = %, then
tan(%) =3, andif = —%, then tan(—%) = /3. Therefore, the second integral
becomes

/3 2 _ V3 _
J._"/Btane sec”0doO = J‘ﬁ udu=0

Combining the values of the first and second integrals gives you the answer:

j“” tan®0d6 = 0
-n/3

The given integral is

e? 3
J‘ (ln X) dx
1 X

Start by using the substitution u = In x so that du = %dx. You can find the new limits of

integration by noting that if x = €%, thenu=Ine?=2,and if x = 1, thenu=In 1= 0.
Therefore, the integral becomes

Lez @ dx = _[; u’du

1
-5In[4-3x|+C

114
4 0
_2t
=5 0
=4
The given integral is
dx
4-3x

Start by letting u = 4 — 3x so that du = -3dx, or —%du = dx. Substitute this back into the
original integral:

11 1
J —'Eg';;'till =- z;'lflllll +C

Answers
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1
=-3In[4-3x|+C
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84 1. %(tan'lx)2+C

Here’s the given integral:

Itan xdx
1+ x?

Let u = tan™! x so that du = 1 1 5 dx. Substituting these values into the original integral,
+Xx

you get
2
fua’u =u—+C

(tan x) +C

l\Dl»—l

842. In|secx|+C

Start by rewriting the integral:

'ftanxdx = J gg;f( dx

Now you can perform a u-substitution with u = cos x so that du = —sin x dx, or -du =
sin x dx. Substituting this expression into the original integral gives you the following:

I‘—ldu =—In|u|+C
u
=-In|cosx|+C
You can now use the power property of logarithms to rewrite the integral:
~In|cosx|+C = 1n|(cosx)'1|+C

1
cosx

:ln‘ ‘+C

=In|secx|+C

843. e—ell2

The given integral is

/3 .
JO e sinx dx

Begin by using the substitution u = cos x so that du = —sin x dx, or —du = sin x dx. Notice
you can find the new limits of integration by noting that if x = %, then u = cos% = %,
and if x = 0, then u = cos 0 = 1. With these values, you have the following:

o3
3=
=7 u _ u
25 J e'du -[1/2e du
<<eo 1

= eu

1/2
—el_el?

— e_el/Z
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844. %(sinZ—sinl)
Rewrite the given integral:
j;\/;COS(1+x3/2)dX = jolxl/z cos(1+x**)dx

Begin by using the substitution u = 1 + x*2 so that du = %xl/zdx, or %du = J/x dx. Notice

you can find the new limits of integration by noting that if x = 1, thenu =1+ 132 = 2,
and if x = 0, then u = 1 + 0%2 = 1. With these new values, you find that

29 2.
L §cosudu—§smu|1

= %(sinZ —sinl)

845. T tan ) +C

Rewrite the given integral:
_[i/tanx sec’ xdx = .[(tan x)""sec? x dx

Then use the substitution u = tan x so that du = secxdx:
ud

udu=Y%—+C
Jule =y

= L(tanx)¥" +C
8

846. 1 cos%+C

/a

Here’s the given integral:

sin(ﬂ)
_[—Zxdx
X

Use the substitution u = % =nx"" so that du = —wx*dx = - L dx, or —%du =L ax:
x

X
sin(l)
J—fdx = —ljsinudu
X T

:lcosu+C
T

=LcosZic
TooXx

Answers
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84 /. 41+2x+3x* +C

Here’s the given integral:

J‘ 4+412x gy

J1+2x+3x2

If youlet u = 1 + 2x + 3x2, then you get du = (2 + 6x)dx, or 2du = (4 + 12x)dx. Substitute
this value into the original integral:

I%du = JZu‘l/zdu
12

—_olu’_

=2 y +C
2

=41+2x+3x* +C

848. _ScotPx+C
4

Here’s the given integral:
.f\S/cot x csc? xdx

If you let u = cot x, then you get du = —csc?x dx, or —du = csc? x dx. Substitute this value
into the original integral:

—J‘Q/Edu = —Iul/Sdu

4/3
__u” o

4
Y3
= —%(cotx)“/?' +C

3 4/3

:—Zcot x+C

Here’s the given integral:
N
j /szin(xz )dx
0

If you let u = x2, then du = 2x dx, or %du = x dx. You can also find the new limits of

integration by using the original limits of integration along with the u-substitution.

2
When x = @, u= (%) = % Likewise, if x = 0, then u = (0)2 = 0.

Answers
801-900



Answers and Explanations 509

850.

Now substitute these values into the original integral:
/4

J'”/4 sin(u) lgu=-1 cos(u)
0 2 2

0

__1 x|, 1
= 2cos(4)+2c030

8
—\/Z+2

3tan"x+lln(1+x2)+C

2
The given integral is

1+x

Begin by breaking the integral into two separate integrals:

3 X _ 3 X
J.(1+x2 +1+x2 de_J‘(1+x2 )dXJrJ.(1+x2 )dx

Notice that J( 3 jdx =3tan” x +C.

1+x
All that’s left is to integrate the second integral; you can do this with a u-substitution.

For J( ] +x 5 jdx, let u =1 + x2 so that du = 2xdx, or %du = x dx. Substituting these
x
values into the second integral gives you the following:
171, 1
Ejzdll = Eln|u|+C
_1 2
=3 ln|l +x | +C
The expression 1 + x? is always positive, so you can drop the absolute value sign:

=%ln(1+x2)+C

Combining the solutions gives you
f 3 +—X |dx
I+x° 1+x
_ 3 X
_J(l+x2 jdx+-[(1+x2 de

=3tan‘1x+%ln(1+x2)+C

Answers
801-900
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851. g2

The given integral is

J.ez dx

e x+Inx

Begin with the u-substitution uz = In x so that du = %dx. You can also compute the new
limits of integration by noting that if x = e, thenu =Ine = 1, and if x = €2, then u = In €% = 2.
Now you can integrate:

IzLdu = fu’mdu

U u
V),
24
=22-21
=22-2
852. —%(ln(eos@))2+C

Here’s the given integral:
'[tan 61In(cos6)do

Start with the substitution u = In(cos6) so that du = ﬁ(—sin 0)dO = —tan6do.

Substituting these values into the original integral, you get the following:

- udu:—u—2+C
Juda =5

(ln(cos@))2 +C

No|—

853. -levic

3
The given integral is
Ixze’xzdx

Begin by letting u = —-x® so that du = -3x?dx, or —%du = x%dx. Substitute these values
into the original integral:

1w, 1 4
I(—§)e du = 3e +C

__l x?
=-ze +C

Answers
801-900



Answers and Explanations 5’ ’

854.

855.

116
15
Here’s the given integral:
_[03 x+x+1dx
Begin by using the substitution u = x + 1 so that u -1 = x and du = dx. Notice you can
find the new limits of integration by noting that if x = 3, thenu =3+ 1=4, and if x = 0,
then u =0 + 1 = 1. With these new values, you have the following:
f (u-Dudu= L4 (u-Du"?du
(Y032 12
—L (u -u )du
4
(2 52 2 3/2)
- ( 54 734 )|
_([2 52 2432\ (2452 2 3/2)
(3o =30 )- (-3
_64 16 2 2
5 3 5 3
_116
1
27/3 -1 1- 24/3
(7)1 1-(2")
7 4

At first, you may have trouble seeing how a substitution will work for this problem.
But note that you can split x° into x*x%

J.le‘r’%‘/x3 +1dx = J;x3\3/x3 +1x%dx

Now you can use the substitution u = x* + 1 so that u -1 = x® and du = 3x*dx, or
%du = x*dx. Notice that you can find the new limits of integration by noting that if
x=1,thenu=1%+1=2 andif x = 0, then u = 0° + 1 = 1. With these values, you

get the following integral:

Answers
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856.  B(xi3-Bimic

Here’s the given integral:

X
——dx
I Yx+3
If you let u = x + 3, then du = dx and u - 3 = x. Substituting into the original integral, you

get the following:

J'(u 3)61 I(u B)dll

1/6

_I( 76 1/6)‘1”

= I(us/" —3u’1/6)du

{47 e

_6 6 18 5/6
—11(x+3) 5(x+3) +C

857. %(x4+1)5/2—l(x4+1)3/2+C

6

At first glance, substitution may not seem to work for this problem. However, you can
rewrite the integral as follows:

Ix7\/x4 +1dx = Jx4x3\/x4 +1dx

If you let u = x* + 1, then you get du = 4x*dx, or 1 4u = x*dx. Notice also from the
u-substitution that u — 1 = x*. Substitute into the original integral and simplify:

j(u 1)\/—( ) ZJ‘(uﬁvz_ul/z)a’u
1| | e c
{5H%)
:%(%(x“ﬂ)s/ —%(x4+ ) )+C
:%(x“wtl)m—%( ! 1)3/2+C

858. %xsm(4x)+ cos(4x)+C

The given integral is

Ix cos(4x)dx

Answers
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Use integration by parts with u = x so that du = dx and let dv = cos(4x) dx so that

v= %sin(4x). Using the integration by parts formula gives you the following:
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[[x cos(4x)dx = x(%sin(4x})— [Lsin(ax)ax

D (L
= 4xsm(4x) J‘4sm(4x)dx
. sin(4x) +16 cos(4x) +C

4

859. xe*—e*+C

Here’s the given integral:
J.xe"dx

Use integration by parts with u = x so that du = dx and let dv = e*dx so that v = e*. Using
the integration by parts formula gives you the following:

_[xe"a’x =xe” —_[e"dx
=xe*—e* +C
860. %x cosh(2x) - % sinh(2x)+C
Here’s the given integral:
J.x sinh(2x)dx
Use integration by parts with u = x so that du = dx and let dv = sinh(2x) dx so that
v= %cosh(2x). Using the integration by parts formula gives you the following:
_[x sinh(2x)dx = x (%cosh(Zx)) - f % cosh(2x)dx

= %x cosh(2x) - % sinh(2x)+C

(3)6°  1-6°
861. G.1s

The given integral is

J.j x6%*dx

Use integration by parts with u = x so that du = dx and let dv = 6*dx so that v = 6

Using the integration by parts formula gives you the following: In6
_ x6" 31
jx6 dx = 6], ~J, gt dx

3
_| x6° 67
In6  (In6)? .

(3606 [, _1
In6  (In6)? (In6)>
_ (13)63 4160
n6  (In6)
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862. xsecx —In|secx +tanx|+C

The given integral is
Ix sec x tanxdx
Use integration by parts with u = x so that du = dx and let dv = sec x tan xdx so that
U = sec x:
Ixsecxtanxdx = xsecx—jsecxdx
=xsecx —In|secx +tanx|+C
_xcos(5x) | 1 .
863. —s —~*5s sin(5x)+C
The given integral is
jx sin(5x)dx

Begin by using integration by parts with u = x so that du = dx and let dv = sin(5x) dx

so that v = _%55)():

I x sin(bx)dx = —%x cos(5x) + %jcos(Sx)a’x

= —%xcos(Sx) + 2—15 sin(bx)+C

864. —xcotx +In|sinx|+C

The given integral is

Ix csc? xdx
Begin by using integration by parts with u = x so that du = dx and let dv = csc®x dx so
that v = —cot x:

jx csc? xdx = —xcot x + Jcot xdx

=—xcotx+In|sinx|+C

865. -xcosx+sinx+C

The given integral is

Ixsinxdx

Answers
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Use integration by parts with u = x so that du = dx and let dv = sin x dx so that
U = —COS X:

J.xsinxdx = —xcosx+_[cosxdx

=-xcosx+sinx+C

—xcscx+In|escx —cotx|+C

Here’s the given integral:

jxcscxcotxdx
Use integration by parts with u = x so that du = dx and let dv = csc x cot x dx so that
U =—-CSC X:

J.xcscxcotxdx =-Xxcscx+ Icscxdx

=-xcscx+In|cscx —cotx|+C

xln(3x+l)—x+%ln|3x+l|+€

The given integral is
[In(3x +Ddx

Use integration by parts with u = In(3x + 1) so that du = de and let dv = dx so that
- . . . 3x+1
v = x. Using the integration by parts formula gives you

[In3x+ Debx =(In(3x +1))x - | 33x

To evaluate the integral f%dx, you can use long division to simplify, or you can

add 1 and subtract 1 from the numerator and split up the fraction:

In(3x +1))x 3x Cdx = xIn(3x+1) - Sx+1-1 4,
( 3x

3x+1
:xln(3x+1)—_“(§§1% - 3x1+1)dx
=xIn(3x+1)— j( )dx

=xln(3x+1)—x+%ln|3x+l|+€
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868. xtan'lx—%1n|1+x2|+C

The given integral is

J‘tan’1 xdx

Use integration by parts with u = tan"! x so that du = 1 - dx and let dv = dx so that v = x.

Using the integration by parts formula gives you tx

'ftan‘1 xdx = (tan‘1 x)x—J'l_’_xx2 dx

To evaluate f X 5 dx, use the substitution u; = 1 + x% so that du, = 2x dx, or %du1 = xdx.

+
With these substitutions, you get the following:

(tan'lx)x—.[lfx2 dx =(tan'1x)x—%_|‘uildu1

1

=xtan~ x—%ln|u1|+C

= xtan"x—%ln|1+x2|+C

869. Lngs3

4 4

The given integral is

4lnx
i

Use integration by parts with u = In x so that du = %dx and let dv = x2dx so that

v=-x"= —%. Using the integration by parts formula gives you the following:

4
rlenxdx:(lnx(_l)) —J‘4(—l~l)dx
1 X L0 X X

_ 1 ) 10

=|—-=Inx|| +]| (x°)dx

(~Lins)[ ()
4

:( llnx l)

X x /|,
—((-Llypa_L1)\_(_1yy1-1
_(( Ling 4) ( Ling 1))
__1 3
= 4ln4+4

Answers
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8 70. 4¢3

Here’s the given integral:

J.IQ eV dx

Begin by using the substitution w = +/x so that w? = x and 2w dw = dx. You can find the
new limits of integration by noting that if x = 9, then w = J9 =3, and if x = 1, then
w =+/1 =1. These substitutions give you the following:

J.ls 2we"dw

Use integration by parts with u = 2w so that du = 2dw and let dv = e dw so that v = e®.
Using the integration by parts formula gives you the following:

.[13 2we“dw = 2we" |f - Jf 2e“dw

=(2we‘”—2ew) ’

1

=(6e3—263)—(2e1—261)
=4e®

486 968
87’- Tll’lg—ﬁ

The given integral is

9
'[1 x*?Inxdx

Use integration by parts with u = In x so that du = %dx and let dv = x* dx so that

v= %xw 2 to get the following:
9
nge'/zlnxdx:gx“r’/zlnx‘ —jggxs/z(l)dx
1 5 ) X
_2 52 9_2 9 3/2
—5x lnx1 5Lx dx

9
[ 2,502 _2(2 5/2)
(SX Inx 5 5x )‘1

_ (2952 _ 4 g52)_ (2452 _ 4 452
_(59 In9-t9 ) (51 In1--L1 )
=ﬁln9 972 , 4

5 7795 To5

_ 486 968

5 25
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872. xcos'x—-VI-x?+C

Here’s the given integral:
J‘cos’1 xdx

dx and let dv = 1dx

Use integration by parts with u = cos™! x so that du = - 1

2
so that v = x: 1-x

J‘cos’1 xdx=xcos'x +_[ X dx

J1—x?

Next, use the substitution w = 1 — x% so that dw = -2x dx, or —ldw = xdx:

2
xcos™ x + X__dx=xcos x—1 [ qw
e 2 G
_ N W
=XC0s X 9 fw dw
_ -1 1 1/2
= X COSs x—§(2w )+C
=xcos ' x—1-x2+C
873. xsin’l(Sx)+%\/1—25x2 +C
The given integral is
jsn1*(5x)dx
. . . . 1
Use integration by parts with u = sin"!(5x) so that du = ——=——"5dx and let dv = 1dx
so that v = x: J1-(5x)*

Isin’l(Sx)dx = xsin"'(5x) —I

S—X dx
J1-25x2
Next, use the substitution w = 1 - 25x2 so that dw = -50x dx, or —%dw =b5xdx:
5x
—=dx
J1-25x2

— sinl(5xy4 L [L
=xsin (5x)+10'|‘\/’;dw

xsin™'(5x) - I

_ P | l -1/2
=xsin (5x)+mjw dw

= xsin"'(5x) +%(2wl/2 ) +C

= xsin™(5x) +%\/1—25x2 +C

Answers
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875.

_Se2,1
4¢ "
Here’s the given integral:
2
_[Olexh dx
Begin by using integration by parts with u = x? so that du = 2x dx and let dv = e
so that v =3 e
1 2 _2x 12 2| (1o 2x
Jxe dx=-5x"€e +Jxe dx
0 2 0 0
Use integration by parts again with u, = x so that du, = dx and let dv, = e
so that v, = —%e’z"'
L yzex 1+J.1xe’2"dx
2 0 90
_ 1 2 o' T L N [
=-gxe 0+(—§xe 0—_[0—56 dx]
1
=(_%x26—2x %xe—lx_%e—b()
0
(_1q2,2 1 2 1 2} (q_o_1
—( 216 2e 4e ) (0 0 4)
_ 1l o 1 2 1 2 1
= 1"e 5@ 7€ +4
—e?_lgo2 1
=-e"—ge +y
—6e!+3

The given integral is

'[Ol(xz +1)e’xdx

Begin by using integration by parts with u = x? + 1 so that du = 2xdx and let dv = e*dx

so that v = —e™:

j;(xz + l)e"‘dx = —(x2 + l)e"‘ ; +f012xe'xdx

Now use integration by parts again with u, = 2x so that du, = 2dx and let dv, = e™dx

so that v, = —e™

—(xz +1)e”‘ :) +(—2xe”‘> : +I;2e’xdx

= (—(x2 +1)e"“ —2xe™" —Ze'x) 1

0

- (—(12 +1)e’-2e! —2e’1)—(—(0+1)e’° ~0-2¢")
=22 -2e!+1+2

=—6e' +3
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876. %x2sinx2+%cosx2+C

Here’s the given integral:
_[x3 cos(x2 )dx = _[xQ cos(x2 )xdx

L

Begin by using the substitution w = x* so that dw = 2x dx, or 5

following:

dw = x dx, to get the

szcos(xz)xdx:%fwcoswdw

Next, use integration by parts with u = w so that du = dw and let dv = cos wdw so that

v = sin w:
1 _1 o s
Efwcoswdw—2 wsinw '[smwdw)
1 sinwal
—2w51nw+2cosw+C
_1 2. .2 1 2
—2x sinx +2cosx +C
877 1 2 . 2
« x* cos(mx) +—=5x sin(mx) +—=5cos(mx) +C
m m m

The given integral is
sz sin(mx)dx, where m#0

Use integration by parts with u = x? so that du = 2x dx and let dv = sin(mx) dx so that
U= —%cos(mx). Using the integration by parts formula gives you the following:

sz sin(mx)dx
= xz(—#cos(mx))—j(—#cos(mx))Zxdx

_1 e 2
P cos(mx) + p jxcos(mx)dx

To evaluate I x cos(mx)dx, use integration by parts again with u, = x so that du, = dx
and let dv, = cos(mx) so that v; = Esin(mx). This gives you the following:

Ixcos(mx)dx = x(%sin(mx))— #sin(mx)dx

-1y sin(mx) + %cos(mx) +C
m m

Therefore,
1 .2 2
X cos(mx)+ m Ix cos(mx)dx

1, 21 g 1
R cos(mx) + p ( p x sin(mx) + p: cos(mx)j +C

Answers
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=L, cos(mx) + %x sin(mx) + %cos(mx) +C
m m m
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36 1
878- 6 (ln3) ——l 3+m—m

Here’s the given integral:
J-lgx5(ln x)%dx
Begin by using integration by parts with u = (In x)? so that du = 2(In x)%dx and

6
X__ This gives you the following:

let dv = xX*dx so that v = 6

jfx*"(lnx)zdx_ (lnx) j (2(lnx))

_x® 2
=6 (Inx) 1

—%Lsxslnxdx

To evaluate the new integral, use integration by parts with u, = In x so that du, = %dx

6
and let dv, = x°dx so that v, = % This gives you the following:

—%J.fxslnxdx

_3_ 3 36

=3 (in3y’ lr13+108 (0 0+108)
_3° _3 3% 1

=5 n3)* —fgn3+ 555 -5

879. L(e" cos(2x) +e"sin(2x)) +C

The given integral is
.[e" cos(2x)dx
Begin by using integration by parts with u = cos(2x) so that du = -2sin(2x)dx and

let dv = e*dx so that v = e*. Using the integration by parts formula gives you the
following:

_[e”‘ cos(2x)dx
=e” cos(2x) —je* (—2sin(2x))dx
=e*cos(2x)+ JZe" sin(2x) dx

Answers
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Use integration by parts again with u; = sin(2x) so that du, = 2 cos(2x) and
let dv, = e*dx so that v, = e*. Now you have the following:

e’ cos(2x)+ IZe" sin(2x) dx
=e* cos(2x) +e* sin(2x) —Ie" (2cos(2x))dx
=e*cos(2x)+e*sin(2x) - 2J.ex cos(2x)dx
Set the expression equal to the original integral:
je" cos(2x)dx = e” cos(2x)+e” sin(2x) — ZJe" cos(2x)dx

Add ZIeX cos(2x)dx to both sides of the equation (note the addition of C| on the right):
BI e* cos(2x)dx =e”* cos(2x)+e* sin(2x)+C,

Dividing both sides of the equation by 3 yields the solution:
Iex cos(2x)dx = %(e" cos(2x)+e” sin(Zx)) +C
Note: Don’t be thrown off by the constant of integration that switches from C, to C;

they’re both arbitrary constants, but simply using C in both equations would be poor
notation.

880. —cos x In(cos x) + cos x + C

Here’s the given integral:

fsin xIn(cos x)dx

Begin by using the substitution w = cos x so that dw = —sin xdx, or —dw = sin x dx.
Using these substitutions gives you the following:

I sinx In(cos x)dx = _[—1 Inwdw

Now use integration by parts with u = In w so that du = %dw and let dv = -1 dw
so that v = —w. Using the integration by parts formula now gives you

I—llnwdw=—wlnw—_[—wldw
w
:—wlnw+J1dw
=—wlhw+w+C

Replacing w with the original substitution, cos x, gives you the solution:

-wlhnw+w+C

=-cosxIn(cosx)+cosx+C

Answers
801-900
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881. 2Jx sin/x +2cosvx +C

The given integral is
jcos Jxdx

Begin by using the substitution w = vx so that w? = x and 2wdw = dx. This gives you the
following:

J.cos\/;dx = Ichoswdw

Now use integration by parts with u = 2w so that du = 2dw and let dv = cos w dw so that
v =sin w:

J.2wcoswdw :2wsinw—J251nwdw

=2wsinw+2cosw+C

Using the original substitution, w = Jx , gives you the solution:

2wsinw+2cosw+C

=2x sin/x +2cos+/x +C

2 2 X°
882. 5 (lnx) T X lnx+125 +C
Here’s the given integral:
.[x“(ln x)%dx
Begin by using 1ntegrat10n by parts with u = (In x)? so that du = 2(In x) L gx and

let dv = x*dx so that U—T

5
[x*anx)?dx =X (nx)? —%Ixs(lnx)%dx

5
X 2 20,4
=% (Inx) 5 Ix (Inx)dx
To evaluate the new integral, use integration by parts again with u; = In x so that

5
du, = %dx and let dv = x*dx so that v = %:

Xy 2( X X2 1
5 (Inx) 5[ 5 Inx f 5 xdxj

(Inx)? ——x lnx+—jx4dx

5
(Inx)? ——x lnx+125 +C

x°
5
:%(lnx 2—lxslnx+l(x—5j +C
x°
5

Answers
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883. xthan‘lx—%x+%tan‘1x+C

Here’s the given integral:

J‘xtan’1 xdx

Use integrati(z)n by parts with u = tan"! x so that du = ] 1 >dx and let dv = xdx
+x

_ x>
sothat v = 5
jxtan’lxdx—% an” x——_[ x*
2
_XxX" -1 1(rx +1 1
=5-tan” x -3 Tix
.XZ
=% tan'x-=||1- dx
2 -[ 1+x
2
=X7tan‘1x—%x+%tan‘1x+C

2

2
allowing you to add 1 and subtract 1 (in the second line) and then break it up into two
fractions (m the third line); this approach lets you avoid long division. Another way to

2
51mp11fy 5 is to use polynomial long division to arrive at >=1- 1l
+x? +x? 1+x°

Note: The numerator and denominator are almost the same for the expression

Here’s the given integral:

™" sin’(20)d6
Recall that sin*(6) = %(1 —c0s(20)) so that sin®(20) = %(1 —cos(40)). Using this identity
in the integral gives you

17" (1-cos(40))do

3n/2

(9 ——sm(49))

bJIPﬂ

w lerd

( ~Lsin(6r) - ( —%sin(O))j
T

+|

885.

[N
NES

The given integral is

10”/4 cos?(6)do

Recall that cos?*(0) = %(1+ cos(20)). Using this identity gives you the following:
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886.

887.

[ (1+cos(20))do

n/4

[N

(9 + %sin(29))

0

(2 Lsin()-(0+ Lsimco))

N—  DN—

I

tanx—-x+C

Here’s the given integral:

J.tanz xdx

As long as you remember your fundamental trigonometric identities, this problem is an
easy one!

jtanzxdx =I(sec2x—1)dx

=tanx-x+C

tanf+-Ltan’t+C

3
The given integral is

Jsec“tdt

Begin by factoring out sec?f and using a trigonometric identity on one sec?t to write it
in terms of tan &

jsec“ tdt = JseCZ tsec’tdt
= j(1+tan2t)sec2 tdt

Now use the substitution u = tan ¢ so that du = sec?tdt. Using these values in the
integral gives you

_[(1+tan2t)secztdt=f(1+u2)du

=u+%u3+C
=tant+%tan31+C

Answers
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888. %sinx—%sin(Sx)wLC

The given integral is

Isin(3x) sin(2x)dx

Begin by applying the identity sin(A)sin(B) = %(cos(A —B)-cos(A+ B)) to the
integrand to produce the following integral:

Isin(3x) sin(2x)dx
= J.%(cos(?)x —2x)-cos(3x +2x))dx

= %J'(cosx —cos(5x))dx

The first term has an elementary antiderivative. To integrate the second term, you can
use the substitution u = 5x:

%I(cosx —cos(5x))dx

:l(sinx—lsin(Sx))+C

2 5
= lsirlx—Lsin(Sx)+C
2 10

889. %sin(Sx) + ﬁsin(?x) +C

The given integral is
Icos(Sx) cos(2x)dx

Begin by using the identity cos(A)cos(B) = %(COS(A —-B)+cos(A+B)) on the
integrand to produce the following integral:

I cos(5x)cos(2x)dx
= j%(cos(Sx —2x)+cos(5x +2x) )dx

= %J.(cos(?)x) +cos(7x))dx

To integrate, use the substitution u = 3x on the first term and the substitution u = 7x on
the second term:

%I(cos(?)x) +cos(7x))dx

- l(% sin(3x) + %sin(?x))

2 2

2 1 1

és = 651n(3x)+ﬁsm(7x)+C
®



890. %(Sinx}5 +C

The given integral is

J.sin4 xcosxdx

Use the substitution u = sin x so that du = cos x dx:

5
J'u“du =4 ¢ :%(Sinx)5 +C

5

891. %(tanx)3+C

The given integral is

jtanz xsec® xdx

Answers and Explanations 52 7

Begin by using the substitution u = tan x so that du = sec?x dx:

2, _ul _1 3
ju du—?+C—§(tanx) +C

892. ;Cosx——cos(9x)+C
Here’s the given integral:

Jsin(Sx) cos(4x)dx

Begin by applying the identity sm(A) cos(B) = 5 (sm(A B)+sin(A+ B)) to the
integrand to produce the integral J sm(Sx 4x)+sin(5x + 4x))dx Now simplify

and integrate:

J%(sin(Sx —4x) +sin(5x +4x) ) dx

%J.(smx +sin(9x) ) dx

_1 _1
= 2( cosx—g cos(9x))+C
= %cosx—icos(9x)+(,’

893. secx+C

Here’s the given integral:

jsecxtanxdx

There’s a simple solution for this function:

Jsecxtanxdx =secx+C

Answers
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894. —%(cscx)7/2+C

Start by rewriting the radical:
J\/csc5 X cscx cot x dx

= I(csc x)%%csc x cot xdx
Use the substitution u = csc x so that du = —csc x cot x dx, or —du = csc x cot x dx:

/2
—(u)s/zdu __u” ¢
f z

= —%(cscx)”2 +C

895. Lein®x—Lsin®x+C

3 5
Here’s the given integral:
J’cos3 xsin® x dx

Begin by factoring out cos x and using a trigonometric identity to write cos? x in terms
of sin x:

Jcosz x sin’ x cos x dx
= f(l —sin® x)sin2 xcosxdx
Now use the substitution u = sin x, which gives you du = cos x dx. Putting these values
into the integral gives you the following:
J‘(l—sin2 x)sin2 xcosxdx
= f(l—uz)uzdu
= J.(u2 —u* )du
-Lusice
5

singx—%sin5x+C

=1
3
=1
3
The given integral is

/3 3 4
IO tan” xsec” xdx

Begin by factoring out sec?x and using a trigonometric identity on one factor of sec?x
to write it in terms of tan x:

Answers
801-900

/3

_[0 tan® xsec’ xdx

/3 . 5 P
=f0 tan® x sec? xsec? x dx

= J;/gtanz’ x(1+tan2 x)sec2 xdx
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897.

898.

Now use the substitution u = tan x so that du = sec?x dx. You can also change the limits
of integration by noting that if x = %, then u = tan% =3, and if x = 0, then u = tan 0 = 0.
With these new values, the integral becomes

qu3(1+u2)du='ff(u3 +u5)du

1
ENER
+
os|':a
N—

0
(8) (B) (o o
B R _(TJ’FJ
_9.27
16
_27
4

1 6o 1 ]
6 (cotx) T (cotx)" +C

The given integral is

3
J'C(?t4 X dx
sin X

Begin by rewriting the integral and factoring out csc?x:
3
_[c.()‘[—4xdx = Jcotg xcsct xdx
sin® x
= jcotg xcsc? xese? xdx

Now use an identity to get the following:

J.cotg x(cot2 x+1)csc2 xdx
Next, use the substitution u = cot x to get du = —csc? x dx so that

j—ug (u2 +1)du = j(—us —ug)du

6 4

_-u _u
=6 it C
= —%(cotx)6 —%(cotx)4 +C

wno

Here’s the given integral:

Answers
801-900

/2 .
_[0 cos® x dx

Begin by factoring out cos x and using a trigonometric identity to write cos?x in
terms of sin x:

/2 2 /2 .9
JO cos xcosxdx:j0 (l—sm x)cosxdx
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Now use the substitution u = sin x, which gives you du = cos x dx. You can also find the

new limits of integration. If x = %, then u = sm§ =1,and if x = 0, then u = sin 0 = 0.
Using these values in the integral gives you

899. In|csc x —cot x|—In|sinx|+C

The given integral is

.[1 COSX
sinx

Start by rewriting the integrand as two terms:

_[( .1 —C(.)SX)dx
sinx sinx

J‘ COSX o

smx sinx

= Jcsc xdx —[L9SX
sinx

Recall that J.CSC xdx =In|csc x —cotx|+C. To evaluate j%dx, use the substitution
u = sin x so that du = cos xdx:

COSX gy = Jldu
sinx u

=ln|u|+C
=In|sinx|+C

Combining the antiderivatives of each indefinite integral gives you the solution:

Jcscxdx —J. COSX
sinx

=In|cscx —cotx|-In|sinx|+C

900. %9 —2cos6 —%sin(29)+C

Begin by expanding the integrand:
[(1+5in0)*do = [(1+2sin0 +sin* 0 )do

Answers
801-900

Next, use the identity sin®(8) = %(1 —cos(26)) to produce the following integral:

I(l+2$in9+%(1—Cos(20)))d0

j( +2sm9—%cos(29))d9

_39_ _1lg
—29 2cos6 451n(29)+C



901.

902.

903.

%(ln|cscx—cotx|—lr1|secx+tanx|)+C

Here’s the given integral:

cosx —sinx

sin(2x) X

Begin by applying the identity sin(2x) = 2 sin x cos x to the denominator of the
integrand. Then split up the fraction and simplify:

J'cosx sinx ;. _ J‘ cosx —sinx
sin(2x) 2sinxcosx

:_.[ cosx __ sinx
2J)\sinxcosx sinxcosx

_1 1
T2 (sinx cosx)

= %I(cscx —secx)dx
You can now apply basic antiderivative formulas to arrive at the solution:
%_[(csc X —secx)dx

:%(ln|cscx—cotx|—ln|secx+tanx|)+C

%(tanx)4+C

Here’s the given integral:

J'tan X dx
COS™ X

Begin by rewriting the integral:

jmn—xdx Jtan xsec’x
cos” x

Then use the substitution u = tan x so that du = sec x dx:
4
3, _ U
Ju du= T +C

= %(tanx)4 +C

1.2 1. . 1
7% —Zx51n(2x)—§cos(2x)+C

The given integral is

stinzxdx

To integrate this function, use integration by parts: fudu =uv-— Judu. Let u = x so that
du = dx and let dv = sin®x. Note that to find v by integrating dv, you have to use a

trigonometric identity:

Answers and Explanations 53 ’

Answers
901-1,001
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J'sin2 xdx = J%(l—cos(Zx))dx

11y
=5(x-5 51n(2x))+C
:lx—lsin(Zx)+C
27 4

Therefore, you get the following:

2 (1. 1. (1. 1
jxsm xdx—x(zx 4sm(2x)) f( X 451n(2x) dx

2
Ll 1o 1l 1
=5X 4xsm(2x) 1 8cos(2x)+C
1y 1.4 _1
=4 4xsm(2x) 8Cos(2x)+C

904. %(sinx)4—%(sinx)6+c
Here’s the given integral:
'fsins xcos® x dx
For this problem, you can factor out either sin x or cos x and then use an identity.
For example, you can factor out cos x and then use the identity cos? x = 1 - sin®x:
Isin3 xcos® xdx = jsine‘ x cos® x cos x dx
= Jsin3 X (1 —sin® x)cosxdx
Then use the substitution u = sin x so that du = cos x dx to get
'fu3 (1 —uz)du = I(ug —u® )du

4 6
e

L ainy® - L sin )
—4(smx 6(smx) +C

905. Lsec? x—secx+C

3
The given integral is
jtans x sec x dx
Begin by factoring out tan x and using an identity:
Jtang xsecxdx
= Jtanz xsec xtanxdx

=I(sec2x—1)secxtanxdx

Answers
901-1,001



Answers and Explanations 533

Now use the substitution u = sec x so that du = sec x tan x dx. This gives you

_[(uz —l)du:u?g—u+C

=%sec3x—secx+C

906. —%(csc x)*+cscx+C

Begin by factoring out cot x and using an identity:
J.cotg xcscxdx = Jcotz xcscxcot xdx

:J(csczx—l)cscxcotxdx

Now use the substitution u = csc x so that du = —csc x cot x dx, or —du = csc x cot xdx.
This gives you the following:

j—(uz—l)du=—%3+u+C

=—%(cscx)3+cscx+C

907. %(sinx)3/2—%(sinx)7/2+c
Here’s the given integral:

jcos3 Xx+/sinx dx

Begin by factoring out cos x and using a trigonometric identity to write cos? x in terms
of sin x:

Icosg x+/sin xdx
= Jcosz Xx+/sinx cos x dx
= J(l—sinz x)\/sinx cos xdx
Now use u-substitution: u = sin x so that du = cos x. Using these values in the integral
gives you
j(l—uz )\/ﬂdu = J(l—uz)ul/zdu
= j(u”2 —us/z)du
2

_2 32 2 ip
—3u 7u +C

= %(sinx)”2 —%(sinx)”2 +C

Answers
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908. —l(cotx)3 —l(cotx)5 +C
3 5
Begin by factoring out csc? x and using an identity to get the following:
J‘cot2 xecsct xdx = J.cotz xcsc? xesc xdx
= jcotz x (1 +cot? x)csc2 xdx
Now use the substitution u = cot x so that du = —csc2x dx, or —du = csc2x dx:
I—uz (1+ uz)du = j—uz —u'du
3 5
—__u _u
=-3 7% +C

_ 1 3 1 5
= 3(cotx) 5(cotx) +C

909. cos(cos6) —%cos%cos@) + %coss(cos 0+C

Here’s the given integral:
fsinesins(cose)de
Begin by performing the substitution u = cos6 so that du =-sin6d6f, or —du =sin6d6.

Using these values in the integral gives you —| sin® udu. Now factor out sin uz and use
some algebra and a trigonometric identity to write sin®u in terms of cos u:

—_[ sin® udu = —_[ sin' usinudu
.2 2,
= —_[(sm u) sinudu
2 \2 .
= —j(l—cos u) sinudu
Again use a substitution to integrate: Let w = cos u so that dw = —sin u du,

or —dw = sin udu. Using these values yields the integral J.(l— w? )zdw. Now

simply expand the integrand and integrate:
J'(l—w2 )Zdw = '[(1—2w2 +w' )dw

_ .2 3,1 5
=w 3w+5w+C

Then undo all the substitutions:

2. 3,1 5
W-gWw +gw +C
:cosu—%cos3u+%cossu+C

=cos(cos6)— %COS3 (cos@)+ %COSS(COS 0H+C

Answers
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9’0. —%cossx+%cos7x—%cosgx+C
The given integral is
Jsins xcos’ xdx
Begin by factoring out sin x and using a trigonometric identity to write sin? x in terms
of cos x:
J.sin4 x cos® x sinx dx
= J(sinz x)2 cos® xsinxdx
= J(l—cosz x)2 cos® xsinxdx
Now use the substitution u = cos x, which gives you du = —sin x dx, or —du = sin x dx.
Using these values in the integral gives you
—f(l —u’ )2 u'du
= —'[(1—2u2 +u’ )u“du
= —J‘(u4 —2u® +u® )du
= —%coss x +%COS7 x—%cos9 x+C
911. %(secxtanx+ln|secx+tanx|)+C

To evaluate this integral, you can use integration by parts. You may want to first
rewrite sec®x as sec?x sec x (rewriting isn’t necessary, but it may help you see things
a bit better!):

Jsecg xdx = Jsec2 xsecxdx

Now use integration by parts with u = sec x so that du = sec x tan x dx and let
dv = sec?x dx so that v = tan x. This gives you the following:

J.sec2 xsecxdx
=secxtanx— Jtan x(sec xtanx)dx
=secxtanx —J‘tan2 xsecxdx
Now use an identity to get
secxtanx — J-tan2 xsecxdx
= secxtanx—j(sec2 x—l)secxdx

= secxtanx—J.secg'xdx+Jsecxdx

Answers
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Set this expression equal to the given integral:

'fsecsxdx = secxtanx—_[sec3xdx+jsecxdx

After evaluating '[secxdx on the right side of the equation, you get

jsec3xdx = secxtanx—JsecSxdx+ln|secx+tanx|

Add jsec3 x dx to both sides of the equation and then divide by 2 to get the solution:

l(secxtanx+1n|secx+tanx|)+C

Jsec3xdx =3

9’2. -secx—tanx+ C

The given integral is
dx
sinx -1

Begin by multiplying the numerator and denominator of the integrand by the conjugate
of the denominator. Recall that the conjugate of (a - b) is (a + b). In this case, you mul-
tiply the numerator and denominator by (sin x + 1):

J( 1 (sinx+1))dx

(sinx-1) (sinx+1)

J‘smx 1

sinx+1
= de
sin®x -1
Now use the identity sin?x — 1 = —cos?x and split apart the fraction to further simplify
the integrand:

sinx+1 fsmx+1d
sin?x — l cos®x
:_J( sm2x + 12 )dx
cos’x cos’x
= _[ sinx +sec?x |dx
COSX COSX

= —[(tanxsecx +sec® x )dx
I( )

=—(secx+tanx)+C
=—-secx—tanx+C

Answers
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913. %sec (4x)—%sec (4x)+C
Here’s the given integral:
J.tan3 (4x)sec®(4x)dx
Begin by factoring out sec(4x) tan(4x):
J.tan2(4x) sec’(4x)(sec(4x)tan(4x))dx
Then use a trigonometric identity to arrive at
j(secz (4x) - l)sec4(4x) (sec(4x)tan(4x))dx
Now use the substitution u = sec(4x) so that du = 4 sec(4x) tan(4x) dx, or

%du = sec(4x)tan(4x)dx. Using these substitutions, you now have
%J(uz —l)u“du
= %I(uﬁ —u4)du

28 s=sec’(4x)— 90 S€¢ S(4x)+C

Nxi+4 +x

2

9 ’4‘ In

+C

The given integral is

J‘ dx
Jx*+4
Start by using the substitution x = 2tan so that dx = 2sec” 0d6. Using these
substitutions in the integral, you get the following:

-[ 2sec’6

\ /(2 tan6)*+4

25ec 0

‘/ tan® 9+1

_[ 2sec 9
Jdsec?

23ec 0
23ec0

= jsec 6de

=In|secO+tand|+C

Answers
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From the substitution x =2tan6, you get X _ tan@, from which you can deduce that

2
2
_vx2+423eC9_ (To deduce that ¥X_t4

5 5 — = secO, you can label a right triangle using

% =tan® and find the missing side using the Pythagorean theorem.) Using these

values, you get

T‘
NN

X

In|sec6+tand|+C =In

X
+2+C

2
xi+d+x
2

=1In +C

915.

ooy
N

Here’s the given integral:

V22 42
—=——dx
IO }l _ xZ
Begin by using the substitution x = sinf so that dx = cos0d6. You can find the new

limits of integration by noting that if x = g, then % =sin6 so that % =0, and if x = 0,
then 0 =sind so that 6 =0:

.2
.[ /4 sin” 8 cosBO dO =,[0 /4sin20d0

o 1-sin?06

9’6. m+C

Here’s the given integral:

I x);—l dx

Use the trigonometric substitution x = sec so that dx =secOtan6do:
J‘ secf
Jsec?@ -1
_ rsec’@tan6do
- f Jtan®6
= fsec2 6de
=tan6+C

secHtan6 do
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From x = sec#, you can deduce that tan8 = /x* —1. (To deduce that tan9 = vx* -1,
you can label a right triangle using % =sec@ and then use the Pythagorean theorem

to find the missing side.) Therefore, the solution becomes
tan@+C =VJx*-1+C

Note that you can also solve the problem with the substitution u = x* - 1.

9’7. —E+C

X

The given integral is

1
—dx
'[xlel +x?

Begin with the trigonometric substitution x = tan@ to get dx = sec?0d6, which gives
you the following:

sec’0df sec? 9 46
J. 2 \/ 2 _.[ 2 \/ 2
tan“ 6+/1+tan“0 tan” 0+/sec” 0

I sec9 de
tan’ 60

_J' COS
cos O sin 9

cos6
sin@ sme

= fcotecscede

=—-cscO+C

2

[ 2
From x =tan#@, you can deduce that csc6 = 1-;)( . (To deduce that csc = 1;){

you can label a right triangle using % =tan# and then find the missing side using the

Pythagorean theorem.) Therefore, you get the following solution:

\/1‘;)( +C

—csch+C =

918. 1Jx*-16

16 X

The given integral is

1
——dx
J.XZ\/X2 —-16

Begin by using the substitution x =4sec6 to get dx =4sec6tan6 do. Substituting
these values into the original integral, you have

Answers
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J‘ 4secOtanf
(4sec)?(4sec)? -
=f 4secOtan6
(4secH)*16sec’0-16
4secHtanf
(45ec9)2\/16(sec20—1)
zf 4secftand
4zsec29\/16(tan29)
ZJ‘ 4secOtan6
4% sec’6(4tan@)
_ 11
" 42 ) seco 0

= i_"cosede

dao

=Esm9+C

From your original substitution, you have % =sec. From this, you can deduce that

[2 Jx? =
sinf = XT_IG (To deduce that sinf = XTIG, you can label a right triangle using

% =sec0 and then use the Pythagorean theorem to find the missing side.) Therefore,

the solution becomes

2
—sm9+C—l—“x_16+C
16 16 X

Here’s the given integral:

IW dx
Begin by using the trigonometric identity x = 3sin0 so that dx =3 cos6do:
J( J9-9sin0 ) 3cos0do
= QJ\/I—STZQ cos6do

=9[cos* 0 do
Now use an identity to get
j% (1+cos(20))do
( sm 260 )

-9p
2
g( 231n9c059)+c

l\D

:%( +sinfcos0)+C
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From the substitution x = 3sin6, you get % =sin#, so you can deduce that sin' £ =9

3
J9 — x2 f 2
and that cos6 = e 3 X (To deduce that cos8 = 9 5 X_ you can label a right triangle

using % =sin6 and then find the missing side with the Pythagorean theorem.)

Therefore, the solution becomes

%(9+sin90059)+€

9 i x ., x[V9-x7
—z[sm 3+3[ 3 J}—C

_ 9 gint X 4 Xx¥9-x*
—z(sm 3+ ]+C

920. (st (520 + 512547 )+ C

Start by rewriting the given integral:

J.\/1—25x2a’x = J\/l—(Sx)de

Now you can use the substitution 5x = sin6 to get x = Lsing and dx = 1coso de.

Substituting these values into the integral, you get >
fm % cos0do
= % J\/cos—ze cos0do
= %jcos2 0 do

Then you can use the identity cos®6 = %(1 +c0s(260)) to simplify the integral:
%jl (1+cos(20))do

j (1+cos(20))d6

(9 +1 sm(29)) +C

(9 +5 251n9c059)+C

(9+sm0cos(9)+C

ol’—' ol’—‘ ol’—‘ ol

From the substitution 5x = sinf, you can deduce that sin'(5x) = 6 and also that
c0s0 =+/1-25x2. (To deduce that cos@ =+/1-25x7, you can label a right triangle
using 51x =sin® and find the missing side of the triangle with the Pythagorean

theorem.) Using these values, you get the solution:

%(9+sin9cos@)+€

1O(sm (5x) +5x1-25x2 )

Answers
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2
n| N =NT=x" | ~

921.

The given integral is

J‘ dx
X7 - x?
Begin by using the substitutions x = /7 sin6 and dx =+/7 cos0d6:
,[ V7 cos0db
J7sin6+7-7sin%0

_ cosf do
J sin9\/7 1 —sin? 9)

f cosf

sin0+/7 cos’

J‘ cosf
sin0+/7 cos 9

:fjsine defjcscede

:Lln|csc9—cot9|+C

Nid
From the substitution x = /7 sin@, you get 2= = sin6, from which you can deduce that

N
[ 2 / 2
V7 7—Tx (To deduce that cotf = 7 ;x

- cscO and also that cot6 =
a right triangle using % =sin@ and find the missing side of the triangle with the

, you can label

Pythagorean theorem.) Using these values, you get the following solution:

VT —NT—x2
X

Lln

c
Nd +

922. (sin’l(x\/g)+x\/m)+6'

1
25
Rewrite the integral with a radical sign:

I\/I—szdx =J.,/1—(x\/§)2dx
1

Now begin by using the substitution x+/5 = sin#, or x = —=sin@, so that

d 0do: v
Ix = \/gcos

Answers
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j\/lT( cos@d@]

= EJ‘COS 0do

_1r1

_TIE(1+COS(29))(1’9
sin260

2\/_(9+ 5 )+C

_ 2sinf cosf

—2\/5(9+ 5 )+C

=ﬁ(9+sin9cos@)+€

From the substitution x+/5 = sin#, you can deduce that sin™ (x\/g ) =0 and that

cos0 =+/1-5x2. (To deduce that cos6 =+/1-5x?, you can label a right triangle using

x5
1

Therefore, the solution becomes

(sm 1(x\/_)+x\/_\/1 5x* )

=sinf and find the missing side of the triangle with the Pythagorean theorem.)

2J—
2\/_(51n 1(x\/§)+x\/5—25x )+C
923. 13- 9—x* +C
3 7 |x X

The given integral is

j dx
x/9-x?
Begin by using the trigonometric substitution x = 3sin6 so that dx =3cos6do:

I 3cosf do

3sin0+/9-9sin®6

:J‘ cos0do do
sin9\/9 1—sin29)

_J cos0do

3sinf+/cos® 6

=§fcscé)d0

=%ln|csc9—cot9|+€

From the substitution x = 3sin, you can deduce that cscf = % and that

f 2 fo_ 2
cotf = 9_—’(. (To deduce that cotf = 9 xx , you can label a right triangle using
X

% =sin0O and find the missing side of the triangle with the Pythagorean theorem.)

Therefore, the solution becomes

1,03 _¥9-x*
3 |x X

Answers
901-1,001

+C




Answers
901-1,001

54 4 Part Il: The Answers

2

924- %[sec1£—2—“xx22_4j+C

The given integral is

Begin with the trigonometric substitution x =2sec so that dx =2sectanf do:

(\/4sec20—4)25ec9tan9d9

-[ (2sech)’
(2\/tan2 0 )23ec0 tano do

8sec®o
2
_1lrtan”0 4

- 2Jgec?o

.2
=% ?£—22(cos20)d9

=%jsin29d0

Now use an identity to get
%J%(l—cos(%))d@

=l(9—5in29)+C

4 2
-1(p_2sinfcos@
—4(9 5 )+C

=%(9—sin00050)+C

2
From the substitution x =2sec6, you can deduce that sec™! % =6, sinf = X , and

cosf = % (To find the values of sinf and cos 8, you can label a right triangle using

% =sec6 and find the missing side of the triangle with the Pythagorean theorem.)

Therefore, the solution becomes

%[sec—g_[@](z)}c

X X
[ 2

:l Secfli_u +C
4 2 x?2

925. %(sin’l(x2)+x2\/1—x4)+C
The given integral is

J.xle—x“dx = Jx 1-(x*)*dx
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Begin with the substitution u = x* so that du = 2x dx, or %du = xdx:
J% J1-u?du

Now use the substitution u = sinf so that du =cos6do:
%Nl—sirﬁ 0 cos0do
_1 2
=95 jcos 0do
_1rl
= 2j2(1+cosze)d9

_1 sin26
_4(9+ 5 )+C

_1 2sinf cosf
_4(9+ 5 )+C

:%(6+sin9cose)+C

From the substitution u = sin@, you can deduce that sin™ u =6 and that cos9 =+/1-u?.
Therefore, the answer is

%(9+sin9cos@)+€

=l(sin'1u+u\/1—T)+C

4

l(sin’l(xz)+xz\/1—x4 )+C

4

926. ln|\/§+1‘

Here’s the given integral:
J'”/Z sint

J1+cos?

First begin with the substitution u = cos t, which gives you du = —sin tdt, or —du = sin tdt.
You can also compute the new limits of integration: If ¢ = 2, then u= COS( 5 ) =0, and
if t = 0, then u = cos 0 = 1. Substituting these values into the integral gives you

0 1 1 1
- du= du
J‘l \/l+u2 J‘O \/1+u2
Next, use the trigonometric substitution u = tan, which gives you du = sec? 6 d.

You can again find the new limits of integration: If u = 1, then 1 =tan6 so that % =0,

and if u = 0, then ( = tan @ so that 0 = 6. Using these values, you produce the integral

J‘”/4 sec? d

J1+tan®
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Now use a trigonometric identity and simplify:

J”/“ sec’0

do
Jl+tan?6

=f”/4 sec’6 do

\/SEC

= fo /4sec9 do

/4
= (ln|sec:9+tan9|)|0
= (ln sec%+tan£

=In|\2 +1|~In[1+0|
=In|\2 +1]

—ln|sec0+tan0|j

92 7. Jx*-l-sec'x+C
Here’s the given integral:

I_\/xi—l dx

Begin with the substitution x = sec so that dx =sec6tan6do:

/ 2
JLg_lsecetane do
secO
= J\/tanz 0 tan6 do
= Jtan2 0do
Next, use an identity and integrate to get
[(sec’0-1)d0 =tano -6 +C

From the substitution x = sec@, you can deduce that sec™’ x =6 and that tan9 =vx* -1
to get the solution:

Vx?-1-sec'x+C
928.

v|&

The given integral is

2 1
———dx
.[1 X2 /xz 1
Use the trigonometric substitution x = sec9 so that dx = sec6tanfd6. You can find the
new limits of integration by noting that if x = 1, then 1=sec8 and 6 =0 and that if x = 2,

then 2 = sec6 and 0 = Z. With these new values, you get

3

Answers
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-"”/3 secftanf _ J'”/3 tand g
0

0 sec?O+sec?O— sec 9\/tan

/3
- -[0 sec9
= J.”/s cos0do

/3

=(sin6)|;

=sinZ —sin0
3

_3
2

929. gEaen(3)ee

Start by rewriting the denominator with a radical:

J 3/2 _J( )

Use the trigonometric substitution x =2sin6 to get dx =2cos6 df. These substitutions
give you the following:

(4—

J-(Zsm@) 2cos0do J-Ssin29c059d9
(\/4 4sin® 9) (2\/C0829)3

jsm >0 cosb de
cos’®0

=_[tan 0do
= [(sec*0-1)do
=tan6-0+C

From the substitution x = 2sinf, or £ =sin0, you can deduce that sin™ ( 5 ) 6 and

2
that tang =
\/4 —x?

. (To deduce that tan@ = —%—, you can label a right triangle
using % =sin0 and then find the missing side with the Pythagorean theorem.)

Nz
Therefore, the solution becomes

tan0-0+C =

—sin’1(§)+C

x
4 —x?

Start by rewriting the integrand:

J.xzx/4x2—16 3 fxz,/(zx)2—42 *
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Use the substitution 2x =4sec, or x =2secf, so that dx =2secOtan0doO:
2secHtanfdo
J‘(ZSece)z\/(4 sec)? -
2tan6do
4sec9\/16(sec20—l)
_f 2tan6do
- 4sec9\/16(tan29)

:%jcosede

_ 1.
—851n9+C

From x =2sec®, or % =sec, you can deduce that sin6 =

Jx? -4
> 2 X
x“ -4

, you can label a right triangle using % =sec6 and then find the missing

. (To deduce that
sinf =

side of the triangle with the Pythagorean theorem.) Therefore, the solution becomes

2
Lsino+c =l[—vxx_4]+C

8 8

. 6+x2)"
931 W—IG\/16+X2 +C

Here’s the given integral:

3
X
—=——dx
J Jx? +16
Begin with the substitution x = 4tan6 to get dx = 4 sec? 6 d6. Substituting this value
into the original integral gives you the following:
,[ (4tan0)?

J(4tan6)* +16

4 tan Osec’6

,/16 tan 9+1

— 44 tan® 0 sec’ 0 do
16(sec’0)

4sec’0do

_44ftan’Osec’H
_4-[ 4sech 0

= 43Itan OsecOdo

Now factor out tanf and use a trigonometric identity along with a u-substitution:
43_|‘tan2 ftané secH do

:43J’(sec2 0 —1)5ec9tan9d9
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932.

1
5

Let u =secO to get du =secOtan6 df. Using these values in the integral, you get
3
43f(u2 —l)du = 43(%—UJ+C
=43(%(se00)3—se00)+C

From the first substitution, you get % =tan®, from which you can deduce that

2 / 2
V16 +x" _ sec . (You can find the value 16% =sec by using a trigonometric

4
identity for tangent and secant.) Inserting this value into the preceding equation and

simplifying a bit gives you the answer:

3 [\/16+x2 J3_43[\/16+x2 J+C

4
3 4 4

3
MEe) e

3
(16+x2)"

= _ 7 _16J16+x%+C

3

(1+x2)5/2—2(1+x2)3/2+\/1+x2 +C

3

Here’s the given integral:
5

J.x dx

x?+1

Begin with the substitution x = tan@ so that dx = sec> 6 d6:

j(tan(?)sseczede

= |tan® 0 secHdo
Jtan?0 +1 '[

= Jtan“ OsecOtan6 do

Next, use an identity to get
J.(tan2 0)2 secftan6 do

=_|’(secr"6—1)2 secOtan6 do

Now use the substitution u = sec so that du =sec6tanfdo:

I(uz—l)zdu
:j(u4 —2u2+1)du
=%5—%+U+C

=%(sec9 5 —%(s.ec@)3 +secO+C
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From the substitution x = tan6, you can deduce that secd =+/1+ x” to get the solution:

l(\/1+x2 )5—%(\/1+x2 )3+\/1+x2 +C

5
=%(1+x2)5/2 —%(1+x2)3/2 +1+x% +C

Note that you can also do this problem starting with the substitution u =+/x? +1
and a bit of algebra.

933, w[t21.220)

The given expression is
3
_[0 x*x? +9 dx

Let x = 3tan6 to get dx = 3sec’ 0 d6. You can also find the new limits of integration by
using the original limits along with the substitution x = 3tan8. If x = 3, you get 3 = 3tan09,

or 1=tané, so that%=9. Likewise, if x = 0, you get 0 = 3tan 0, or 0 =tané, so that 0 =40.

Using these substitutions and the new limits of integration gives you the following:

_[0”/4 (3tan9)3\/m(35ec2 0)do

= [ (3tan6) P(tan’0+1) (3sec’0)do

= f;/4(3tan9)33\/sec—29(35ec2 0 )dG

= J:M?)S tan® 0 sec® 60 do

Now factor out secftan6 and use a trigonometric identity:

_[;/4 3°tan® @ sec’® 0 do

= .[0”/435 tan” 0 sec” @ secd tand do

= 10”/435 (sec2 06— l)sec2 0 sectand do

Use the substitution u = sec6 so that du =sec6tan6 d6. You can again find the new
%, you get u = sec% = % =2, and with 6 =0, you get
u = sec 0 = 1. Using the new limits and the substitution, you can get the answer as follows:

BSJIﬁ(uz —l)uzdu

= 35fﬁ(u4 -u*)du

limits of integration; with 6 =
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934. %(sin‘1(3c3)+x3\/1—x6 )+ C
Start by rewriting the integrand:
_[xz'\/l—xﬁdx = Ixz 1-(x*)%dx

Use a substitution, letting w = X%, to get dw = 3x%dx, or
values into the integral gives you

J.xzﬂll—(xrj)zdx = J.%\/l—wzdw

1
3

Now use the trigonometric substitution w =1sin68, which gives you dw = cos6 d6.

Using these values in the integral gives you the following:
'[%\/1 —sin’0 cos 0 do
= %J\/cosz 0 cos0do
= %jcos2 0do

Now you can use the identity cos?6 =

N[ —

1[5 (1+cos(20))do
= & [ (1+cos(20))do

~1llgilg
= 6(9+251n(29))+C

—1llgilog;
= 6(9+2251n0c039)+C

=%(9+sin90059)+C

From w = sin8, you can deduce that sin™' w =6 and that cos0 = +1-w?. (Note that
you can find the value for cos6 by using an identity for sine and cosine.) Substituting

these values into the integral gives you

l(sin‘1 w+w\/1—7)+c

6

Replacing w with x® gives you the solution:

l(sin’l(x‘g) +x3J1-x® )+C

6

935. %[%]c

Rewrite the denominator as a radical:
j dx _ J‘ dx

(7—63{—)(2)3/2 B (m)s

Now you complete the square on the quadratic expression:

dw = x*dx. Putting these

(1+cos(20)) to rewrite the integral:
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7—6x—x*=-x*-6x+7
=—(x*+6x)+7
=—(x2+6x+9)+7+9
=—(x+3)*+16
=16—(x+3)*
So the integral becomes

dx
IN=ers)

Now use the substitution (x +3) =4sin6, which gives you dx = 4 cos0 df. Substituting
these values into the integral gives you

Jv 4cos0do _f 4cos0do
3 3
(Vi6=(asin6)? ) ( f6(1-sin’0) )
4cos6do
- ), ——3
(4\/cos2 0 )
_ J- 4cos0do
43cos®0
1 1
=—= do
4?2 -[cos2 i]
= %Jsec2 0do
= %tan@ +C
From the substitution (x +3) =4sin6, or let 3 sin6, you can deduce that
tan6 = x—+3. To deduce that tanf = x—+3’ ou can label a right triangle
N7 —6x — x? ( NT—6x — x? Y & 8
using X :; 3 _ sin0 and then find the missing side with the Pythagorean theorem.)

Therefore, the solution is
1/ x+3  |,c
16 N7 -6x —x?

x+2-2

Ixt+4x+2

Here’s the given integral:

936. 2,

5 +C

.[ dx
x*+4x+2
This may not look like a trigonometric substitution problem at first glance because

so many of those problems involve some type of radical. However, many integrals that
contain quadratic expressions can still be solved with this method.
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First complete the square on the quadratic expression:
x?+4x+2= (x2 +4x)+2
=(x*+4x+4)+2-4
=(x+2)*-2

So the integral becomes

j dx :j dx
(x2+4x+2) (x+2)*-2
Use the substitution (x +2) = /2 sec@, which gives you dx = +/2 secd tan6 df. Putting
this value into your integral yields
J- dx _ V2 secOtan6do
((X+2)2_2) ((x/fsece)z—z)
_J\/Esecetanede
- (ZSec2 0—2)
_J\/—secetanedﬂ
( (sec 60— 1))
_J\/—secetanede
(2(tan 0))
:Qj-secede

tan@

secd __1 cosf
tanf cos@ sin6

\/—Isecede = \/_Jcscede

tan6

Because

=csc6, you have

:§ln|csc9 —cotf|+C

From the substitution (x + 2) 2 seco, or ~=—=2 (x+2) _ =sec6, you can deduce that
_ 2
X+2 \/_
Nxt+4x+2 xZ+4x+2

and cot 0, you can label a right triangle using (x\/;_Z) =sec@ and then find the missing

csch = and that cotf = (To deduce these values for csc6

side using the Pythagorean theorem.) Putting these values into the antiderivative gives
you the solution:

J— X+2 V2
In +C
\/x +4x+2 \/x +4x+2
=£ln _x+2-42 +C
2 xZ+4x+2
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937. =

You can begin by rewriting the expression underneath of the radical to make the

required substitution clearer:

jm 39— 4x?dx j

Use the substitution 2x = 3sin6 to get x =

the new limits of integration by using the original limits of integration and the
3

substitution. If x =
0=3 51r19 so that 0 =sin®, or 0 = 0. Using this information, you can produce the

followmg integral:
/2

Iz

- f 2

|

35

35

Tt

35

24

Now use the substitution u = cos8 so that du = —sin9 d6f, or —du =sin6 d6. You can
again find the new limits of integration: If 6 =% then u = cos £ = . Likewise, if 0 =0,

then u = cos 0 = 1. Using the substitution along with the new limits of integration, you
get the following (recall that when you switch the limits of integration, the sign on the
integral changes):

—jlo(l—uz)uzdu
35
T2tk
35
24

35

2t
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= then

—u? )u2du

J (u -u )du

Now you have the following:

(-t

_3

2 2

3
sin@) 9—(3sinb)? 30059d9
4
| sin*0,p(1-sin"6) coso do
4
) JO 2 sin? 0/9cos?6 cos6do
*sin®0 cos? 0 do
/2 . o 2 .
f sin“ 6 cos” 60 sinO do

J'”/z(l cos 9)005 0sin6 do

§sinG so that dx =< cos0d6. You can find

sin®, or 1 =sin®, so that £ = 0. Likewise, if x = 0, then




938.

_3)T+6x—x°
SSin’l(xZ3)+(x ) 2+ Y Lc

Here’s the given integral:

J 7+6x—x2dx

First complete the square on the quadratic expression underneath the square root:
T+6x—x"=-x>+6x+7
=—(x?—6x)+7
=—(x*-6x+9)+7+9
=—(x-3)*+16
16— (x -3)?

Therefore, you have the integral
[NT+6x—x*dx = [ 16 - (x-3)"dx

Now you can use the substitution (x —3) =4sin8, which gives you dx =4 cos6 do.
Substituting these values into the integral gives you

j,/16—(x—3)2dx

= [J16-(4sin0)*4cos0 do

=j /16(1—sin29)4cosede
= J\/16cosz 04cos6do

= 16jcoszed9

Then use the identity cos®6 = %(1+cos(20)) to simplify the integral:

16[cos?0.d0 =16 1 (1+cos(20))d6
=8[(1+cos(20))d0
=8(0+%sin(26)))+€
=8(9+lzsin9cose)+c

2
=8(0+sinfcosO)+C

From the substitution (x —3) =4sin6, you get &~ Z 3 —sin6 and sin™ (XT_B) =0.You
NT+6x—x® x-3
4 4
then finding the missing side of the triangle with the Pythagorean theorem. Putting
these values into the antiderivative gives you the solution:

s sin-l(x—3)+(x—3)(m] v

=sin6f and

can deduce that cos6 = by labeling a right triangle using

4 4 4

Ux—3\ (x=3)7+6x—x?
( 7 )+ 5 +C

=8sin”
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939.  -L(16-x*)"+1(16-2*)" +c
Here’s the given integral:
fx3\/16—x2dx

Start with the substitution x =4sin6 so that dx = 4 cos0 df. Substituting these values
into the original integral, you get the following:

[(45in0)* /16— (4sin6)* 4cos0 do
= J(4sin9)3m4cosede
= J(4sin9)3\/w(1—T2(9)4c050d9
= [(45in0)*16cos? 0 4cos0 do
= J43 sin® 0(4cos0)4cosh db
= 45_[sin3 6 cos® 0 do
Now factor out sinf and use a trigonometric identity along with a u-substitution:
45'|.sin2 6 cos® 0sin@ d
= 45_[(1 —cos®6 )Cos2 0'sin6 do
With u = cos 0, you get du =—-sinf8d6, or —du = sin0d@. Substituting these values into
the integral gives you
—45_[(1—112 )uzdu
= —45f(u2 ~u' )du

(v’
—4[3 5)+C

:_45[@029)3 ~ (cosSG)5 J+C

From the original substitution, you have % =sin6, from which you can deduce that

16 — x? V16 — x?

7 =cos0. (To deduce that 7

% =sinf and then find the missing side with the Pythagorean theorem.) With these

values, you arrive at the following solution:

_£(\/16—x2 J3+£[\/16—x2 ]5+C

=cos6, you can label a right triangle using

3 4 5 4

5/2

(16-x*)"" a5 (16-x)
4° 4°

45
? 5 +C
=_§(16—x2)3/2+ (16-x*)"" +C

1
5
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A, B . C., D E
9401 x+x2 +x3+(x+1)+(x+1)2

The given expression is

4x+1
x3(x+1)?

Notice that you have the linear factor x raised to the third power and the linear factor
(x + 1) raised to the second power. Therefore, in the decomposition, all the numerators
will be constants:

_dx+l _A,B.C, D _, F

e+ x x2 x* (x+D (x+1)?

941. A, B , Cx+D

x-1 x+1 x%41

The given expression is
2x
x* -1
Begin by factoring the denominator completely:

2x  _ 2x _ 2x
x'=1 (x*-1)(x*+1)  (x=D(x+D(x*+1)

In this expression, you have two distinct linear factors and one irreducible quadratic
factor. Therefore, the fraction decomposition becomes

2x A + B +Cx+D

(x-D(x+D(x?+1) X=1 x+1" x*+1

942. A, B ,Cx+D, Ex+F ., Gx+H
X (x41)” X745 (x245) (x?+5)

Here’s the given expression:

_ Sx’+x-4
2( .2 3
(x+1D (x + 5)
In this expression, a linear factor is being squared, and an irreducible quadratic factor
is raised to the third power. Therefore, the fraction decomposition becomes
5x*+x—4
(x+1)2(x2 +5)3
_ Ale B . +Cx2+DJr Ex+F2 + Gx+H3
X+ (x+1) x°+5 (x2+5> (x2+5)

943, A4Bu Cou Doy £ B
X oxt (x=1) (x-1)" (x-1)° x7+17
The given expression is

4x>+19
xz(x—l)s(x2 +17)
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In this example, you have the linear factor x that’s being squared, the linear factor (x - 1)
that’s being cubed, and the irreducible quadratic factor (x* + 17). Therefore, the fraction
decomposition becomes

4x*+19
x*(x-1)° (x2 +17)
A B C D E " Fx+G

HEEHM (x-1)? (x—l)3 x2+17

A . B  Cx+D, Ex+F
944. x-3 x+3" ;211 +(x’2‘:1)2

Begin by factoring the denominator of the expression:
3x*+4 _ 3x*+4
(x*-9)(x*+2x" +1)  (x=3)(x+3)(x*+1)’

In the expression on the right side of the equation, you have the distinct linear factors
(x-3) and (x + 3) and the irreducible quadratic factor (x* + 1) that’s being squared.
Therefore, the fraction decomposition becomes
3x*+4 __A B _Cx+D ., Ex+F
2 Z_x—3+x+3+ 2 1+ 2 2
(x—3)(x+3)(x +1) X"+ (x +1)

945. )5, /é

x+2 X -

Start by performing the decomposition:

1 __A | B
(x+2)(x-1) x+2 x-1

Multiply both sides of the equation by (x + 2)(x - 1):

G+ DD ey = (OG- D )
1= A(x—1)+B(x+2)

Nowletx=1toget1=A(1-1)+B(1 +2)sothat1 =3B, or%=B. Also let x = -2 to get
1=A2-1)+B(-2 +2)sothat 1 =-34, or —

V3, 3

x+2x1x+2x1

3= A. Therefore, you arrive at

966,  2.-2x+1

x x%+1
Start by factoring the denominator:

x+2 __ x+2
x*+x x(x2+l)

Then perform the decomposition:

x+2 _A Bx+C
x(x2+1) x" x?+1
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947.

948.

_5_
x—3+

.

Multiply both sides of the equation by x(x? + 1):

x(x?+1) —x();:—il) :x(x2+1)(%+ iﬁ:f )

x+2=A(x*+1)+(Bx+C)x
Note that if x = 0, then 0+2 = A(O2 +1) +(B(0)+C)(0) so that 2 = A. Next, expand the
right side of the equation and equate the coefficients to find the remaining coefficients:
X+2=Ax*+A+Bx*+Cx
After rearranging, you get
Ox*+1x+2=(A+B)x*+Cx+ A

Now equate coefficients to arrive at the equation 0 = A + B; however, you know that
2=A s00=2+B, or -2 = B. Likewise, by equating coefficients, you immediately find
that C = 1. Therefore, the partial fraction decomposition becomes

x+2 _ 2 +—2x+1

x(x2+1) X x*+1

16
(x-3)*

Start by factoring the denominator:

5x+1  _ 5x+1
x2-6x+9 (x-3)*

Then perform the fraction decomposition:

Sx+1 __A B
(x-3)* x-3 (x-3)°

Multiply both sides of the equation by (x - 3)
(X_B)Z 5x+1 Z(X—B)Z[ A + B J

(x=3)’ x=3" (x-3)
5x+1=A(x-3)+B
By letting x = 3 in the last equation, you arrive at 5(3) + 1 =A(3-3) + B, so 16 = B.
By expanding the right side of the equation, you get
5x+1=Ax-3A+B

So by equating coefficients, you immediately see that 5 = A. Therefore, the fraction
decomposition becomes

Sx+l _ 5 16
(x-3) x-3" (x-3)

.

(x2+1) (x*+3)

Begin by factoring the denominator:

x*+2  _ x*+2
x*+4x*+3 (x2 +1)(x2+3)
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Then perform the decomposition:

x*+2 _Ax+B _ Cx+D
(x2+1)(x2+3) (x2+1) (x2+3)

Multiply both sides of the equation by (x? + 1)(x? + 3) to get
x*+2=(Ax+B)(x*+3)+(Cx+D)(x*+1)

Expand the right side of the equation and collect like terms:
x2+2=Ax>+3Ax+Bx*+3B+Cx*+Cx+Dx*+D
0x*+1x*+0x+2=(A+CO)x* +(B+D)x* +(BA+C)x+(3B+D)
Equating coefficients gives you the equations A + C=0,B+D=1,3A + C=0, and

3B+ D =2.Because A = -C, you get 3(-C) + C=0,s0-2C =0, or C = 0; that means
A =0 as well. Likewise, because B=1-D,youget 3(1-D)+D=2,5s03-2D =2, or

D= %; you also get B=1 —% = % With these values, you get the following solution:
x2+2 _ x2+2

xt+4x?+3 (x2+1)(x2 +3)

4

XP 45 (x245)

Begin by performing the decomposition:
x*+1 _Ax+B_ _Cx+D

(x2 +5)2 x*+5 (x"’+5)2

Multiplying both sides of the equation by (x? + 5)? gives you

2
(x2+5)2 X +12 :(x2+5)2 A)2c+B+ Cx+D2
(x2+5) xX°+5 (x2+5)
x*+1=(Ax+B)(x*+5)+(Cx+D)
Expand the right side of the equation and regroup:

x*+1= Ax® +5Ax +Bx* +5B+Cx+D
0x® +1x* +0x+1= Ax* + Bx*+(5A+C)x + (5B + D)
By equating coefficients, you find A =0,B=1,54 + C=0, and 5B + D = 0. Using A = 0 and

5A + C=0, you get 5(0) + C=0, or C = 0. Likewise, using B=1 and 5B + D = 1, you find
that 5(1) + D = 1 so that D = —4. Therefore, the fraction decomposition becomes

xel _ 1, -4
(x2+5)2 x*+5 (x2+5)2
1 4

TXH5 (x5
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950. x+5In|x-5|+C

The given integral is
_X
j ~_5 dx

Notice that the degree of the numerator is equal to the degree of the denominator, so
you must divide. You could use long division, but for simple expressions of this type,
you can simply subtract 5 and add 5 to the numerator and then split the fraction:

[ ae _J(x 5)+5
=j(x—:5+%)dx
=j(1+x§5)dx

Now apply elementary antiderivative formulas to get the solution:

j(1+ 5 )dx:x+51n|x—5|+C
x-5

957- %2—6x+361n|x+6|+C

The given integral is

2
-[ xx+ 6 dx

The degree of the numerator is greater than or equal to the degree of the denominator,
so use polynomial long division to get the following:

dx = I(x 6+ 366)dx

Jx+6

Then apply basic antiderivative formulas:

J.(x 6+-36_ )dx:

X°_6x +36In|x+6+C
x+6

2

952. %ln|x+4|+%ln|x—5|+€
The given integral is

J (x+4)(x 5y &

First perform a fraction decomposition on the integrand:

x=3 -_A | B
(x+4)(x-5) x+4 x-5
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Multiplying both sides of the equation by (x + 4)(x - 5) and simplifying gives you

(x+4)(x—5)(%] (x+D)(x- 5)( B )

x+4 " x5
x-3=A(x-5)+B(x+4)
Now you can find the values of the coefficients by picking appropriate values of x and
solving the resulting equations. So if you let x = 5, youget 5-3=A(-5) + B(5 + 4), or

2 = 9B, so that % = B. Likewise, if x = -4, then you get -4 -3 = A(-4 - 5) + B(-4 + 4), or

-7 = A(-9), so that % = A This gives you

_ A B
dx—j(—x+4+—x_5)dx

=_[ % ﬁdx

x+4x5

-3
I(x+i)(x—5)

Applying elementary antiderivative formulas gives you the solution:

%ln|x+4|+%ln|x—5|+€

953. m[@]

3

The given expression is
5
'f 21 dx
4 x° -1
First factor the denominator of the integrand:

1 _
x?-1 (x+D(x-D
Then perform the fraction decomposition:

-_A B
(x+D(x-1) x+1 x-1

Multiplying both sides of the equation by (x + 1)(x — 1) and simplifying gives you

_ 1 _ _ A B
(x+D)(x D(—(Hl)(x—l) j_ (x+D(x 1)(—X+1 +_x—l)
1=A(x-1D)+B(x+1)
Now you can solve for the coefficients by picking appropriate values of x. Notice that if

=1,youget1=A(1-1)+B(1 +1)sothat 1 = 2B, or % = B. Likewise, if x = -1, you get

1= A(—l —1) + B(-1 + 1) so that 1 =-24, or 7 = A. This gives you
5 —_
=== oD |

5 A B
_-[(x+1 X — l)dx

g E
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1 5
o -
L _x+/21+x—1 dx:(—%ln|x+1|+%ln|x—l|)‘4

5
=%(ln|x—1|—ln|x+1|)‘4

_1x-1
‘21“‘x+14
_1(y.|5=1]_;.|4=1
=2 1r1‘5+1 l“‘4+1D
12—l

=3 ln‘g‘ ln‘s‘)

2

—_
o
—_

—_— T N/ NN
~— —
5
P
= o3
=

954.  snjx+1-2osc

The given integral is
23x +5 gy
x“+2x+1

Begin by factoring the denominator:

3x+5 _ 3x+45
x2+2x+1  (x+1)°

And then perform a fraction decomposition:

3x+5 __A B
(x+D?* x+1 (x+1)?

Multiplying both sides by (x + 1) gives you the following:
+1 2 3X+5 — +1 2 A + B
Gl Gy Y T oy
3x+5=A(x+1)+B

Expanding the right side and equating coefficients gives you 3x + 5 = Ax + (A + B) so
that A = 3 and A + B = 5; in turn, that gives you 3 + B = 5 so that B = 2. Now you have

23x+5 dx=j A ,_ B > ldx
x*+2x+1 x+1 (x+1)

_ 3 2
= J'[m+ i D) de
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Applying elementary antiderivatives gives you the following:
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For the first term in the integrand, simply use an elementary antiderivative:
J.xidx =3In |x + 1| +C. For the second term in the integrand, use a substitution on

+1
J (x _::’1)2 dx where u = x + 1 so that du = dx. Using these values gives you
j%du = 2J.u'2du
u
-1
= 2 u—_l + C
==2,¢C
u
__ 2
- x+1+C

Therefore, the answer is

I[LJF 2 ,de=31n|x+1|—%+€

x+17 (x+1)?

Note: You can also evaluateJ. 3x +15 dx with the substitution u = x + 1 so that du = dx
andu-1-= X+ )
955. —+x+—ln|x 3| ln|x+2|+C

2

The given expression is
-6x+5 dx
x*-x-6

The degree of the numerator is greater than or equal to the degree of the denominator,
so use polynomial long division to get the following:

x’—6x+5 _6x+5dx J. x+1+—2x+11 dx
x*-x-6 x“—-x-6
Next, perform a fraction decomposition:

x+11 __A | B
(x-3)(x+2) x-3 x+2

Multiply both sides of the equation by (x — 3)(x + 2):
x+11=A(x+2)+B(x-3)

If you let x = 2, you get 9 = B(-2 - 3) so that —% = B. And if you let x = 3, you get

14 = A3 + 2) so that % = A. With these values, you produce the following integral:

14 -9
f(x+l+%116jdx Ix+1+ /5 /5 dx

x3x+2

To integrate, use basic antiderivative formulas to get

14 _9
/5 /5 dx—— 14ln|x 3|- ln|x+2|+C

j x+1+ 5
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81n|x|—4ln|x2 +1|+C

The given expression is

-[x38+xdx

First factor the denominator of the integrand:

8 _ 8
x*+x x(x2+1)

And then perform the fraction decomposition:
8 A, Bx+C

x(x?+1) X x?+1

Multiply both sides by x(x? + 1) and simplify to get
x(x2+1) =8 |=x(x2+1)[ A4 Bx+C
(et o) gy [ o+
8=A(x*+1)+(Bx+C)(x)
Expanding the right side, rearranging terms, and rewriting the left side yields the
following:
8=Ax?+A+Bx*+Cx
8=(A+B)x*+Cx+A
0x*+0x+8=(A+B)x*+Cx+ A

Equating coefficients gives youO=A4 + B, 0=C,and 8 =A. Using8=Aand0=A + B
gives you 0 = 8 + B, or -8 = B. These values give you the following integral:

[ j(A+B§_+C]dX
X" +x X x“+1

=J'[§+ —28x de
X x“+1

To evaluate the first term in the integrand, use elementary antiderivatives:

j%dx =8 ln|x| + C. To evaluate the second term in the integrand, use a substitution on
.[ —8x

x2+1
—4 gives you -4 du = -8x dx. Using these substitutions gives you the following:

jx—ffl dx=_[_—;1du

dx where u = x* + 1 so that du = 2x dx. Multiplying both sides of last equation by

=—4Inju|+C

:—4ln|x2 +1|+C

Combining the two antiderivatives gives you the solution:
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1943 .. 1 17
9517. g tan (%]—6()(2—13)+C

The given expression is

_6x*+1
x*+6x%+9

Begin by factoring the denominator of the integrand:

6x*+1  _ _6x*+1
x'+6x*+9 (x2+3)2

And do a fraction decomposition:

6x2+1 _Ax+B_ Cx+D
()c2+3)2 x*+3 (x2+3)2

Multiply both sides by (x? + 3)? and simplify:

2 b
(x2+3)2 6)2c +12 :(xz +3)2 A)§+B n Cx+D2
(x*+3) x“+3 (x2+3)
6x*+1=(Ax+B)(x*+3)+(Cx+D)
Expanding the right side, rearranging and collecting like terms, and rewriting the left
side gives you
6x*+1=Ax*+3Ax+Bx*>+3B+Cx+D

0x® +6x*+0x+1= Ax* + Bx* +(3A+C)x +(3B+ D)

Equating coefficients gives youA=0,B=6,34+C=0,and 3B+ D =1.Using3B+D =1

and B = 6 gives you 3(6) + D=1, or D =-17. From A = 0 and 3A + C = 0, you can conclude
that C = 0. So the original integral becomes

2 2
46X +21 dx:-[ 6x +12 dx
X" +6x°+9 (x2+3)

_ 6 =17
_.[ x2+3+(x2+3)2 dx

To integrate the first term in the integrand, simply use an elementary
antiderivative formula:

6 6
dx = dx
2 3 J 2 \/—32
6 -1 X
=3 tan'X +C
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Integrating the second term of the integrand is a bit more difficult. Begin by using a

—=17__gx with x = 3 tan0 so that dx =3 sec?0 do.
x*+3)

Using these substitutions gives you the following:
| 2—17 _dx = -17J3 sec’0 _do
(x +3) ((J_tane) )
2
_[_—17J3 sec Ozde

(3(tan29+1))

_ (173 sec? 9(19

9(sec 0)

trigonometric substitution:

_ —1g~/§ [(1+cos(20)) a0
- —17\/5 [(1+cos(20))a6

= _17*/— (9+ sm(26))+C

_ﬂ 1o
=13 (9+2251n9c059)+C

173 .
=g (6+sinfcos0)+C

Using the substitution x = /3 tan gives you % =tan6, from which you can deduce
that tan!| =< |=0, sin6 =—2X— and cos@ = V3 .
( 3 j Vx?+3 x*+3

So the antiderivative of the second term becomes

_17\/_ —r> (0 +sinfcosO)+C

__1175;/_[tan ( j+[\/xf+3 ](‘/’fig ]}rc

173 -1 V3
18 [tan (ﬁ) xx+3] e

Combining the two solutions gives you the answer:
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V3(63)
36\/§ -1 X 17\/§ o x 17x
=13 tan (ﬁ)_ 13 tan (ﬁj_fi(x2+3)+c
1948 o x ). 17x
=13 tan (\/gj 6(x2+3)+c

958. %ln|x+1|—%ln|x2—x+1|+§tan1(2’\(/§_lj+c

Begin by factoring the denominator:

1 1
dx = dx
Ix3+1 I(x+1)(x2—x+1)
Then find the fraction decomposition:

1 __A | Bx+C
(x+1)(x2—x+1) x+1 x*-x+1

Multiply both sides by (x + 1)(x? - x + 1), which yields
1=A(x*—x+1)+(Bx+C)(x+1)

Expanding the right side and collecting like terms gives you
1=Ax*—Ax+A+Bx*+Bx+Cx+C
0x*+0x+1=(A+B)x*+(-A+B+C)+(A+0)
Equating coefficients gives you the equations 0=4A+B,0=-A+B+C and1=A + C.

From the first of the three equations, you have A = -B, and from the third, you get
1-A=Csothat1 +B=C Using the equation 0 = -A + B + C with A = -B and with

1+ B=_Cgivesyou0=-(-B) + B+ (1 + B) so that —% = B, therefore, A =% and % =C.

With these coefficients, you now have the following integral:

1 3 3%*3
I(x+1)(x2—x+1)dx=-[ X+ 2 xrl



Next, complete the square on the expression x* — x + 1:
2 _(v2_ 1 1
X =-x+1= (x X+ 1 ) +1 1

([ 1)V .3
.{x 2)+4

Splitting up the integral gives you

1 1 2 1 1 2
= —ix+Z = —2x+%
J—3 3~ 3 dx:.[—3 dx+'[—3 3 dx
x+1 x2_x+1 x+1 2 3
(x—é) +3

Using the substitution u = x —5,you get du = dx and u +% =Xx so that

1,41 1 _l, 1102 e .
3(u+2) 3xand Uty = 3x+3.Usmgthesevaluesglvesyou
1 1 2
f 3 dx+f 3 23 dx
x+1 1 3
X—=| +35
(3] +
1 1 1
:Jidx+.[ 3 2 5 dx
x+1 ) 3
(w) +(2]
1 1,
_(_3 3 1 1
_J'—x+1dx+ju +§du+2 WG ~du
4 (v) +(2j
To evaluate the second integral, 3 —ugdu use the substitution w =u +zso that
+7
4

dw = 2udu, or — ; dw = —udu. This substitution gives you
171 __1
_E.[Edw =-% In|w|+C

-_1
= 6ln

—%ln|x2 —x+1|+C

u2+%‘+C

Therefore, the solution is

3 3 1 1

fx+1dx f idu+§f—\/§ 5 du
4 (u)2+(2)

lln|x+1| ln|x —x+1|+—[—tan (Tuj]

_1 1 V3 x
ln|x+1| ln|x x+1|+ tanl[ \/?:J
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\/x+ 1
\/x+ +1

Here’s the given problem:
J' L x
xJx+1

Begin by using the rationalizing substitution u=+vx+1sothatu?>=x+1,oru*>-1=x,
and 2u du = dx. This substitution gives you

959.

2udu
I(u B J(u D@D

Next, find the fraction decomposition:

__A | B
(u-D(w+l) u-1 u+1

Multiply both sides by (u - 1)(u + 1):
1=A(u+1)+B(u-1)
Notice that if u = -1, you get 1 = B(-2) so that 1. =B,andifu=1,youget1=A(2)so

2
that 1 5= = A. With these values, you get the following:

duzj/z /2du

u+l

1
2-[ (u-D(u+1)

=Inju-1|-Inju+1]+C

=In u_—l‘ +C
\/x +1 1
\/x +1+ 1
960. 2+In3
Here’s the given expression:
J‘gﬁdx
4 x-1

Begin by using the rationalizing substitution u = v/x so that u? = x and 2u du = dx.

Note that if x = 9, you have u = J9 =3, and if x = 4, you have u = V4 =2, producing the
following integral:

2
Lsu(fufdu:zjzsu glnltldu
u — u —
2 Ddu+2[ —L 4
=2, (Ddu+2[, 7y gy

Next, perform the fraction decomposition:

A | B

w-D(u+D) u-1" u+l

Answers
901-1,001



Answers and Explanations 57 ’

And multiply both sides by (u - 1)(u + 1) to get

1=A(u+1)+B(u-1)
Notice that if u = -1, you get 1 = B(-2) so that —% =B, and if u =1, you get 1 = A(2) so

that L 5 = A. With these values, you get the following:

2’ (1)du+2j /2 a2 du

u+l

—2(u+ 1 In|u-1|- ln|u+1|)‘

3
=(2u+1n‘ll_—1 j
u+l

2

(6+ln2 (4+ln:13))

=2+ln%—ln%
=2+ln%
96 7. 12(%/2+x;/3+x1/6+ln|x1/6—l|)+C

The given expression is

2
—=——dx
o
Begin by using the substitution u = x = x® so that u® = x and 6u° du = dx. Also notice
that u? = x!® and that u® = x/2. With these values, you produce the following integral:

j 6” ~du= 12j

(u 1)
= 12fﬁdu

Because the degree of the numerator is greater than or equal to the degree of the
denominator, use polynomial long division to get

12f s du=12 (u +u+1+—)du
[andu=12
Now use elementary antiderivative formulas to get the solution:

2 1
12J(u +u+l+m)du

3 2
12(%+”7+u+1n|u—1|]+c

2
IZ(XT'F X
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2/3 7/12 12 5/12 3 14 1/6
962. IZ(XS +x7 +XT+X5 +x4 +x3 +x2 +x1/12+ln|xl/12—l|)+c

The given problem is

1
I

Begin by using the substitution u = ¥x = x/* so that u!? = x and so that 12u!! du = dx.
Also notice that u* = x' and that u® = x/4. With these values, you produce the integral

12”11 3 u11
ju4 L du= 12j—u3(u_1) du

8
=12] (u”_l) du

Because the degree of the numerator is greater than or equal to the degree of the
denominator, use polynomial long division:

8
u
12j(u_1)du
=12J(u7+u6+u5+u4+u3+u2+u+1+ﬁ)du

Then use elementary antiderivative formulas to get the answer:

12I(u7+u6+u5+u4+u3+u2+u+1+—u1_1)du

(Wl et e _
—12(8+7+6+5+4+3+2+u+ln|u1|+C

2/3 712 12 5/12 3 1/4 1/6
:IZ(XT x7 +XT+X5 +XT+X3 +X2 +x1/12+ln|x1“2—1|)+c

e +4e* +4
e’ +1

963- In

+C

The given expression is

e2x
J‘de
e +3e"+2

Begin with the substitution u = e* so that du = e* dx:

u u
du = du
Iu2+3u+2 J(U+1)(U+2)
Then perform the fraction decomposition:

u -_A B
(u+D(w+2) u+l u+2

Multiplying both sides by (u + 1)(u + 2) gives you u = A(u + 2) + B(u + 1). If you let
u=-2,youget-2=B(-2+1)sothat 2 =B, and if u = -1, you get -1 = A(-1 + 2)
so that -1 = A. With these values, you have
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I(u+1+u+2)du

=—In|u+1|+2Inju+2|+C
=In|(u+2)*|~In|u+1]+C

u’+4u+4

=In +1

+C

2x x
nle +4e* +4

+C
e’ +1

964. convergent 1

2

Begin by rewriting the integral using a limit:

r 1 zdx:limJ‘a 1 5 dx
I (x+D a==Jdl (x4+1)

1
(x+1

substitutions gives you

First evaluate f

J‘#du = Ju’zdu

=-u'+C
_ 1
B x+1+C
Becausej 1 dx =- 1
(x+1)? x+1

infinity and the limits of integration:

NS BN G
tnn | (x+1)2dx":lz‘i‘3°[ x+1

)

Now evaluate the limit:

(1]
}11—>mw[ x+11]

“tim(__1 1
‘952( a+l+1+1)
(0.1

—(0+2)

:l

2
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) dx using the substitution u = x + 1 so that du = dx. Using these

+C, you have the following after replacing the limit at

Because the value of the integral is finite, the improper integral is convergent.
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965. divergent

Note that the function f(x) = \1/_ has an infinite discontinuity when x = 0, which is
XX

included in the interval of integration, so you have an improper integral. Begin by
rewriting the definite integral using limits; then integrate:

1
f; ﬁd’f =lim [} P

= lim * % 2dx
1 5
==2lim| —
a—>0*£11x “J
—2lim
a—0* (\/— Ja j

5
Because lim A o, you can conclude that _[0 de is divergent.

a—0 \/E X\/;
966. divergent

Note that the function f(x) = % has an infinite discontinuity when x = 0, which is

—dx

5

-1/2
= lim

a—0" _VZ .

included in the interval of integration, so you have an improper integral. Begin by
rewriting the definite integral using limits; then integrate:

Izldx— llm dx
0 X a—0"
= lim(ln|x|| )
a—0* a
= lirq(an—lna)

Because lim 1 (Ina) =—eo, you know that j L dx is divergent.

96 7. divergent

Begin by rewriting the integral using a limit:
J’j e dx = lim ‘e dx

Then use elementary antiderivatives to get the following:

1 — . 1 —
I e dx = lim | e dx
oo a——oJda

= lim [—%e“

1

T N ETON e —4a)
‘}L‘IL( 1€ ( 5° )

Because lim e ™ = o, the integral is divergent.
a——oo

a——oo
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968. convergent, 32

3

Notice that the function f (x) = (x — 1)14 has an infinite discontinuity when x = 1, which
is included in the interval of integration, so you have an improper integral. Begin by
writing the integral using a limit:

Jln(x - Mdx = lim J.;(x D Vdx

_133/4
% +C so that

Notice that J(x D Vdx =

17

s 17 1\ V4 T 4(X—1)3/4
N

a

Substituting in the limits of integration and evaluating the limit gives you

The answer is finite, so the integral is convergent.

96 9. divergent

Begin by rewriting the integral using a limit:

e =tim [ e

To evaluate this integral, use elementary antiderivatives:
-3
lim {1 dx
as—da x+1
-3
= lim (Infx+1] ")
a——o a

= lim (In|-3+1|~1n|a +1])

Because (Zli_g}oln|a +1|=co, the integral is divergent.
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9 70. divergent

Begin by rewriting the improper integral using a definite integral and a limit; then
integrate:

(550053

3 3
Notice that lim (%— 5a j: lim (% j Because the first term in the numerator is

a——co

the dominant term, you have

o (a’=15a \_ o (a® o
nga[ 3 |maml )T

Therefore, it follows that
3
llm [——5(2) (——50 D ——5(2)+<>o
and you can conclude the integral is divergent.

9 7 ’. divergent

Begin by splitting up the integral into two separate integrals, using limits to rewrite
each integral:

_’:(B—x“)dx

= lim 0(3—x4)dx+}7gmmjob(3—x4)dx

Evaluate the first integral by integrating; then evaluate the resulting limit:

lim O(B—x“)dx

a——~Ja

= lim [Sx—x—

510
a——o

5
- llm(S(O)—%—(3a—%5 ]

5
Notice that algp [Ba 5 ]— ahﬂl ( 15‘15_ a ) Because the second term in the numerator

is the dominant term, you have

o (15a-a’® \_ [ =a® \_
JL‘IL(—s ]—JLHL( 5 )—
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Therefore, it follows that
. 0° V)0 0w
}LQQ[B(O)—?—(Ba—?D—O 0

and you can conclude that the integral is divergent. Because the first integral is
divergent, you don’t need to evaluate the second integral; j:(S -x* )dx
is divergent.

9 72. convergent, 3e %/*
Begin by rewriting the integral using a limit:

_[:e”‘/ *dx =lim ‘e dx
To evaluate fe'x/ 3dx, let u = —%x so that du = —gdx, or -3 du = dx. This gives you
je’mdx = —SIe“du
=-3e"+C
=-3e*+C
Because je”‘/gdx =-3e** +C, it follows that

)

lim [“e™3dx = lim(—fie”‘/3

a—eo J2 a—oo

Now simply evaluate the limit:

lim ( —3e™/3

a—e

‘ ) = lim(—E}e’”/3 +3e’2/3)
2 a—oo
=-3eP+3e7?
=0+3e™??
— 36—2/3

The answer is finite, so the integral is convergent.

9 73. convergent, 1

Begin by writing the integral using a limit:

[l de=lim['—1 dx
¢ x(Inx) a»=Jde x(Inx)

1

To evaluatef anx)
x(Inx

5 dx, use the substitution u = In x so that du = %dx:

J.%du = Ju’Qdu

=—u"+C
1 —
:_E+C ga
1 A
_—m‘l‘c <§
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Because j lzdu = _IL +C, it follows that
u nx

a

limr%dx = lim(—L)
a—=Je x(lnx) a—reo lIlX

e

Evaluating the limit gives you

r%dx =lim Ja%dx
e x(Inx) a»=Je x(Inx)

= llm(_L)
a—eo Inx e

=nm(—L+L)
a»=\ Ina Ine

=(0+%)

=1

a

The answer is finite, so the integral is convergent.

9 74. convergent, %

Begin by splitting the integral into two integrals, using limits to rewrite each integral:
2

_[ X_dx
~=1+x
L0 2 . (b x2
=lim [ X dx+lim| —*—dx
as-eda ]+ x b==d0 T+ x
X2

2
=dx, rewrite the integral as jx—zdx. Then use a substitution,
1+x 1+(x?)

letting u = x* so that du = 3x?dx, or 1

3
2 1 1
J‘1+ZCXB)2 dx:§J1+u2 du

To evaluate _[

du = x*dx. Using these substitutions gives you

_ 1.
—3tan u+C
1 -1( .3
—§tan (x )+C

Therefore, as a approaches —«, you have

. 0 x? RT 1 (.3
LN e dx—JlﬂL[gtan (=*)

)
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And as b approaches «, you have

. b x? ERT 1 1/ 03
mmxedx—}m[gtan (+*)

)

“(b3)—%tan‘l(0))

I
o=
=
—_—
=
—
o
5

1l
(T
~—_— W
|
=)

oy W=

Combining the two values gives you the answer:

lim xzsdx+lim ’ xzﬁdx
as-=da ]t x b—=d0 14 x
T,

676

2z
6

_ T

3

The answer is finite, so the integral is convergent.

Note: If you noticed that the integrand is even, you could’ve simply computed one
of the integrals and multiplied by 2 to arrive at the solution.

9 75. convergent, %

Begin by rewriting the integral using a limit:

had —_ . a -
_[0 xe ¥dx =lim , Xe 2 dx

a—e

To evaluate fxe'z"dx, use integration by parts. If u = x, then du = dx, and if dv = e™%,

_ 1,
thenv = 26
—2x _ 1 -2x 1 -2x
J.xe dx—x(—ge )—J(—Ee )dx
__l —2x_l -2x
= 2xe 4e +C
Because J'xe‘“dx = —%xe‘zx —%e‘z" +C, it follows that
. a -2x _n _l —2x_l —2x “
ll_)mmoxe dx—y_)mw( 2xe 4e 0]

Next, evaluate the limit:

. 1. ox 1 _ox
(lgr;[—gxe —4¢

0]
il 1 2a 1 20 (_1 -2000 _ 1 -2
_},ILE( yae ' —re ( 2(O)e 7€ ))
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Notice that Lig}o(—%e‘za ) =0 and that lim(—%ae'z" ) =(—0)(0), which is an indeterminate

form. To evaluate Lme(—%ae'za ), use L'Hopital’s rule:

. _l —2a __l‘ a
hﬂl( 2% )‘ 7 im

D T
- 2(1]1_}1’1;1°2e20
-1
1o

=0

Using these values gives you

o1 o 2a 1 20 (_1 -2(0) _ 1 -2(0)
(l]lg}o( 5 ae 7¢ ( 2(O)e 7¢ )j

_ 1 -200) , 1 -2(0)
—0+0+2(0)e +ge
-1

4

The answer is finite, so the integral is convergent.

9 76. divergent

Begin by splitting up the integral into two separate integrals, using limits to rewrite
each integral:

oo 5 . 0 .5 . b .5
'f xte ™ dx=lim | x'e™ dx+£1m'f0 xte ™ dx
. lm

a——edJa

To evaluate _[x“e”‘sdx, use the substitution u = —x5 so that du = -5x*dx, or —%du =x"dx:

Ix4e’x5dx = —%je”du

__1
= 5e +C

5
e +C

1
5

Because jx“e"‘sdx = —%e‘xs +C, it follows that

. 0 5 . 5
lim | x‘e ™ dx = lim [—le x
a——Ja a——o 5

. 0
¢ ]
Next, evaluate the limit:

0 -
5 BET _l ,(0)3_ _l —a°
(e e )

4e—x5

JLIIL[-%E"‘

0
Notice that ale (—%e“’5 ) =oo 5o that lim | x dx is divergent. Because this integral
—c0 a

a——eo
b 5
is divergent, you don’t need to evaluate })im JO x*e™ dx. You can conclude that

°° - 5 . .
j x*e ™ dx is divergent.
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9 77. convergent, %(tan"(lG) _%)

Begin by rewriting the integral using a limit:

Jk4 3X _x = lim JH1 3X iy
= 1l+x a==da 1+ x

To evaluate f 1 fx 1 dx, rewrite the integral as J?’—xzzdx. Then use a substitution
X 1+(x
where u = x2 so that du = 2x dx, or %du =xdx:
3x 3(_1
—=——dx =73 du
J1+(x2)2 2l

_ 301
=5 tan " (u)+C
_3 1 2
=5tan (x ) +C

Because js—xdx =3tan™ (x2 ) +C, it follows that
1+

x2)2 2
4]

HILIE,.[; 15:”;4 dx = }Lri[%tan'l (x*)
4)

= %}Lr{}o(tan’l(IG)—tan’l (a2 ))

Now evaluate the limit:

lim (Etan‘(xz)

a——oo| 2

Notice that lim tan™ (a2 ) = % so that

%Jlrpm(tan’l (16)—tan’1(a2))

=%(tan’l(16)—%)

The answer is finite, so the integral is convergent.

9 78. convergent, % + 7_12

Begin by rewriting the integral using a limit:

“Inx ;. _ . (“Inx
J.z ?dX—y_}me x4 dx

To evaluate fm—f dx = J.x’4 In x dx, use integration by parts. If u = In x, then du = %dx,
X

and if dv = xdx, thenp=2*_=__1 .
-3 3x3
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J.x'4lnxdx=—%lnx—_|' —LS 1 ax
3x 3x* )x
_ 1
3x?
=1 1,
= 3x31nx+3_[x dx

=—%lnx+l(— 1 j+C
3x

3 3x°
——Lmx-Lo+c
3x* 9x*
- 1 1
Because [x ™' Inxdx = 3.0 o0

limJ lnxdx—llm(—ngnx—L
x

a—eo a—eo 9x3

]

Evaluating the limit gives you

Notice that llm Ing 1,5 the indeterminate form 22 s0 you can use L’Hopital’s rule to
oo

- 3a°
limina _ jim £a Ya =lim—1. =0
a>=3q®  a5=9q?  a>~9q?

evaluate it:

Because limL3 =0, the limit becomes
a==9q

lim Llna—L— -1 +In2- 1 3
a>=| 3q° 9a* 3(2) 9(2)

= 131n2+ 13
3(2) 9(2)
In2 , 1

__+ﬁ

The answer is finite, so the integral is convergent.

9 79. divergent

Begin by rewriting the integral using a limit:

dx = lim dx

IO x +4 a0 x2+4
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To find _[ X _dx, let u = x2 + 4 so that du = 2xdx, or ldu = x dx. This substitution

x%+4 2
gives you
x 17l
jx2+4dx—2judu
1
:§In|u\+C
:%ln‘x2+4‘+C
X 1
Becausejx2+4dx:§ln‘x2+4‘+C, you have
lim [ —X dx:limlln‘x2+4‘u
a-»0d0 x4 4 a—o 0

Evaluating the limit gives you

lim%ln|x2 +4|

a—eo

=llim(ln|a2 +4|—ln4)=oo

a
0 2 a>e

Therefore, the integral is divergent.

98 0. convergent, —%(7)2/ ’

Begin by rewriting the integral using a limit:

8 1 T a 1
J.l —3'—x—8 dx-jggjl —3r—8 dx

To evaluate fﬁ dx, let u = x — 8 so that du = dx. This substitution gives you
o —

J‘%du:ju’mdu

=3 (x-8)"4C

A Gu=3(x-8)2
Because J. 1 du= 5 (x-8)“"+C, you have
lim
1

1 g =1im| 3(x-8)%3
im [ g a“i?[z(" ®

Evaluating the limit gives you
lim [i(x—S)z/3 J
1

a—8" 2
. 3 2/3 3 2/3
=llm(—(a—8) —5(1—8) )

a—8”~ 2

583
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3

Noting that lirg; S(a-8 )2/ ’ =0, you get the following:

lim(%(a_g)z/s —%(1—8)2/3)

a—8"

3
=O—E(1—8)
3 2/3
5(-=7)

3
2

-3

2/3

The answer is finite, so the integral is convergent.

98 ’. divergent

Begin by rewriting the integral using a limit:
joﬂ/z tan’ xdx = lim _[; tan® x dx
=
To evaluate Jtanz xdx, use a trigonometric identity:
Itanz xdx = j(secz X —l)dx
=tanx—-x+C

Because jtan2 xdx =tanx —x+C, you have

lime.;tanzxdx = limi(tanx—x|g)

(3) ~(3)

Evaluating the limit gives you

limi(tanx—x|§)

)

= lim (tana-a-(tan0-0))
aa(%)
)2
However, because lim tana = e, you can conclude that JU ! tan® x dx is divergent.

=f

98 2 « divergent
Begin by rewriting the integral using a limit:
rsinz xdx =lim fasinz xdx
0 a—e JO

To evaluate jsinz x dx, use the trigonometric identity sin” x = - (1-cos(2x)) so that

N[ —

[sin® xdx = f%(l —cos(2x))dx

1 Ly
—2(x 251n(2x))+C
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Because Jsinz xdx = %(x —%sin(Zx)) +C, it follows that

1 ’
({me 0sm xdx—lgmmz(x 251n(2x))0

Evaluating the limit gives you

1, 1. ‘
}Iggoz(x 2sm(2x))‘0

- %(]}i_rg(a—%sin(2a)—(0—%5111(2(0)))]

Because }Zigb}a =<0 and because sin(2a) is always between -1 and 1, the integral
is divergent.

divergent

Notice that the function
using limits: e

has an infinite discontinuity at x = 0. Rewrite the integral

1 X . a . 1
_[ € _dx=Ilim dx + lim _[ € dx
-le* —1 a—0"J-l1 % — b—0" Jb ¥ —

To evaluate f 3 dx, use the substitution u = e¥ -1 so that du = e*dx to get

Jldu:ln|u|+C
u

Because I efil dx =
tim [ 2 #be= i (nfe 1)

Evaluating the limit gives you

(ol ],

= llm(

a—0

—ln|e ! 1|)

e —1| —oo, the integral llmj 1dx is divergent,

1
so you can conclude that f . e I dx is divergent.
X _

convergent 1 ln( 7 )

'5

Begin by writing the integral using a limit:

[l dv=tim[' L a
4 x"+x-6 a>=dt X%+ x—6 -
re
1 . . - T
To evaluate Jz—dx, use a partial fraction decomposition: S
x“+x-6 2 |
1 1 __A B <&

ix_6 (x+3)(x-2) x+3 x-2
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1 A
(x+3)(x-2)  x+3  x- 2

Multiply both sides of the equation
1=A(x-2)+B(x+3)

by (x + 3)(x - 2) to get

If you let x =2,you have 1 = B(2 + 3) so that é =B.Andif x=-3,then1=A(-3-2) so

that —2 = A. Entering these values, you get

5
/5/5dx

Jx+x6 _jx+3 x-2

—lln|x+3|+lln|x—2|+C

l‘x §+C

Because jﬁdx = gln‘ ;I% +C, it follows that
xX“+x—

lim a%dx—limlln‘
a—eJd4 x +X—6 a—>ee5

+3|,

Evaluating the limit gives you

},LIE},IH‘X 2" 4
-tin{ b =54 3))
Because llmgln‘ a-2 %lnl =0, you get the following solution:
o222z ()
-—4in(2)
-4l

The answer is finite, so the integral is convergent.

985. convergent, %

Begin by writing the integral using a limit:

Jy = lim [ &

, use the trigonometric substitution x =2sin6 so that

dx =2cos6d0. This gives you
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J- 2cos0do J~ 2cos6do

\/ 251n0 \/ 1 sin 6
_ [_2cosfdf

4(cos20)

_ J‘2cos(9d9
2cos0

= jlde
=0+C

X

Answers and Explanations 58 7

From the substitution x =2sinf, or % =sin@, you have sin™ (%) =0, therefore,

2
9+C:sin’1(£)+C

=sin 1( )+C it follows that

)

Because I \/—

lim [‘—2X__ — Jim

-1 X
a—2-9J0 ,[4_x2 _uﬁZ[Sln (?)

Evaluating the limit gives you

- x)\[
iim[51n (f)o]

= lim (sin1 (9) —sin'0 j
a—2" 2
=sin! (%) -0

(1)

S
r
2

The answer is finite, so the integral is convergent.
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98 6. convergent, 2

Rewrite the integral using limits:

[“e

d = Jim [Je v +fim e Max

On the interval (-, 0), you have —|x| = x, and on the interval (0, ), you have

—|x| =—Xx. Therefore, the limit is

lim

0 b
e ax +[l)1m J‘O e ax
s

a——Ja

0 b
= limJ e*dx +ll)im . e *dx
a -

a——oo

= lim (e")

a——o

a——oo

.

’ +lim(—e’x)‘z

a boe

- im =) (e *(¢")

=(1-0)+(0+1)

=2

The answer is finite, so the integral is convergent.

98 7. convergent, _1‘;/2

Begin by rewriting the integral using a limit:

5 X T 5 X
L 3 dx—il_ggfa 3 dx

To evaluate j

dx, let u = x - 3 so that u — 3 = x and du = dx. This gives you

_x
Jx -3

u-3 u 3
2 du=|| —-—> |du
u’? J.( PEEE j

:j(ul/z —3u’1/2)du

Sk u'l?
2 2

= %(x ~3)%2 _g(x -3 +C

Becausej xx 3 dx:%(x—3)3/2—6(x—3)1/2+C, it follows that

5 X IRt 5 X
-[3 Vx -3 x—gl_)rgg.fa Vx =3 dx

Answers
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Substitute in the limits of integration and evaluate the resulting limit:
. 2 3/2 1/2
llm[g(x—?,) -6(x-3)

5
a—-3" a

= lim(%(S_g)g/z_6(5_3)1/2_(%(0_3)3/2_6(61_3)1/2)]

a—-3*

=(5(2)"*-6(2)"*~(0-0))

=3(2)""-6(2)""

=21/2(%—6)

_-142
3
The answer is finite, so the integral is convergent.

98 8. convergent, compare to J'”Lde
I x
Recall the comparison theorem: Suppose that fand g are continuous functions with
f(x)2g(x)20forx2a.
v I _[: f(x)dx is convergent, then j: g(x)dx is convergent.

v If J: g(x)dx is divergent, then f: f(x)dx is divergent.

oo @ir 2
The given improper integral is .[1 ?m—’fdx. Notice that on the interval [1, «], the
+X

following inequalities are true: —1 < sin x < 1; therefore, 0 < sin®x < 1. Because

1+x220, youhave0<Sln X< 1 - However, <Lon[l ] so that

1+x% " 1+x 1+x% " x

flm 1+1x2 dx Sr%dx. An integral of the form rldx converges if and only if p > 1,

SO I de is convergent (you can also show this directly by using a limit to write

the 1ntegral and evaluatlng) Because 0 <_[ sin” SILX Gx <j dx __[ —dx you can
+x?

conclude that_[ sin” SIMLX dx is convergent.
+x°
989 "L
« convergent, compare to _L . dx

The given improper integral is fl —x + o3+ - Notice that €* > 0 on the interval

[1, ], so you have x* + €3 > x4 It follows that — 1 <1 and that
xt e T x!

0< édx < Jm%dx. An integral of the form Jdex converges if and only if
L xt+e? 1 x 1 x?

p>1,s0 j —dx is convergent (you can also show this directly by using a limit to
1

write the 1ntegral and evaluating). Because 0 < J'
e’

=1
Ix < fl Fdx, you know

that f 4—3){ also converges.
I x"+e
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990. divergent, compare to f%dx

x+2
Jxt -1

0<x*-1<x4 soit follows that 0<+x* =1 <+x* and that | S Also,
xt-1 Jx?t
because x + 2 > x, you get —X +2 > X - X _ =1 Therefore, it follows that
you g 1t KX

j x+2 dx _[ X dx—j xdx:f

The given improper integral is j dx. Notice that on the interval [1, «], you have

S

% ’x > 0. An integral of the formj —dx

converges if and only ifp>1,so L %dx is divergent (you can also show this

directly by using a limit to write the integral and evaluating). Therefore, because

r xX+2 gy Zrldx >(), you can conclude that J“x_+2dx is divergent.
U dxt-1 L x Pxt-1

99 1. convergent, compare to lr%dx
24 X

oo -1
The given improper integral is L tan_sxdx‘ Notice that 0 <tan ' x < % on the interval
L. 7 X
[1,),s00< tan_sx < —52 Note that you could actually bound tan-!x below by %,
x x

but zero also works and makes the inequalities cleaner.

- -1 W7 - o
It follows that 0 < .[1 ta?{—Sxdx SL % = %Jl %dx. An integral of the form L #dx con-
verges if and only if p > 1; because Jmlsdx is convergent, lrisa'x is also convergent
1 X 2 1 X
(you can also show this directly by using a limit to write the integral and evaluating).

ot -l 7 - o gl
Because 0 < Jl tan_sxdx SL —52 = %.[1 Lsdx, you can conclude that _[1 tan_sxdx is also
x x X x

convergent.
992 a divergent, compare to _[mldx

The given improper 1ntegral is J ,— —=—=dx. Notice that on the interval [2, «), you have
2 2

X x’ >0 Therefore you know thatJ. \/—dx _[ 1 —dx. The inte-

\/xﬁ‘—_ﬁx

gral _[1 Fdx diverges if and only if p< 1, so fz ;dx also diverges (note that the lower

limit of 2 instead of 1 does not affect the divergence). Therefore, because

J': \/Xs—

2
dx _I —dx, you can conclude that J dx also diverges.
Vxb -1
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993. divergent, compare to J.lw % dx

Ste dx. Notice that on the interval [1, =), you have

The given improper integral is J.lm "

e* > (0sothat5 +e>*>5and also % > % = 5%, Therefore, it follows that
=5+e”* =1 . -1 . . . =1
L de > SL ;dx. The integral .(1 Fdx diverges if and only if p< 1, so SL ;dx

diverges. Because jlw%idx > SJT%dx, you know that f%dx also diverges.

994. 18915

Recall that the trapezoid rule states the following:
[0 = B (F (o) 42 (00) + 26 (35) ot 21 (1) 4 (x,)

where Ax =

b;a and x; = a + iAx.
6
You want to approximate JO 1+ x*dx with n = 6. Using the trapezoid rule,

Ax:b_a:uzl so that
n 6

j(f i+ xPdx =~ 5 (F(0)+ 2F (1) +2F(2) +2f(3) + 2 (4) + 2 (5) + £(6) )

1

5

%(%/HO‘3 +230+17 +231+2% +231+3% + 231+ 4% + 231+ 53 +%/1+63)
=18.915

995. o105

You want to approximate J.lzllf—xzdx with n = 4. Using the trapezoid rule, you have
X

_2-1_1_
Ax——4 =7 =0.25 so that

[7 112 Ly dx = %(f(l) +2F(1.25) + 2f(1.5) + 2/(1.75) + F(2))

0.25( Inl In(1.25) In(1.5) In(1.75)  In2
= 2 2 2

2 (1+12+ 1+(125) “14(15)  “T+(L75)  1+27
~0.105

996. o210

3
You want to approximate L %dx with n = 8. Using the trapezoid rule, you have

Ax=b=a_3-1_0 9540 that
n 8

[Peosx g 025 [ F(D) +2(1.25) + 2F(1.5) + 2F(1.75) + 2f(2)j
1 X

2 | +2f(2.25)+ 2f(2.5) + 2f(2.75) + £(3)
cos(l) ,cos(1.25) ,cos(l.5) ,cos(l.75)  cos(2) fé
B S TS - S WA - ==
-2 cos(2.25) . cos(2.5) ,cos(2.75) cos(3) g5
t27 995 t27 35 t a7 T3 S

=-0.210
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9917. 0.216
You want to approximate Jol/zsin\/; dx with n = 4. Using the trapezoid rule, you have
)
Ax =S5 =3 =0.125 so that
2
[ sin i dx = %( F(0)+2F(0.125) + 2£(0.25) + 2(0.375) + £(0.5))
- %(sin\/ﬁ +25in0.125 +25in10.25 +25in0.375 + sin V05
~0.216
998. 18,817

Recall that Simpson’s rule states
A
f:f(x) ~ ?x(f(xo)+4f(x1)+2f(x2)+4f(x3)+...+2f(xn,2)+4f(xn,1)+f(xn))
b—a

where n is even, Ax =

= a + iAx.

You want to approximate j6 1+ x3dx with n = 6. Using Simpson’s rule with n = 6 gives
b a_6-0

you Ax = 5 =1 so that

j \3/1 +x’dx = %(f(O) +4F(1) + 2F(2) + 4F(3) + 2F(4) + 4 (5) + F(6))

—%(\/1+03 A + 201+ 2% +431+ 3% + 281+ 4° +431+5° + 31+ 6° )
~18.817
999. .07
You want to approximate J Inx > dx with n = 4. Using Simpson’s rule with n = 4 gives
.X'

you Ax—%=——0 25 s0 that

[ lli”‘ dx = 025 25 0-25 (1) + 4£(1.25) + 2f(1.5) + 4F(1.75) + (2))

=0'§5 Inl_,, (.25, In(15) , In(L.75) , In2
1+1°  1+(1.25)°  “1+(15)°  1+(1.75)°  1+2
~0.107
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1,000. o215

You want to approximate _[ LOSX jx with n = 8. Using Simpson’s rule with n = 8 gives

yoqu—?’g1 g 0.25 sothat

[eosx g, 025 (f(l) +4F(1.25)+ 2(1.5) + 4f(1.75) + 2f(2)j
1Xx 3 | +4£(2.25)+2(2.5) + 4F(2.75) + F(3)

cos(D) 4 cos(1.25) 2Cos(l 5) 4 cos(1.75) 2Cos(2)

0.25 1 1.25 1.5 1.75
3 4 cos(2.25) +9 cos(2.5) 4 cos(2.75) cos(3)
2.25 2.5 2.75 3
~-0.218

1,001. o22

1/2
You want to approximate JO/ sin+/x dx with n = 4. Using Simpson’s rule with n = 4 gives

L2-0
you Ax:/ZT:%:O.IZS so that

[ sin Vaxdx = O'szs(f(O) +4£(0.125) +2f(0.25) + 4(0.375) + £(0.5))

25 (sinJ(—) +45in+/0.125 + 25in~/0.25 + 4 sin~+/0.375 + sin\/O.S)
~0.221
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Index

o/ o

absolute maximum and minimum, 66-67,
290-293

absolute value equations, 11, 142-143

absolute value inequalities, 12, 150

acceleration, 85-86, 382-386

adding polynomials, 14, 159

algebra
absolute value equations, 11, 142-143
absolute value inequalities, 12, 150
adding polynomials, 14, 159

domain and range of a function and its inverse,

10, 137-138
end behavior of polynomials, 14, 158-159
finding domain and range from graphs, 13-14,
157-158
graphing common functions, 12-13, 150-157
horizontal line test, 9, 133-134
linear equations, 10, 138-139
long division of polynomials, 15, 162-163
multiplying polynomials, 15, 161
polynomial inequalities, 12, 145-149
problem types, 7
quadratic equations, 10-11, 139-141
rational inequalities, 12, 145-149
simplifying
fractions, 8, 127-131
radicals, 8-9, 131-133
solving
polynomial equations by factoring, 11,
141-142
rational equations, 11, 144-145
subtracting polynomials, 14-15, 160
tips for, 7
amplitude, 23, 177
angles, finding in coordinate plane, 19-20, 168

answers to practice problems. See specific topics

antiderivatives. See also Riemann sums
examples of, 81-84, 365-375
of hyperbolic functions, 102-103, 485-489
involving inverse trigonometric functions, 101,
475-481
applications of derivatives
applying Rolle’s theorem, 69, 311-313
approximating roots using Newton’s method,
73, 335-338

closed interval method for finding maximum
and minimum, 67, 291-293

determining concavity, 68-69, 300-303

estimating values with linearizations, 64,
233-234, 236-237, 279-283

evaluating differentials, 64, 278

finding

absolute maximum and minimum with closed

intervals, 67, 291-293
intervals of increase and decrease, 68,
293-296
local maxima and minima using first
derivative test, 68, 296-300
local maxima and minima using second
derivative test, 69, 307-311
maxima and minima from graphs, 66-67,
290-291
speed, 70-71, 318-321
velocity, 70-71, 318-321
identifying inflection points, 69, 303-307
optimization problems, 71-72, 321-335
problem types, 63
related rates, 64-66, 283-290
relating velocity and position, 70,
316-318
solving problems with mean value theorem,
70, 313-316
tips for, 63
approximating roots using Newton’s method,
73, 335-338
area. See Riemann sums
area between curves, 88-89, 387-406
average value of functions, 97-98, 463-470

oo

Calculus For Dummies (Ryan), 3
Calculus Il For Dummies (Zegarelli), 3
chain rule, 49, 52-54, 248-256
Cheat Sheet (website), 2
classifying discontinuities, 38-40,
218-221
closed interval method, 67, 291-293
coefficients, 117-118, 557-560
comparison test, 123, 589-591
concavity, 68-69, 300-303
continuity, 39-40, 219-224
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continuous functions, 40 definitions, evaluating hyperbolic functions
convergent improper integrals, 122-123, using, 101-102, 482-483
573-589 degree measure, 18-19, 166-167
coordinate plane, finding angles in, 19-20, 168 derivatives. See also applications of derivatives
cross-sectional slices, finding volume using, 91, determining differentiability from graphs,
422-429 44, 226
cylindrical shells, finding volume using, 92-93, evaluating using limits and Riemann sums, 78,
429-448 350-353
examples of, 80-81, 361-365

o) e

decomposition, partial fraction,
117-118, 557-560
definite integrals. See also applications of
derivatives
determining differentiability
from graphs, 44, 226
evaluating using limits and Riemann sums, 78,
350-353
examples of, 80-81, 361-365
finding
area between curves, 88-89, 387-406
average value of functions, 97-98, 463-470
expressions of definite integrals using limits
and Riemann sums, 77, 346-348
with fundamental theorem of calculus, 80,
354-361
graph points, 48, 236-237
of hyperbolic functions, 102, 485-489
involving exponential functions, 57, 262-265
involving inverse trigonometric functions,
100, 471-475
from limit and Riemann sum form, 78,
348-350
with power rule, 47-48, 234-236
using chain rule, 52-54, 248-256
by using definition, 45, 226-233
using implicit differentiation, 60, 268-271
using logarithmic differentiation, 56, 260-262
using product rule, 50-51, 237-242
using quotient rule, 51-52, 242-248
value of definite integrals using graphs,
46-47, 233-234
volume using cross-sectional slices, 91,
422-429
volume using cylindrical shells, 92-93,
429-448
volumes using disks and washers, 89-91,
406-421
involving logarithmic functions, 56, 256-260
problem types, 43, 87
tips for, 43, 87
work, 94-97

finding
area between curves, 88-89, 387-406
average value of functions, 97-98, 463-470
expressions of derivatives using limits and
Riemann sums, 77, 346-348
with fundamental theorem of calculus, 80,
354-361
graph points, 48, 236-237
of hyperbolic functions, 102, 485-489
involving exponential functions, 57, 262-265
involving inverse trigonometric functions,
100, 471-475
from limit and Riemann sum form, 78,
348-350
with power rule, 47-48, 234-236
using chain rule, 52-54, 248-256
by using definition, 45, 226-233
using implicit differentiation, 60, 268-271
using logarithmic differentiation, 56, 260-262
using product rule, 50-51, 237-242
using quotient rule, 51-52, 242-248
value of using graphs, 46-47, 233-234
volume using cross-sectional slices, 91,
422-429
volume using cylindrical shells, 92-93,
429-448
volumes using disks and washers, 89-91,
406-421
involving logarithmic functions, 56, 256-260
problem types, 43, 87
tips for, 43, 87
work, 94-97
differentiability determining from graphs,
44, 226
differentials, evaluating, 64, 278
discontinuities, classifying, 38-40, 218-221
displacement, 85-86, 377-379, 382-383
distance traveled, finding for particles, 85-86,
379-381, 384-386
divergent improper integrals, 122-123, 573-589
domain
finding from graphs, 13-14, 157-158
of a function and its inverse, 10, 137-138
Dummies (website), 3
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end behavior of polynomials, 14, 158-159
equations
absolute value, 11, 142-143
finding
of normal lines, 58, 266-268
of tangent lines, 57, 265-266
of tangent lines using implicit differentiation,
61, 274-277
linear, 10, 138-139
of periodic functions, 23-26, 178-179
polynomial, 11, 141-142
quadratic, 10-11, 139-141
rational, 11, 144-145
trigonometric, 22-23, 26-27, 173-176,
182-185
estimating values with linearizations, 64,
233-234, 236-237, 279-283
evaluating
definite integrals using limits and Riemann
sums, 78
differentials, 64, 278
hyperbolic functions using definitions,
101-102, 482-483
indeterminate forms using L’Hopital’s rule,
103-105, 489-502
limits, 31-32, 186-196
trigonometric limits, 33, 198-202
exponential functions, 55, 57, 262-265
exponents, writing using radical notation, 9, 133

ofF e

factoring, 11, 141-142
finding. See also solving
angles in coordinate plane, 19-20, 168
antiderivatives
of hyperbolic functions, 102-103, 485-489
involving inverse trigonometric functions,
101, 475-481
common trigonometric values, 21, 168-170
derivatives
with chain rule, 52-54, 248-256
with fundamental theorem of calculus, 80,
354-361
of hyperbolic functions, 102, 485-489
involving exponential functions, 57, 262-265
involving inverse trigonometric functions,
100, 471-475

with power rule, 47-48, 234-236
by using definition, 45, 226-233
using implicit differentiation, 60, 268-271
using logarithmic differentiation, 56, 260-262
using product rule, 50-51, 237-242
using quotient rule, 51-52, 242-248
domain and range of a function and its inverse,
10, 137-138
domain from graphs, 13-14, 157-158
equations
of normal lines, 58, 266-268
of tangent lines, 57, 265-266
of tangent lines using implicit differentiation,
61, 274-277
graph points, 48, 236-237
intervals of increase and decrease, 68, 293-296
inverses, 9-10, 135-137
limits from graphs, 30-31, 186
linearizations, 64, 233-234, 236-237, 279-283
local maxima/minima
using first derivative test, 68, 296-300
using second derivative test, 69, 307-311
maxima from graphs, 66-67, 290-291
minima from graphs, 66-67, 290-291
partial fraction decomposition, 117-118,
557-560
range from graphs, 13-14, 157-158
speed, 70-71, 318-321
value of derivatives using graphs, 46-47,
233-234
velocity, 70-71, 318-321
volume
using cross-sectional slices, 91, 422-429
using cylindrical shells, 92-93, 429-448
volume using disks and washers, 89-91,
406-421
first derivative test, finding local maxima/
minima using, 68, 296-300
fractions, simplifying, 8, 127-131
functions
average value of, 97-98, 463-470
continuous, 40
exponential, 55, 57, 262-265
finding domain of, 10, 137-138
finding range of, 10, 137-138
graphing, 12-13, 137-138, 150-157, 222-223,
223-224, 262-265
hyperbolic
evaluating using definitions, 101-102, 482-483
finding antiderivatives of, 102-103, 485-489
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functions (continued)

finding derivatives of, 102, 485-489
problem types, 99
tips for, 99

inverse trigonometric
about, 26
finding antiderivatives using, 101, 475-481
finding derivatives involving, 100, 471-475
problem types, 99
tips for, 99

logarithmic, 55, 56, 256-260

making continuous, 40

periodic, 23-26, 178-179

fundamental theorem of calculus

definite integrals, 80-81, 361-365

displacement of particles, 85-86, 377-379,
382-386
distance traveled by particles, 85-86,
377-379, 382-386

finding derivatives with, 80, 354-361

indefinite integrals, 81-84, 365-375

problem types, 79

tips for, 79

oG e

graphs and graphing
common functions, 12-13, 150-157
determining differentiality from, 44, 226
finding
domain from, 13-14, 157-158
limits from, 30-31, 186
maxima and minima from, 66-67, 290-291
points, 48, 236-237
range from, 13-14, 157-158
value of derivatives using graphs, 46-47,
233-234
limits from, 36-37, 207-208

o/ o

horizontal asymptotes, 38, 215-218

horizontal line test, 9, 133-134

hyperbolic functions
antiderivatives of, 102-103, 485-489
derivatives of, 102, 485-489
evaluating using definitions, 101-102, 482-483
problem types, 99
tips for, 99

o] e

identifying inflection points, 69, 303-307
implicit differentiation
finding derivatives using, 60, 268-271
finding equations of tangent lines using, 61,
274-277
problem types, 59
tips for, 59
improper integrals
comparison test, 123, 589-591
convergent, 122-123, 573-589
defined, 121
divergent, 122-123, 573-589
problem types, 121
Simpson’s rule, 124, 592-593
tips for, 121
trapezoid rule, 124, 591-592
indefinite integrals. See also Riemann sums
examples of, 81-84, 365-375
of hyperbolic functions, 102-103, 485-489
involving inverse trigonometric functions, 101,
475-481
indeterminate forms, evaluating using
L’Hopital’s Rule, 103-105, 489-502
inequalities
absolute value, 12, 150
polynomial, 12, 145-149
rational, 12, 145-149
infinite limits, 33-37, 202-214
inflection points, identifying, 69, 303-307
integrals. See also definite integrals; indefinite
integrals
convergent improper, 122-123, 573-589
divergent improper, 122-123, 573-589
improper
comparison test, 123, 589-591
convergent, 122-123, 573-589
defined, 121
divergent, 122-123, 573-589
problem types, 121
Simpson’s rule, 124, 592-593
tips for, 121
trapezoid rule, 124, 591-592
involving partial fractions, 118-119, 561-569,
589-591
trigonometric, 113, 114-116, 524-537
integration, 107, 109-111, 512-524. See also
u-substitution
intermediate value theorem, 41, 224-225



intervals of increase/decrease, 68, 293-296
inverse trigonometric functions
about, 26
finding
antiderivatives using, 101, 475-481
derivatives involving, 100, 471-475
problem types, 99
tips for, 99
inverses
finding, 9-10, 135-137
solving trigonometric equations using, 26-27,
182-185

oK o

Kase, Elleyne (author)
Pre-Calculus For Dummies, 3

Kuang, Yuang (author)
Pre-Calculus For Dummies, 3

o/ o

left endpoints, calculating Riemann sums with,
76, 338-340
L’Hopital’s rule, 103-105, 489-502
limits
applying the squeeze theorem, 32-33, 196-198
classifying discontinuities, 38-40, 218-221
continuity, 39-40
discontinuities, 39-40
evaluating, 31-32, 186-196
evaluating definite integrals using, 78, 350-353
finding expressions for definite integrals with,
77, 346-348
from graphs, 30-31, 36-37, 186, 207-208
horizontal asymptotes, 38, 215-218
infinite, 33-37, 202-214
intermediate value theorem, 41, 224-225
tips for, 29
trigonometric, 33, 198-202
types of problems, 29
linear equations, 10, 138-139
linearizations, estimating values with, 63,
233-234, 236-237, 279-283
local maxima/minima, 68, 296-300, 307-311
logarithmic differentiation, finding derivatives
using, 56, 260-262
logarithmic functions, derivatives involving, 55,
56, 256-260
long division of polynomials, 15, 162-163

ol o

maxima and minima
closed interval method, 67, 291-293
first derivative test, 68, 296-300
from graphs, 66-67, 290-291
optimization problems, 71-72, 321-335
second derivative test, 69, 307-311
mean value theorem, solving problems with, 70,
313-316
midline, 23, 177
midpoints, calculating Riemann sums with, 77,
343-345
multiplying polynomials, 15, 161

o\ o

net change theorem, 84-85, 375-377

Newton’s method, approximating roots using,
73, 335-338

normal lines, finding equations of, 58, 266268

o() o

online practice, registering for, 2
optimization problems, solving, 71-72, 321-335

opPoe

partial fractions
decomposition, 117-118, 557-560
integrals involving, 118-119, 561-569, 589-591
problem types, 113
tips for, 114
period, 23, 177
periodic functions, equations of, 23-26, 178-179
phase shift, 23, 177
polynomial equations, solving by factoring, 11,
141-142
polynomial inequalities, 12, 145-149
polynomials
adding, 14, 159
end behavior of, 14, 158-159
long division of, 15, 162-163
multiplying, 15, 161
subtracting, 14-15, 160
position, relating with velocity, 70, 316-318
power rule, finding derivatives with, 47-48,
234-236

Index 599
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practice, online, 2

practice problems. See specific topics

Pre-Calculus For Dummies (Kuang and Kase), 3

product rule, finding derivatives with, 49, 50-51,
237-242

oQo

quadratic equations, 10-11, 139-141
quotient rule, finding derivatives with, 49, 51-52,
242-248

o R e

radian measure, 18-19, 166-167
radicals, simplifying, 8-9, 131-133
range
finding from graphs, 13-14, 157-158
finding of a function, 10, 137-138
rates of change. See also derivatives
acceleration and velocity, 85-86, 382-386
related rates problems, 64-66, 283-290
velocity and position, 70-71, 85-86, 318-321,
377-386
rational equations, solving, 11, 144-145
rational inequalities, 12, 145-149
rationalizing substitutions, 119, 570-573
registering for online practice, 2
related rates, 64-66, 283-290
resources, additional, 2-3
Riemann sums
calculating
using left endpoints, 76, 338-340
using midpoints, 77, 343-345
using right endpoints, 76, 340-343
evaluating definite integrals using, 78, 350-353
finding definite integrals from limit and, 78,
348-350
finding expressions for definite integrals with,
77, 346-348
problem types, 75
tips for, 75
right endpoints, calculating Riemann sums with,
76, 340-343
Rolle’s theorem, applying, 69, 311-313
roots, approximating using Newton’s method,
73, 336-338
Ryan, Mark (author)
Calculus For Dummies, 3

oS e

second derivative test, finding local maxima/
minima using, 69, 307-311
simplifying
fractions, 8, 127-131
radicals, 8-9, 131-133
trigonometric expressions, 21-22, 171-173
Simpson’s rule, 124, 592-593
solving. See also finding
optimization problems, 71-72, 321-335
polynomial equations by factoring, 11, 141-142
problems with mean value theorem, 70,
313-316
rational equations, 11, 144-145
trigonometric equations, 22-23, 173-176
trigonometric equations using inverses, 26-27,
182-185
speed, finding, 70-71, 318-321
squeeze theorem, applying, 32-33, 196-198
Sterling, Mary Jane (author)
Trigonometry For Dummies, 3
substitutions
rationalizing, 119, 570-573
trigonometric, 113, 114, 116-117, 537-556
subtracting polynomials, 14-15, 160

oJ o

tangent lines
about, 48
finding equations of, 57, 265-266
finding equations of using implicit
differentiation, 61, 274-277
problem types, 55
tips for, 55
trapezoid rule, 124, 591-592
trigonometric equations
solving, 22-23, 173-176
solving using inverses, 26-27, 182-185
trigonometric expressions, simplifying, 21-22,
171-173
trigonometric functions, inverse, 26, 99, 101,
471-481
trigonometric integrals, 113, 114-116, 524-537
trigonometric limits, evaluating, 33, 198-202
trigonometric substitution, 113, 114, 116-117,
537-556
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trigonometric values, finding common, 21, volume, finding

168-170 using cross-sectional slices, 91, 422-429
trigonometry, 17, 18-27, 164-166 using cylindrical shells, 92-93, 429-448
Trigonometry For Dummies (Sterling), 3 using disks and washers, 89-91, 406-421

o[l o o/ o

u-substitution, 107, 108-109, 502-512. See also Wiley Product Technical Support (website), 2
integration work, 94-97, 449-463
writing exponents using radical motation, 9
o/ o

o/ o
values, estimating with linearizations, 64,
233-234, 236-237, 279-283 Zegarelli, Mark (author)
velocity Calculus Il For Dummies, 3
finding, 70-71, 318-321
finding displacement of particles given, 85,
377-379
finding distance traveled by particles given, 85,
379-381
relating with position, 70, 316-318
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